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Foreword 

Power transformer advantages of high efficiency and reliability have certainly 
contributed to the domination of alternating current in power networks since the 
beginning of the last century. From early times, their design has been a major con-
cern and has been the subject of extended research. The first efforts were based on 
conveniently adapted analytical solutions enabling one to optimize their construc-
tion and to take advantage of the improvements in magnetic and electric material 
properties.  

During recent decades the development of the philosophy of transformer design 
has been a logical extension of the use of computers and numerical tools enabling 
one to model accurately the geometrical complexities as well as the nonlinear ma-
terial characteristics for problem analysis. In addition, optimization algorithms 
have been very successfully combined with numerical techniques to represent the 
electromagnetic and thermal phenomena developed in power transformers, result-
ing in very powerful composite computational methodologies. In particular, artifi-
cial intelligence algorithms incorporated in such techniques have dramatically en-
hanced the speed and capability for achieving detailed optimum designs.  

With this book Professor Pavlos Georgilakis contributes to the diffusion of 
composite numerical methodologies for power transformer design based on the 
combination of standard design techniques for transformers with advanced nu-
merical methods such as the finite element method, and efficient optimization al-
gorithms such as sequential quadratic programming, the branch-and-bound tech-
nique, genetic algorithms, decision trees and artificial neural networks. The 
proposed approach to the subject creates a proper link between the various meth-
odologies implemented and their particular contribution to this field. The impor-
tant problem of transformer selection criteria is systematically treated by using   
total owning cost considerations and external environmental cost issues. 

The author’s involvement in research both in the design office of a transformer 
construction company and the Technical University of Crete has given him a wide 
experience of the subject. His previous industry experience is reflected in the book 
by many references to actual practices. His academic background and the number 
of papers he has published in refereed journals ensure that a thorough theoretical 
treatment is given to important topics. 

An important advantage of this work is that all methodologies presented are il-
lustrated through detailed practical examples, concerning general power trans-
former construction, including also the shell type core transformer case. The pro-
posed examples cover all features of power transformer design and have been 
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worked out in a rigorous and coherent manner. The introductory detailed presenta-
tion of the fundamental topics and phenomena involved enables the implementa-
tion of a textbook for teaching step by step the mysteries of transformer design 
both at undergraduate and postgraduate level. Certainly, it constitutes an excellent 
reference for researchers in the field, practicing electrical engineers and trans-
former design office use.  

Without any doubt, the book fills an important knowledge gap in our energy 
conservation challenges! 

 
Athens, Greece John A. Tegopoulos 
February 2009 Life Fellow IEEE 
 Professor Emeritus 
 National Technical University of Athens 
 

 



Preface 

Many of the standard books on transformers are now over ten years old and some 
much older. Much has changed in the transformer industry since these books were 
written. Newer and better materials are now available for core and winding con-
struction. Powerful computers now make it possible to produce more detailed 
models of the electrical, mechanical and thermal behavior of transformers than 
previously possible. The ever-increasing competition in the global market has put 
tremendous responsibilities on the transformer industry to increase transformer re-
liability while reducing cost, since high quality, low cost products have become 
the key to survival. However, it is difficult, if at all possible, to meet today’s trans-
former design demands via conventional design techniques. 

Today, artificial intelligence is widely used in modeling nonlinear and large-
scale systems, especially when explicit mathematical models are difficult to obtain 
or are completely lacking. Moreover, artificial intelligence is computationally ef-
ficient in solving hard optimization problems. 

The limitations of the analytical techniques as well as the progress of com-
puters facilitated the development of numerical techniques for the solution of elec-
tromagnetic field problems. Among the numerical techniques, the most popular 
method for the solution of electromagnetic field problems is the finite element 
method. A very real advantage of the finite element method is its ability to deal 
with complex geometries. Another advantage is that it yields stable and accurate 
solutions. 

The subject of the book is Modern Transformer Design. This book introduces a 
novel approach to transformer design using artificial intelligence and numerical 
techniques. 

The author worked in the transformer industry for 10 years before joining aca-
demia. He has vast experience in the design, development and manufacturing of 
transformers. The author has developed the bulk of the results presented in the 
book during the last 10 years, while some of the results appear for the first time. 

There is no other book including shell type transformer design by means of 
magnetic field analysis and artificial intelligence techniques. Most of the material 
in the book is an expanded and detailed version of the author’s original work in 
the field of transformer design. The basic philosophy of the book is that we learn 
by applying. That is why the book has many numerical examples that illustrate the 
use of the techniques for a variety of real-world transformer designs. 

The book will be particularly useful to graduate and postgraduate students in 
electric power engineering devices, researchers in the design and implementation 
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of power transformers, transformer designers and power engineering profession-
als. More specifically: 

1. Graduate and postgraduate students as well as researchers will learn new meth-
odologies for transformer design optimization (TDO). Moreover, they will be 
able to apply and extend the methodologies of the book to the optimization of 
different types of transformers or to the optimization of other electrical ma-
chines and devices. They will also find real and accurate data since all trans-
former design examples are from actual constructed and tested transformers. 

2. Transformer designers will be helped to apply artificial intelligence to optimiz-
ing their transformer designs. In order to assist them, the book presents the ba-
sic principles of artificial intelligence methods in separate chapters and in 
stand-alone form, i.e., the transformer designers will find the majority of the in-
formation they need within the book. Moreover, transformer designers can ex-
tend the methodologies of the book to optimize the designs of specific trans-
former types and technologies they use at their transformer manufacturing 
plant. 

3. Power engineering professionals working in electric utilities, industries, public 
authorities and design offices will find information to improve transformer 
specifications. They will find methodologies in the book that will help them in 
their transformer purchasing decisions. In particular, they will save money by 
purchasing the most cost-effective and energy-efficient transformers. 

The material of the book is organized in three parts and eight chapters. Part I, 
which includes Chaps. 1 and 2, is devoted to the presentation of conventional 
transformer design. Part II, which includes Chapts. 3 to 5, presents the evaluation 
and optimization techniques that will be used in the third part of the book for the 
solution of a number of transformer design problems. Part III, which includes 
Chaps. 6 to 8, is dedicated to modern transformer design and it illustrates clearly 
how artificial intelligence and numerical techniques successfully solve a number 
of hard transformer design evaluation and optimization problems. 

Chapter 1 is an introduction to transformer fundamentals. It describes the basic 
principles for the analysis of magnetic circuits, the correspondence between elec-
tric and magnetic circuits, and the modeling of magnetic materials used in the con-
struction of the transformer magnetic circuit. It presents a transformer equivalent 
circuit, a method to determine the parameters of the equivalent circuit, and formu-
las to compute voltage regulation and efficiency. It defines the electrical character-
istics of a transformer, e.g., rated power, rated voltages, frequency, no-load losses, 
load losses, and impedance voltage. It describes two interesting transformer oper-
ating modes, i.e., overloading and parallel operation. It gives a list of standards 
that are typically used for transformer manufacturing. It presents the type, routine, 
and special tests that are performed on transformers. It classifies transformers ac-
cording to their use, cooling medium, insulating medium, and core construction. 
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Finally, Chap. 1 describes the type and characteristics of transformers studied in 
this book. 

Chapter 2 deals with the conventional design of wound core type transformers. 
It formulates the TDO problem and solves it using a multiple design method that 
is commonly referred to as the conventional TDO method. A design example of an 
actual commercial transformer is worked out throughout this chapter showing all 
the calculations that are needed to design a transformer. The example-driven pres-
entation of the conventional TDO method makes this chapter unique in the trans-
former design literature. 

Transformers involve magnetostatic problems. These problems can be solved 
by analytical and numerical techniques. The limitations of the analytical tech-
niques as well as the progress of computers has facilitated the development of 
numerical techniques. Among the numerical techniques, the most popular method 
in the solution of magnetostatic problems is the finite element method. A very 
strong advantage of the finite element method is its ability to deal with complex 
geometries. Another advantage is that it yields stable and accurate solutions. 
Chapter 3 presents the finite element method for the solution of linear and nonlin-
ear magnetostatic problems, the latter being very common in transformer design. 
Carefully selected arithmetic examples make clear the application of the finite 
element method in the solution of linear and nonlinear magnetostatic problems. 

Classification aims at predicting the future class, and forecasting aims at pre-
dicting the future value of a system that is intrinsically uncertain. Chapter 4 briefly 
presents two artificial intelligence methods, namely decision trees and artificial 
neural networks. The decision tree methodology is a nonparametric inductive 
learning technique, able to produce classifiers for a given problem that can assess 
new, unseen situations and/or uncover the mechanisms driving this problem. The 
artificial neural network is a computer information processing system that is capa-
ble of adequately representing nonlinear functions. The decision tree technique is 
appropriate for the solution of classification problems. The artificial neural net-
work method is suitable for the solution of both classification and forecasting 
problems. 

Chapter 5 is devoted to optimization and is organized into five sections. Section 
5.1 is an introduction to optimization. Section 5.2 presents an active set method 
that effectively solves quadratic programming problems. Section 5.3 describes the 
sequential quadratic programming method, which is one of the best methods for 
solving nonlinearly constrained optimization problems. The sequential quadratic 
programming method iteratively solves a sequence of quadratic programming 
subproblems. Section 5.4 presents the branch-and-bound method, which, in con-
junction with sequential quadratic programming, effectively solves mixed-integer 
nonlinear programming problems (such as the TDO problem of Chap. 7). Section 
5.5 is devoted to the genetic algorithm method, which successfully solves complex 
optimization problems (such as the transformer no-load loss minimization prob-
lem of Chap. 7). The four optimization methods that are presented in this chapter 
are accompanied by carefully selected and analytically solved arithmetic examples 
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that make clear the application of the methods to the solution of a variety of opti-
mization problems. 

Chapter 6 is devoted to the evaluation of transformer technical characteristics. 
Decision trees and artificial neural networks solve the no-load loss classification 
problem. Artificial neural networks solve the no-load loss prediction problem. Im-
pedance voltage evaluation is implemented using a particular finite element model 
with detailed representation of winding geometry. 

Chapter 7 deals with modern design optimization of wound core type trans-
formers. Four methods are presented that solve important transformer design prob-
lems. First, genetic algorithms are combined with artificial neural networks to op-
timally group  available individual cores into N transformers so as to 
minimize the total no-load loss of N transformers. This method significantly re-
duces the no-load loss design margin as well as the cost of transformer main mate-
rials. Second, decision trees and artificial neural networks successfully solve the 
winding material selection problem, thus avoiding the need to optimize the trans-
former twice, once with copper and once with aluminum windings. Third, a mixed 
integer programming–finite element method is developed for solution of the TDO 
problem. Finally, a recursive genetic algorithm–finite element method is devel-
oped to solve the TDO problem and is compared with the mixed integer pro-
gramming–finite element method. The recursive genetic algorithm approach can 
also be very useful for the solution of other optimization problems in electric ma-
chines and power systems. 

4 N⋅

Chapter 8 deals with transformer selection by electric utilities and industrial 
transformer users. It reviews the classical total owning cost formula and it also in-
troduces the external environmental cost due to transformer losses. Using the 
methodologies of this chapter, transformer users will save money by purchasing 
the most cost-effective and energy-efficient transformers. 

Much of the material presented in this book was obtained through teamwork 
with colleagues at the National Technical University of Athens, the Technical 
University of Crete and Schneider Electric AE. 

I would like to express my most sincere thanks to Professor Nikos Hatziargy-
riou, supervisor of my PhD dissertation, for his continuous guidance, encourage-
ment and support throughout my PhD and for introducing me to artificial intelli-
gence based transformer design. Special thanks go to Professor Antonios Kladas 
for excellent and fruitful research collaboration in the area of numerical tech-
niques for analysis of the transformer magnetic field. 

I sincerely acknowledge the rich and ample experience gained while working in 
Schneider Electric AE and I am grateful to all my erstwhile senior colleagues. I 
would particularly like to express my sincere gratitude to Mr Athanasios Souflaris, 
Mr Yiannis Bakopoulos, Mr Spiros Elefsiniotis, Mr Dimitrios Paparigas, and Mr 
Dionissios Spiliopoulos for their support and guidance. 

It was a great pleasure for me to collaborate with three PhD students in the area 
of transformer design. I would like to express my sincere thanks to Dr Marina 
Tsili, Dr Eleftherios Amoiralis and Dr Themistoklis Kefalas for our fruitful col-
laboration. 
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I would like to thank Professor Nikola Rajakovic, Professor Vlastimir Glamo-

canin, Professor Suad Halilcevic, Professor Antonios Kladas and three more 
anonymous reviewers for the time invested to review this book and for their con-
structive comments that helped me to improve the quality, presentation and or-
ganization of the book.  

Thanks are also due to Mr Anthony Doyle from Springer for his invitation to 
write this book and for believing in the project from the beginning as well as to Mr 
Simon Rees and Ms Claire Protherough from Springer who gave very good edito-
rial input. 

This book would not have been possible without the understanding and pa-
tience of my wife Liza. 
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1 Transformers 

Abstract   This chapter is an introduction to transformer fundamentals. It de-
scribes the basic principles for the analysis of magnetic circuits, the correspon-
dence between electric and magnetic circuits, and the modeling of magnetic mate-
rials used in the construction of a transformer magnetic circuit. It presents a 
transformer equivalent circuit, a method to determine the parameters of an equiva-
lent circuit, and formulas to compute voltage regulation and efficiency. It defines 
the electrical characteristics of a transformer, e.g., rated power, rated voltages, 
frequency, no-load losses, load losses, and impedance voltage. It describes two in-
teresting transformer operating modes, i.e., overloading and parallel operation. It 
gives a list of standards that are typically used for transformer manufacturing. It 
presents the type, routine, and special tests that are performed on transformers. It 
classifies transformers according to their use, cooling medium, insulating medium, 
and core construction. Finally, this chapter describes the type and characteristics 
of transformers studied in this book. 

1.1 Introduction 

A power transformer is a static device that, by electromagnetic induction, trans-
mits electrical power from one alternating voltage level to another without chang-
ing the frequency. It has two or more windings of wire wrapped around a ferro-
magnetic core. These windings are not electrically connected, but they are 
magnetically coupled, i.e., the only connection between the windings is the mag-
netic flux present within the core.  

One of the transformer windings, the primary winding, is connected to an alter-
nating current (ac) electric power source. The second transformer winding, the 
secondary winding, supplies electric power to loads. If the transformer has three 
windings, then the third winding, the tertiary winding, also supplies electric power 
to loads. 

The electrical energy received by the primary winding is first converted into 
magnetic energy that is reconverted back into a useful electrical energy in the sec-
ondary winding (and tertiary winding, if it exists). 

A transformer is called a step-up transformer if its secondary winding voltage 
is higher than its primary winding voltage. In a step-up transformer, the primary 
winding is also called the low voltage winding and the secondary winding is also 
called the high voltage winding. On the other hand, if the transformer secondary 
winding voltage is lower than its primary winding voltage, the transformer is 
called a step-down transformer. In a step-down transformer, the primary winding 



4 1 Transformers 
   
is also called the high voltage winding and the secondary winding is also called 
the low voltage winding. 

The transformer is an electrical machine that allows the transmission and dis-
tribution of electrical energy simply and inexpensively, since its efficiency is from 
95% to 99%, i.e., the transformer operates more efficiently than most electrical 
devices (Kennedy 1998). This means that the transformer changes one ac voltage 
level to another while keeping the input power, i.e., the power at the first voltage 
level, practically equal to the output power, i.e., the power supplied to the loads. In 
a step-up transformer the secondary voltage is higher than the primary voltage, 
which means that the secondary current has to be lower than the primary current to 
keep the input power equal to the output power. Since the power losses in the 
transmission lines are proportional to the square of the current in the transmission 
lines, raising the transmission voltage and reducing the resulting transmission cur-
rents by a factor of 10 with step-up transformers reduces transmission line losses 
by a factor of 100 (Chapman 2005). That is why step-up transformers are used in 
power generating stations so that more power can be transmitted efficiently long 
distances. Step-down transformers are used in power distribution networks, facto-
ries, commercial buildings, and residences to reduce the voltage to a level at 
which the equipment and appliances can operate. Transformers play also a key 
role in the interconnection of power systems at different voltage levels. Without 
the transformer, it would simply not be possible to use electric power in many of 
the ways it is used today. Consequently, transformers occupy prominent positions 
in the electric power system, being the vital links between power generating sta-
tions and points of electric power utilization. 

1.2 Magnetic Circuits 

1.2.1 General 

A simple magnetic circuit is shown in Fig. 1.1. The core is composed of ferro-
magnetic material with permeability µ  (H/m) that is much greater than the per-
meability 0µ  (H/m) of the surrounding air. The core has a uniform cross-section 
area cA  (m2). The core is excited by a winding of  turns carrying current i  (A). 
This winding produces a magnetic field in the core. The source of this magnetic 
field is the ampere-turn ( ) product 

N

A t⋅ N i⋅ , which is called magnetomotive force 
 ( ): F A t⋅

 . (1.1) N iF = ⋅
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Fig. 1.1 Magnetic circuit 

Ampere’s law states that the line integral of the magnetic field intensity  
around a closed path is equal to the net current enclosed by that path (the magne-
tomotive force for the magnetic circuit of Fig. 1.1): 

H

 . (1.2) 
C

dH L F⋅ =∫

Assuming that for the magnetic circuit of Fig. 1.1 the magnetic flux density  
is uniform across the core cross-section area, the line integral of  is equal to the 
scalar product 

B
H

c cH L⋅ , where cH  is the magnitude of H  along the mean flux path 
whose length is  (m): cL

 . (1.3) c c
C

d H L⋅ = ⋅∫ H L

If we substitute (1.1) and (1.3) into (1.2), we obtain: 
 

 . (1.4) c cH L N i F⋅ = ⋅ =

For the ferromagnetic material of the core, the following relationship holds be-
tween the magnetic flux density  and the magnetic field intensity H : B

 µ= ⋅B H , (1.5) 

where µ  (H/m) is the permeability of the ferromagnetic material of the core. The 
permeability µ  can be expressed in terms of the relative permeability rµ  of the 
ferromagnetic material and the permeability 0µ  of free space as follows: 
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 0 rµ µ µ= ⋅ . (1.6) 

The permeability of free space is . It should be noted that 
the relative permeability 

7
0 4 10 H / mµ π −= ⋅ ⋅

rµ  varies with magnetic flux density. 
The magnetic flux φ  (Wb) crossing an area is the surface integral of the mag-

netic flux density : B

 
S

dφ = ⋅∫ B s . (1.7) 

According to field theory for the continuity of flux, all the flux that enters the 
surface enclosing a volume must leave that volume over some other portion of that 
surface because magnetic flux lines form closed loops. If the magnetic flux out-
side the core of Fig. 1.1 is neglected, then (1.7) reduces to the following scalar 
form: 

 c cB Acφ = ⋅ , (1.8) 

where cφ  (Wb) is the magnetic flux in the core,  (Wb/mcB 2 or T) is the magnetic 
flux density in the core, and  (mcA 2) is the cross-section area of the core. 

Supposing that the permeability µ  of the ferromagnetic material is constant, 
and since the magnetic flux density is uniform, from (1.5) the following expres-
sion is obtained for the calculation of  for the magnetic circuit of Fig. 1.1: cB

 cB cHµ= ⋅ . (1.9) 

Solving (1.9) for cH  gives: 

 c
c

B
H

µ
= . (1.10) 

Solving (1.8) for  gives: cB

 c
c

c

B
A
φ

= . (1.11) 

If we substitute (1.10) and (1.11) into (1.4), we obtain: 
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c

c c
c c c c

B AH L L L= ⋅ ⇒ = ⋅ ⇒ = ⋅ ⇒

φ

µ µ
F F F   

 c
c

c

L
A

F = ⋅
⋅

φ
µ

. (1.12) 

The reluctance  of the magnetic core is defined from the following formula: cR

 c

c

L
AcR =

⋅µ
. (1.13) 

The reluctance  is expressed in ampere-turns per weber (A · t / Wb). cR
Substituting (1.13) into (1.12), we obtain: 

 . (1.14) c cF R= ⋅φ

1.2.2 Analysis of Magnetic Circuits 

There is an analogy in the analysis of magnetic circuits with the analysis of elec-
tric circuits. This approximation derives from the mathematical similarity of elec-
tric and magnetic laws. 

 
 

Table 1.1 Correspondence between electric and magnetic circuits 

Magnetic circuits Electric circuits 

Symbol Name Unit Symbol Name Unit 

φ  Magnetic flux Wb i  Current A 

B  Magnetic flux density Wb/m2 J  Current density A/m2

H  Magnetic field intensity A·t/m E  Electric field intensity V/m 

F  Magnetomotive force A·t V  Voltage V 

µ  Permeability H/m γ  Conductivity 1( m)−Ω ⋅  

R  Reluctance A·t/Wb R  Resistance Ω  
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L = 240 cm

 

Fig. 1.2 Magnetic circuit for the Example 1.1 

In electric circuits, Kirchhoff’s current law states that the algebraic sum of the 
currents entering any node is zero, or equivalently, the sum of the currents enter-
ing a node is equal to the sum of the currents leaving the node. The approximate 
magnetic counterpart states that the algebraic sum of the magnetic fluxes entering 
any node is zero. 

In electric circuits, Kirchhoff’s voltage law states that the algebraic sum of the 
voltages around any loop is zero. The approximate magnetic counterpart states 
that the algebraic sum of the magnetomotive forces around any loop is zero. 

Table 1.1 shows the correspondence between electric and magnetic circuits. 

1.2.2.1 Example 1.1 

A two-legged core is shown in Fig. 1.2. The winding on the left leg of the core has 
turns and the winding on the right has turns. The core depth 

is 15 cm. Calculate the flux that will be produced by currents 
4001 =N 2 260N =

A5.01 =i  and 
. Assume A75.02 =i 1000rµ =  and is constant. 

Solution 
The magnetic circuit of Fig. 1.2 can be equivalently represented as shown in Fig. 
1.3, using the correspondence with the electric circuit. The polarities of the mag-
netomotive sources  and 11 iN ⋅ 22 iN ⋅  are determined by using the right-hand 
rule, according to which if the winding is grasped in the right hand with the fin-
gers  pointing  in  the  direction  of the current, the thumb will point to the positive 
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11 iN ⋅ 22 iN ⋅

φ totR

 

Fig. 1.3 Equivalent magnetic circuit for the Example 1.1 

 
terminal of the magnetomotive force. 

As can be seen from Fig. 1.3, the magnetic flux in the core is given by the fol-
lowing equation: 

 1 1 2 2

tot

N i N i
R

⋅ + ⋅
=φ ,  

where the total reluctance is calculated as follows: 

[ ]7
0

2.4 m A t84883
Wb1000 (4 10 H/m) (0.15 m) (0.15 m)tot

r

L
A

R −

⋅
= = =

⋅ ⋅ ⋅ ⋅π⋅ ⋅ ⋅µ µ
. 

The magnetic flux in the core is: 

 1 1 2 2 (400 t) (0.5 A) (260 t) (0.75 A) 0.00465 Wb
84883 A t / Wbtot

N i N i
R

⋅ + ⋅ ⋅ + ⋅
= = =

⋅
φ .  

1.2.3 Flux Linkage 

In magnetic circuits with windings, such as Fig. 1.1, when the magnetic field in 
the core varies with time, an induced voltage  is produced at the terminals, 
which is calculated by Faraday’s law: 

e

 d de N
dt dt
φ λ

= ⋅ = , (1.15) 

where  is the number of turns, N φ  is the time-varying magnetic flux, and λ  is 
the flux linkage of the winding (coil) in weber-turns (Wb · t). 
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For a magnetic circuit with a linear relationship between  and B H , the iλ −  
relationship is defined by: 

 L
i
λ

= , (1.16) 

where  is the inductance in Henry (H). L

1.2.4 Magnetic Materials 

In the context of transformer manufacturing, the importance of magnetic materials 
is twofold. First, through their use it is possible to obtain large magnetic flux den-
sities with relatively low levels of magnetizing force, which plays an important 
role in the performance of a transformer. Second, since magnetic materials can be 
used to constrain and direct magnetic fields in well-defined paths, in transformers 
the magnetic materials are used to maximize the coupling between the windings as 
well as to lower the excitation current required for transformer operation. 

The relationship between  and B H  for a magnetic material is both nonlinear 
and multivalued. In general, the characteristics of the material cannot be described 
analytically. They are commonly presented in graphical form as a set of empiri-
cally determined curves based upon test samples of the material. The most com-
mon curve used to describe a magnetic material is the HB −  curve or hysteresis 
loop. For many engineering applications it is sufficient to describe the material us-
ing the dc or normal magnetization curve, which is a curve drawn through the 
maximum values of  and B H  at the tips of the hysteresis loops (Fitzgerald et al. 
1990). 
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Fig. 1.4 Magnetization curve for the Example 1.2 
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1.2.4.1 Example 1.2 

Solve again Example 1.1 and calculate the magnetic flux, considering that the core 
is made of a magnetic material whose magnetization curve is shown in Fig. 1.4. 

Solution 
The total magnetomotive force is: 

 .  1 1 2 2 (400 t) (0.5 A) (260 t) (0.75 A) 395 A ttot N i N i= ⋅ + ⋅ = ⋅ + ⋅ = ⋅F

The magnetic field intensity is: 

 395 A t A t165
2.4 m m

totH
L

⋅
= = =

F ⋅ .  

From the magnetization curve of Fig. 1.4, for , we find that 
. 

165 A t/mH = ⋅
T15.0=B

The magnetic flux in the core is: 

 [ ](0.15 T) (0.15 m) (0.15 m) 0.003375 Wbnew B A= ⋅ = ⋅ ⋅ =φ .  

The relative permeability of the core is calculated as follows: 

 ,
, 0 0

tot new
r new

new r new tot

LL
A A

F
R

F
⋅

= = ⇒ =
⋅ ⋅ ⋅ ⋅

φ
µ

φ µ µ µ
⇒  

 
[ ], 7

(2.4 m) (0.003375 Wb) 725
(395 A t) (4 10 H/m) (0.15 m) (0.15 m)r new −

⋅
= =

⋅ ⋅ ⋅π⋅ ⋅ ⋅
µ .  

In Example 1.1, we found that , having assumed that 0.00465 Wb=φ
1000rµ =  and is constant. In Example 1.2, we found that , 

having used the magnetization curve of Fig. 1.4, which results in . It 
is clear that the assumption that 

0.003375 Wbnew =φ

, 725r new =µ

1000rµ =  and is constant is not very good in Ex-
ample 1.1. In general, it is preferable to use the magnetization curve instead of as-
suming a constant value for the relative permeability of the magnetic material. 
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1.3 Transformer Fundamentals 

1.3.1 Equivalent Circuit 

The elementary transformer magnetic circuit is shown in Fig. 1.5, where for sim-
plicity the primary and secondary windings are shown on opposite legs of the 
core. The primary winding has  turns and the secondary winding has  turns. 1N 2N

The leakage flux  is generated by current  flowing in winding 1 (primary) 
and it links only the turns of winding 1. The leakage flux 

1lΦ 1i

2lΦ  is produced by cur-
rent  flowing in winding 2 (secondary) and it links only the turns of winding 2. 2i

The magnetizing flux  is generated by current  flowing in winding 1 and 
it links all the turns of windings 1 and 2. The magnetizing flux 

1mΦ 1i

2mΦ  is generated 
by current  flowing in winding 2 and it links all the turns of windings 1 and 2. 2i

It can be proved (Krause et al. 2002; Chapman 2005) that the transformer T 
equivalent circuit is as shown in Fig. 1.6, where  is the phasor of the excitation 
current (also called no-load current),  is the core-loss current, and  is the 
magnetizing current. The parameter 

ϕi

Ci Mi
α  denotes the transformer turns ratio or volt-

age ratio, i.e.: 

 1

2

N
N

α = . (1.17) 

 

i1 i2

+

-

v1

+

-

v2N2N1 Φl1
Φl2

Φm1
Φm2

 

Fig. 1.5 Transformer magnetic circuit 
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Fig. 1.6 Transformer T equivalent circuit with winding 1 being the reference winding 
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2
1 2EQ l lX X Xα= + ⋅

 

Fig. 1.7 Transformer approximate equivalent circuit referred to the primary winding of the 
transformer 

 
In Fig. 1.6,  and  denote the resistance of the primary and secondary wind-

ing, respectively, while 
1r 2r

1lX  and 2lX  denote the reactance of the primary and sec-
ondary winding, respectively. The resistance  and the reactance CR MX , shown in 
Fig. 1.6, model the core excitation effects. The resistances  and , shown in 
Fig. 1.6, model the transformer copper losses of the primary and secondary wind-
ing, respectively. 

1r 2r
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Fig. 1.8 Transformer approximate equivalent circuit referred to the secondary winding of 
the transformer 

 
Moving the excitation branch (shunt branch) representing the excitation current 

out from the middle of the T circuit of Fig. 1.6 to either the primary or the secon-
dary windings, as in Fig. 1.7 and Fig. 1.8, respectively, often can appreciably re-
duce the computational effort involved. Error is introduced by neglecting the volt-
age drop in the primary or the secondary leakage impedance caused by the 
excitation current, but this error is insignificant in most problems involving power 
transformers (Fitzgerald et al. 1990). 

1.3.2 Derivation of Equivalent Circuit Parameters 

In order to determine the parameters of the transformer approximate equivalent 
circuit of Figs. 1.7 and 1.8, the following two tests are used: 

1. Open-circuit test measured from secondary side. During this test, the trans-
former primary side is open-circuited and rated voltage  is applied on the 
secondary winding, while the current  and the power  on the secondary 
side are measured. 

OCV

OCI OCP

2. Short-circuit test measured from primary side. During this test, the transformer 
secondary side is short-circuited and appropriate voltage  is applied on the SCV
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primary winding so as to obtain full-load primary current , while the input 
power  is measured. 

SCI

SCP

The open-circuit test yields the values for the excitation branch  and  
(referred to the secondary side). 

CR MX

The magnitude of the excitation admittance (referred to the secondary side) is: 

 
OC

OC
EX V

I
Y = , (1.18) 

and the angle of the excitation admittance is: 

 1cos OC
EX

OC OC

P
V I

θ − ⎛ ⎞
= − ⎜

⋅⎝ ⎠
⎟ , (1.19) 

so the excitation admittance is calculated as follows: 

 EX EX EX c MY G jBθ= ∠ = −Y , (1.20) 

where: 
 

 
C

C G
R 1

=  and 
M

M B
X 1

= . (1.21) 

The short-circuit test yields the values for the equivalent series impedance 
EQEQEQ jXR +=Z  (referred to the primary side). 

The magnitude of the equivalent series impedance (referred to the primary side) 
is calculated as follows: 

 
SC

SC
EQ I

V
Z = , (1.22) 

and the angle of the equivalent series impedance is computed as follows: 

 1cos SC
EQ

SC SC

P
V I

θ − ⎛ ⎞
= ⎜

⋅⎝ ⎠
⎟ , (1.23) 

and the equivalent series impedance is calculated as follows: 

 EQ EQ EQ EQ EQZ R jXθ= ∠ = +Z . (1.24) 
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1.3.2.1 Example 1.3 

A 20-kVA 20/0.48 kV 60-Hz single-phase distribution transformer is tested with 
the following results: 

• Open-circuit test (measured from secondary side): V480=OCV , , 
. 

A6.1=OCI
80 WOCP =

• Short-circuit test (measured from primary side): V1130=SCV , , 
. 

A1=SCI
200 WSCP =

1. Find the equivalent circuit referred to the secondary side for this transformer at 
60 Hz. 

2. What would the rating of this transformer be, if it was operated at 50 Hz? 

3. Draw the equivalent circuit referred to the secondary side, if the transformer 
was operated at 50 Hz. 

Solution 

1. The open-circuit test yields values for the excitation branch (referred to the 
secondary side): 

 100333.0
V480
A6.1 −Ω===

OC

OC
EX V

I
Y ,  

 1 1 80 Wcos cos 84.02
(480 V) (1.6 A)

OC
EX

OC OC

P
V I

− −
⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜⎟ ⎟=− =− =−⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜⎜ ⋅ ⋅⎝ ⎠⎝ ⎠

θ 0 ,  

  0 1(0.00333 84.02 )EX EX EXYY −= ∠ = ∠− Ω ⇒θ

 1(0.0003472 0.0033152)EX cj GY −= − Ω = − MjB , 

 1

1 1 2880
0.0003472C

C

R
G −= = =

Ω
Ω ,  

 1

1 1 301.64
0.0033152M

M

X
B −= = =

Ω
Ω .  
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Fig. 1.9 Transformer equivalent circuit at 60 Hz referred to the secondary side 

 
The short-circuit test yields values for the series impedances (referred to the 

primary side): 

 Ω=== 1130
A1

V1130

SC

SC
EQ I

V
Z ,  

 1 1 200 Wcos cos 79.81
(1130 V) (1 A)

SC
EQ

SC SC

P
V I

− −
⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜⎟ ⎟= = =⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜⎜ ⋅ ⋅⎝ ⎠⎝ ⎠

θ 0 ,  

  0(1130 79.81 )EQ EQ EQZZ = ∠θ = ∠ Ω⇒

 (200 1112.16)EQ Ej RZ = + Ω= +Q EQjX . 

The voltage ratio is . The equivalent series trans-
former impedance referred to the secondary side is: 

20000 / 480 41.667= =α

 ( ) ( ) 2 2
EQ EQ

eq eq s eq s eq

R X
R jX jz z= + ⇒ = +

α α
⇒  

 2 2
200 1112.16 (0.115 0.641)

41.667 41.667eq eqj jz z= + ⇒ = + Ω . 

The transformer equivalent circuit at 60 Hz is shown in Fig. 1.9. 
 

2. If the transformer was operated at 50 Hz, both the voltage and apparent power 
would have to be derated by a factor of 50/60, so the transformer ratings would 
be 16.67 kVA, 16667/400 V, and 50 Hz. 
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Fig. 1.10 Transformer equivalent circuit at 50 Hz referred to the secondary side 

 

3. At 50 Hz, the resistance will be unaffected but the reactances are reduced in di-
rect proportion to the decrease in frequency. At 50 Hz, the reactances are: 

 50 Hz (301.64 ) 251.37
60 HzMX = ⋅ Ω = Ω ,  

 ( )
50 Hz (0.641 ) 0.534
60 Hzeq sX = ⋅ Ω = Ω .  

The equivalent circuit at 50 Hz is shown in Fig. 1.10. 

1.3.3 Voltage Regulation 

The voltage regulation, , of a transformer is defined as the difference in the 
magnitude of the secondary voltage at no-load, , and its value when loaded, 

, divided by  with the primary voltage held constant: 

V∆

nlv ,2

2v 2v

 
2

2,2

v
vv

V nl −
=∆ . (1.25) 

Let us consider the simplified transformer equivalent circuit of Fig. 1.11, where 
the effects of the excitation branch on voltage regulation are ignored, so the 
equivalent transformer impedance is: 

 eqeqeq jXR +=z . (1.26) 
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Fig. 1.11 Determination of transformer voltage regulation 

 
In Fig. 1.11, it is assumed that  is a reference phasor (zero phase angle), i.e., 

, and the load  has power factor 
2v

0
22 0∠= vv Lz cos Lθ  lagging, thus 

LLL i θ−∠=i . 
Using basic circuit analysis, it can be concluded from Fig. 1.11 that: 

 
1 2 22

2, 2

2 2 2

1 eq

Lnl

v v vvv v
V

v v v
α

⋅ + −−−
∆ = = = ⇒

z
z

 

 11 −+=∆
L

eqV
z
z

, (1.27) 

where in (1.27), the symbol w  denotes the magnitude of the complex number 
. w
Equation 1.27 can be further simplified and the following expression for the 

calculation of voltage regulation is obtained (MIT 1962; Del Vecchio et al. 2002): 

 
2

2

2 2

1( cos sin ) ( cos sin )
2

L L
eq L eq L eq L eq L

i i
V R X X R

v v
θ θ θ

⎡ ⎤
∆ = ⋅ ⋅ + ⋅ + ⋅ ⋅ ⋅ − ⋅⎢ ⎥

⎣ ⎦
θ . (1.28) 

Equivalently, the voltage regulation can also be calculated by the following 
equation: 

 
2

21( cos sin ) ( sin cos )
2r L x L r L x L

n n

S SV e e e e
S S

θ θ θ
⎛ ⎞

∆ = ⋅ ⋅ + ⋅ + ⋅ ⋅ ⋅ − ⋅⎜ ⎟
⎝ ⎠

θ , (1.29) 
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where: 

 
n

r S
LLe = , (1.30) 

and: 

 22
rkx eUe −= , (1.31) 

where  (VA) is the transformer load,  (VA) is the transformer rated power, S nS
cos Lθ  is the power factor ( Lθ  is positive for lagging load and negative for leading 
load),  (W) are the transformer load losses, and  (%) is the short-circuit im-
pedance of the transformer. 

LL kU

1.3.3.1 Example 1.4 

For the Example 1.3, calculate the full-load voltage regulation at 0.85 lagging 
power factor, 1.0 power factor, and at 0.85 leading power factor. The frequency is 
60 Hz. 

Solution 
In Example 1.3, it was found that the equivalent series transformer impedance re-
ferred to the secondary side is: 

 . (0.115 0.641)eq jz = + Ω

The magnitude of the full-load current on the transformer secondary side is: 

 
2

20000 VA 41.667 A
480 VL

Si
v

= = = . 

Case 1 Power factor 0.85 lagging 
We have . Assuming that , and since 

the load is lagging, the load current is . 

0cos 0.85 31.79L Lθ θ= ⇒ = V0480 0
2 ∠=v

041.667 31.79 AL L Li θi = ∠− = ∠−
From the equivalent circuit of Fig. 1.11, it can be obtained that: 

 1
2L eqα

= ⋅ + ⇒
v

i z v   
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 [ ]0 01 (41.667 31.79 A) (0.115 0.641) 480 0 Vj
v

= ∠− ⋅ + Ω + ∠ ⇒
α

  

 01 1498.55 2.3 V 498.55 V
vv

= ∠ ⇒ =
α α

.  

The voltage regulation is: 

 498.55 480 0.0386 3.86%
480

V −
∆ = = ⇒∆ =V .  

Case 2 Power factor 1.0 
We have . Assuming that , the load current 

is . 

0cos 1.0 0L Lθ θ= ⇒ = V0480 0
2 ∠=v

041.667 0 AL L Li θi = ∠ = ∠
We have: 

 [ ]0 01
2 (41.667 0 A) (0.115 0.641) 480 0 VL eq j

v
i z v= ⋅ + = ∠ ⋅ + Ω + ∠ ⇒

α
  

 01 1485.53 3.2 V 485.53 V
vv

= ∠ ⇒ =
α α

.  

The voltage regulation is: 

 485.53 480 0.0115 1.15%
480

V −
∆ = = ⇒∆ =V .  

 
Case 3 Power factor 0.85 leading 
We have . Assuming that , and since 

the load is leading, the load current is . 

0cos 0.85 31.79L Lθ θ= ⇒ = V0480 0
2 ∠=v

041.667 31.79 AL L Li θi = ∠ = ∠
We have: 

  [ ]0 01
2 (41.667 31.79 A) (0.115 0.641) 480 0 VL eq j

v
i z v= ⋅ + = ∠ ⋅ + Ω + ∠ ⇒

α
  

 01 1470.70 3.1 V 470.70 V
vv

= ∠ ⇒ =
α α

. 

The voltage regulation is: 
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 470.70 480 0.0194 1.94%
480

V −
∆ = =− ⇒∆ =−V .  

1.3.3.2 Example 1.5 

Let us assume that a three-phase transformer with rated power 630 kVA, rated 
primary voltage 20 kV and rated secondary voltage 0.4 kV, has 1200 W no-load 
losses, 9300 W load losses, and 6% short-circuit impedance. Determine the volt-
age regulation at full load and at 75% load for power factor 0.8 lagging. 

Solution 
The values of  and  are calculated as follows: re xe

 9300 0.014762
630000r

n

LLe
S

= = = ,  

 2 2 2 20.06 0.014762 0.05816x k re U e= − = − = .  

Full load means that / nS S 1= , while 75% load means that / 0.7nS S 5= . The 
voltage regulation at the two different cases is calculated below. 

Case 1 Full load and power factor 0.8 lagging 
We have 2 2sin 1 cos 1 0.8 sin 0.6L L Lθ θ θ= − = − ⇒ = . The voltage regulation is 
computed using (1.29): 

 
2

21( cos sin ) ( sin cos )
2r L x L r L x L

n n

S SV e e e e
S S

θ θ θ θ
⎛ ⎞

∆ = ⋅ ⋅ + ⋅ + ⋅ ⋅ ⋅ − ⋅ ⇒⎜ ⎟
⎝ ⎠

  

   1.0 (0.014762 0.8 0.05816 0.6)V∆ = ⋅ ⋅ + ⋅ +

 ( )2 21 1.0 (0.014762 0.6 0.05816 0.8) 0.047 4.7 %
2

V V+ ⋅ ⋅ ⋅ − ⋅ ⇒ ∆ = ⇒ ∆ = .  

Case 2 Per-unit load 0.75 and power factor 0.8 lagging 
The voltage regulation is: 

   0.75 (0.014762 0.8 0.05816 0.6)V∆ = ⋅ ⋅ + ⋅ +

 ( )2 21 0.75 (0.014762 0.6 0.05816 0.8) 0.035 3.5 %
2

V V+ ⋅ ⋅ ⋅ − ⋅ ⇒ ∆ = ⇒ ∆ = .  
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1.3.4 Efficiency 

The power efficiency of any electrical machine is defined as the ratio of the useful 
power output,  (W), to the total power input,  (W). The efficiency can be 
defined by simultaneously measuring the output and the input power. However, 
this measurement is expensive and difficult, especially for large machines. More-
over, in the case of high efficiency machines (e.g., transformer), higher precision 
can be achieved, if the efficiency is expressed through the losses. Consequently, 
the transformer efficiency, , is calculated using the following formula: 

outP inP

n

 cos
cos

out out L

in out L

P P Sn
P P losses S losses

θ
θ
⋅

= = =
+ ⋅ +

, (1.32) 

where  is the transformer load (VA), losse  are the transformer losses (W) and S s
cos Lθ  is the power factor. 

The transformer efficiency is increased with a decrease of transformer losses. 
The transformer losses are divided into no-load losses and load losses. The no-

load losses are constant, while the load losses are proportional to transformer load. 
Consequently, the efficiency of transformer is calculated using the following for-
mula: 

 2
cos

cos

L

L
n

Sn
SS NLL LL
S

θ

θ

⋅
=

⎛ ⎞
⋅ + + ⋅⎜ ⎟

⎝ ⎠

, (1.33) 

where  are the no-load losses (W),  are the load losses (W), and  is the 
rated power of the transformer (VA). 

NLL LL nS

If  is the per-unit load: L

 
nS

SL = , (1.34) 

then by substituting (1.34) into (1.33), we obtain the following expression for 
transformer efficiency: 

 2
cos

cos
n L

n L

L Sn
L S NLL LL L

θ
θ
⋅ ⋅

=
⋅ ⋅ + + ⋅

. (1.35) 

Taking  as an independent variable, the value of  that maximizes effi-
ciency is calculated as follows: 

L L
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 2
cos0 0

cos
n L

n L

L Sdn d
dL dL L S NLL LL L

θ
θ

⎡ ⎤⋅ ⋅
= ⇒ =⎢ ⎥⋅ ⋅ + + ⋅⎣ ⎦

⇒  

 
2

2 2
( cos ) cos

( cos )
n L n L

n L

L S NLL LL L S
L S NLL LL L

θ θ
θ

⋅ ⋅ + + ⋅ ⋅ ⋅
−

⋅ ⋅ + + ⋅
 

 2 2
cos ( cos 2 ) 0

( cos )
n L n L

n L

L S S L LL
L S NLL LL L

θ θ
θ

⋅ ⋅ ⋅ ⋅ + ⋅ ⋅
−

⋅ ⋅ + + ⋅
= ⇒   

 
2 2 2 2 2

2

cos cos cos cos

2 cos 0
n L n L n L n L

n L

L S NLL S L LL S L S

L LL S

θ θ θ

θ

θ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅ ⋅ − ⋅ ⋅ −

− ⋅ ⋅ ⋅ ⋅ = ⇒
 

  2 2cos cos 0 0n L n LNLL S L LL S NLL L LLθ θ⋅ ⋅ − ⋅ ⋅ ⋅ = ⇒ − ⋅ = ⇒

 
LL

NLLLopt = . (1.36) 

As can be seen from (1.36), the optimum per-unit load, , i.e., the per-unit 
load that maximizes transformer efficiency is independent of the power factor of 
the load. 

optL

Substituting (1.36) into (1.35), we obtain the following expression for the 
maximum efficiency: 

 max

cos

cos

n L

n L

NLL S
LLn

NLL NLLS NLL LL
LL LL

θ

θ

⋅ ⋅
=

⋅ ⋅ + + ⋅
⇒   

 max
cos

cos 2
n L

n L

NLL Sn
NLL S NLL LL

θ
θ
⋅ ⋅

=
⋅ ⋅ + ⋅ ⋅

. (1.37) 

1.3.4.1 Example 1.6 

For the transformer of Example 1.3, calculate the full-load efficiency at 0.85 lag-
ging power factor. 

Solution 
The load losses are: 



1.3 Transformer Fundamentals 25 
 

2 2
( ) (41.667 A) (0.115 ) 200 WL eq sLL i R= ⋅ = ⋅ Ω =

    
 . 

The above result confirms that , which means that the load 
losses at full-load are equal to  measured during the short-circuit test, since the 
short-circuit test was done with full-load primary current, as can be seen from the 
data of Example 1.3. 

200 WSCLL P= =

SCP

It can be seen from the data of Example 1.3 that the open-circuit test was done 
at rated secondary voltage, so the rated no-load losses are: 

 . 80 WOCNLL P= =

Full load means that 1/ =nSS , i.e., the transformer load is 
. 20000 VAnS S= =

The transformer efficiency is: 

 2
cos

cos

L

L
n

Sn
SS NLL LL
S

θ

θ

⋅
= ⇒

⎛ ⎞
⋅ + + ⋅⎜ ⎟

⎝ ⎠

  

 2
20000 0.85 0.9838 98.38%

20000 0.85 80 200 1
n ⋅
= = ⇒

⋅ + + ⋅
n = .  

1.3.4.2 Example 1.7 

The three-phase transformer of Example 1.5 with rated power 630 kVA, rated 
primary voltage 20 kV and rated secondary voltage 0.4 kV, has 1200 W no-load 
losses and 9300 W load losses. 

1. Determine the transformer efficiency at full load and at 75% load for power 
factor 1.0 and 0.8. 

2. Calculate the maximum efficiency for power factor 1.0 and 0.8. 

3. Draw the efficiency curves versus per-unit load for power factor 1.0 and 0.8. 

Solution 

1. Full load means that 1/ =nSS , i.e., the transformer load is 
. On the other hand, 75% load means that , 630000 VAnS S= = 75.0/ =nSS
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i.e., the transformer load is 0.75 0.75 630000 472500 VAnS S S= ⋅ = ⋅ ⇒ = . 
The efficiency at the four different cases is calculated below. 

Case 1 Full load and power factor 1.0 
The efficiency at full load and power factor equal to 1.0 ( cos 1.0Lθ = ) is calcu-
lated as follows: 

 
( )2 2

cos 630000 1.0
630000 1.0 1200 9300 1.0

cos

L

L
n

Sn
SS NLL LL
S

θ

θ

⋅ ⋅
= = ⇒

⋅ + + ⋅⎛ ⎞
⋅ + + ⋅⎜ ⎟

⎝ ⎠

  

 0.9836 98.36 %n n= ⇒ = .  

Case 2 Full load and power factor 0.8 
The efficiency at full load and power factor equal to 0.8 is: 

 
( )

%96.97
0.1930012008.0630000

8.0630000
2 =⇒

⋅++⋅
⋅

= nn .  

Case 3 Per-unit load 0.75 and power factor 1.0 
The efficiency at 75% load and power factor equal to 1.0 is: 

 
( )

%66.98
75.0930012000.1472500

0.1472500
2 =⇒

⋅++⋅
⋅

= nn .  

Case 4 Per-unit load 0.75 and power factor 0.8 
The efficiency at 75% load and power factor equal to 0.8 is: 

 
( )

%33.98
75.0930012008.0472500

8.0472500
2 =⇒

⋅++⋅
⋅

= nn . 

2. The maximum efficiency corresponds to the following per-unit load: 

 36.0
9300
1200

===
LL

NLLLopt . 

The transformer load is: 

 0.36 630000 226800 VAopt nS L S S= ⋅ = ⋅ ⇒ = . 
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Fig. 1.12 Efficiency curves versus per-unit load 

 
 
Case 1 Power factor 1.0 
The maximum efficiency is: 

 %95.98
36.0930012001226800

1226800
max2max =⇒

⋅++⋅
⋅

= nn . 

Case 2 Power factor 0.8 
The maximum efficiency is: 

 %69.98
36.0930012008.0226800

8.0226800
max2max =⇒

⋅++⋅
⋅

= nn . 

3. The efficiency curves versus per-unit load are shown in Fig. 1.12. 

1.4 Transformer Electrical Characteristics 

1.4.1 Rated Power 

The rated power (kVA) of a transformer is the output that can be delivered at rated 
secondary voltage and rated frequency without exceeding the specified tempera-
ture rise limitations. 
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The rated power, , of the three-phase transformer is calculated using the fol-
lowing formula: 

nS

 nnn IUS ⋅⋅= 3 , (1.38) 

where  is the rated voltage and  is the rated current of the transformer. nU nI
Similarly, the rated power, , of the single-phase transformer is calculated by 

the following formula: 
nS

 nnn IUS ⋅= . (1.39) 

1.4.2 Temperature Rise 

The temperature rise is the difference between the temperature of the part under 
consideration (usually the average winding rise or the hottest-spot winding rise) 
and the ambient temperature. 

The average winding temperature rise of a transformer is the arithmetic differ-
ence between the average winding temperature of the hottest winding and the am-
bient temperature. The top-oil temperature rise is the arithmetic difference be-
tween the top-oil temperature (the temperature of the top layer of the insulating 
liquid in a transformer) and the ambient temperature (IEEE 2002). 

Typical characteristics for oil-immersed transformers: 

• The average temperature rise of the winding is 65 K, i.e., 65°C above the ambi-
ent temperature. 

• The top-oil temperature rise is 60 K, i.e., 60°C above the ambient temperature. 

1.4.3 Ambient Temperature 

The ambient temperature is the temperature of the air into which the heat of the 
transformer is dissipated. 

The rated power of the transformer is typically calculated for the following 
conditions: 

• Maximum ambient temperature of 40°C. 

• Average daily ambient temperature of 30°C. 
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• Average annual ambient temperature of 20°C. 

1.4.4 Altitude of Installation 

The rated power of a transformer is valid for installation altitudes up to 1000 m. If 
the transformer is going to be installed at an altitude higher than 1000 m, this 
should be mentioned in the transformer specification. 

1.4.5 Impedance Voltage 

The impedance voltage or short-circuit impedance or short-circuit voltage is the 
percentage of the rated primary voltage that has to be applied at the transformer 
primary winding, when the secondary winding is short-circuited, in order to have 
the rated current at the primary winding. 

The impedance voltage is very important because it represents the trans-
former’s impedance. The higher the short-circuit impedance, the higher the volt-
age regulation. The lower the short-circuit impedance, the higher the short-circuit 
current, in the case of short-circuit. Based on short-circuit impedance, the follow-
ing are determined: the voltage regulation due to transformer loading, the distribu-
tion of loads in the case of parallel operation of transformers, and short-circuit cur-
rent. 

1.4.6 No-Load Losses 

Core loss is the power dissipated in the magnetic core subjected to a time-varying 
magnetizing force. Core loss includes hysteresis and eddy current losses of the 
core. 

No-load losses or excitation losses are incident to the excitation of the trans-
former. No-load losses include core loss, dielectric loss, conductor loss in the 
winding due to excitation current, and conductor loss due to circulating current in 
parallel windings (IEEE 2002). 

Table 1.2 presents the three lists (A′, B′, C′) of no-load losses for transformers 
from 50 to 2500 kVA (CENELEC 1992). 
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Table 1.2 Lists of no-load losses (CENELEC 1992) 

No-load losses (W) Rated power 
(kVA) List A′ List B′ List C′ 

Short-circuit 
impedance (%) 

50 190 145 125 4 
100 320 260 210 4 
160 460 375 300 4 
250 650 530 425 4 
400 930 750 610 4 
630 1300 1030 860 4 
630 1200 940 800 6 

1000 1700 1400 1100 6 
1600 2600 2200 1700 6 
2500 3800 3200 2500 6 

 

Table 1.3 Lists of load losses (CENELEC 1992) 

Load losses (W) Rated power 
(kVA) List A List B List C 

Short-circuit 
impedance (%) 

50 1100 1350 875 4 

100 1750 2150 1475 4 

160 2350 3100 2000 4 

250 3250 4200 2750 4 

400 4600 6000 3850 4 

630 6500 8400 5400 4 

630 6750 8700 5600 6 

1000 10500 13000 9500 6 

1600 17000 20000 14000 6 

2500 26500 32000 22000 6 

1.4.7 Load Losses 

Load losses are incident to the carrying of a specified load. Load losses include 
RI ⋅2  loss in the current carrying parts (windings, leads, busbars, bushings), eddy 

losses in conductors due to eddy currents, and stray loss induced by leakage flux 
in the tank, core clamps, or other parts (IEEE 2002). 
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Table 1.3 presents the three lists (A, B, C) of load losses for transformers from 
50 to 2500 kVA (CENELEC 1992). 

For example, it is said that a transformer has a combination of losses of AC′, if 
its load losses belong to list Α and its no-load losses belong to list C′. More spe-
cifically, one transformer with rated power of 1000 kVA and combination of 
losses AC′, has load losses equal to 10500 W (Table 1.3) and no-load losses equal 
to 1100 W (Table 1.2). 

1.4.8 Rated Voltages 

The rated primary voltage (input voltage) is the voltage at which the transformer is 
designed to operate. The rated primary voltage determines the basic insulation 
level (BIL) of the transformer, according to international standards (IEC 60076). 
The BIL is a basic transformer characteristic, since it indicates the ability of the 
transformer to withstand the overvoltages that can appear in the network. The cal-
culation of the winding insulation is based on the BIL. 

The rated secondary voltage (output voltage) is the voltage at the terminals of 
the secondary winding at no-load, under rated primary voltage and rated fre-
quency. 

1.4.9 Vector Group 

The vector group determines the phase displacement between the primary and the 
secondary winding. 

The primary or secondary windings can be connected in different ways in order 
to have a three-phase transformer. These connections are the following: 

• D (d): delta connection for primary (secondary) winding 

• Y (y): star connection for primary (secondary) winding 

• Ζ (z): zigzag connection for primary (secondary) winding 

• N (n): the neutral exists in primary (secondary) winding for connection outside 
the transformer 
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1.4.10 Frequency 

The frequency at which the transformer is designed to operate is 50 Hz or 60 Hz in 
accordance with the network frequency. 

1.4.11 Noise 

The transformer noise is mainly due to the magnetostriction of the sheets of the 
magnetic circuit (Valkovic 1994). In general, a transformer operating at low mag-
netic induction has low noise level. Other sources of transformer noise are the 
windings and the cooling equipment. Transformers located in residential areas 
should have sound level as low as possible. 

1.4.12 Short-Circuit Current 

The short-circuit current is composed of the asymmetrical and the symmetrical 
short-circuit current. The asymmetrical short-circuit current stresses the trans-
former mechanically, while the symmetrical short-circuit current stresses the 
transformer thermally. 

In the case of sudden short-circuits, mechanical forces increase many times and 
can be dangerous for the transformer. In some cases, steady state short-circuit cur-
rent reaches as high as 10 to 15 times the transformer rated current (Mittle and 
Mittal 1996). Since the mechanical forces are proportional to the square of the cur-
rent, they increase to as much as 100 to 225 times the mechanical forces at rated 
current. Such large mechanical forces can cause appreciable damage to the trans-
former. Hence, the transformer windings must be designed and constructed to 
withstand the mechanical forces during short-circuits. 

1.4.13 No-Load Current 

The no-load current or excitation current represents the current that the trans-
former absorbs, when rated voltage is applied to the primary winding and the sec-
ondary winding is open-circuited. The no-load current is expressed as a percentage 
of the value of the rated primary current. 
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1.5 Transformer Operation 

1.5.1 Overloading 

The rated overload of a transformer depends on the transformer’s previous load or 
the corresponding oil temperature at the beginning of the overloading. The per-
missible duration and the respective levels of the acceptable overload of commer-
cial oil-immersed distribution transformers are shown in Table 1.4 (Schneider 
Electric AE 2002). For example, if the transformer is loaded to 50% of its rated 
power continuously, then the transformer can be overloaded to 150% of its rated 
power for 15 minutes or to 120% of its rated power for 90 minutes, as shown in 
Table 1.4. 

It should be noted that the oil temperature is not a safe measure for the winding 
temperature, since the time constant of the oil is 2 to 4 hours, while the time con-
stant of the winding is 2 to 6 minutes (Schneider Electric AE 2002). Therefore, the 
determination of the permissible duration of the overload must be done very care-
fully, since there is a danger that the winding temperature exceeds the critical 
temperature of 105°C, without this being indicated by the oil temperature. 

1.5.2 Parallel Operation 

The parallel operation of two or more transformers is feasible, when the following 
requirements are met: 

• The ratio of their rated power should be less than 3:1. 

• Their voltage ratio should be the same (the permitted tolerance is according to 
IEC 60076-1, Table 1.6). 

• Their short-circuit impedance should be the same (the permitted tolerance is 
according to IEC 60076-1, Table 1.6). 

Table 1.4 Permissible duration of overload and level of acceptable overload 

Level of overload (% of rated power) 

10% 20% 30% 40% 50% 

Previous con-
tinuous load 

(% of rated 
power) 

Oil temperature  
(°C) 

Permissible duration of overload (min) 

50 55 180 90 60 30 15 

75 68 120 60 30 15 8 

90 78 60 30 15 8 4 
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• Their vector groups should be the same and the connection should be imple-

mented with the corresponding terminals U-u, V-v, W-w. In other words, the 
transformers must have the same inherent phase angle difference between pri-
mary and secondary terminals, the same polarity and the same phase sequence. 

1.5.3 Load Distribution to Transformers in Parallel Operation 

If parallel operated transformers have the same voltage ratio but different short-
circuit impedance, then the load is distributed among them in such a way that each 
transformer accepts a specific level of load for which the short-circuit impedance 
becomes the same for all the parallel operated transformers. 

When none of the parallel operated transformers is permitted to be overloaded, 
the transformer with the minimum short-circuit impedance must operate at maxi-
mum under its rated power. Consequently, the load distribution is given by the fol-
lowing equation: 

 , min
,

,

k
i n i

k i

U
S S

U
= ⋅ , (1.40) 

where  is the load that is distributed to transformer ,  is the rated power of 
transformer ,  is the rated short-circuit impedance of transformer , and 

 is the minimum rated short-circuit impedance of the n  parallel operated 
transformers. 

iS i ,n iS
i ,k iU i

, minkU

Finally, the total rated power, , of the  parallel operated transformers is: totS n

 , min
,

1 1 1,

n n n
k

tot i n i tot n i
i i ik i

U
S S S S S

U= = =

= = ⋅ ⇒ <∑ ∑ ∑ , . (1.41) 

1.5.3.1 Example 1.8 

Let us assume that three transformers operate in parallel. The first transformer has 
800 kVA rated power and 4.4% short-circuit impedance. The rated power and the 
short-circuit impedance of the other two transformers is 500 kVA and 4.8%, and 
315 kVA and 4.0%, respectively. Calculate the maximum total load of the three 
transformers. 

Solution 
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Among the three transformers, the third transformer has the minimum short-circuit 
impedance, i.e., . , min 4.0 %kU =

The load of transformer 1 is: 

 , min
1 ,1 1

,1

4800 728 kVA
4.4

k
n

k

U
S S S

U
= ⋅ = ⋅ ⇒ = .  

The load of transformer 2 is: 

 , min
2 , 2 2

, 2

4500 417 kVA
4.8

k
n

k

U
S S S

U
= ⋅ = ⋅ ⇒ = . 

The load of transformer 3 is: 

 , min
3 , 3 3

, 3

4315 315 kVA
4

k
n

k

U
S S S

U
= ⋅ = ⋅ ⇒ = .  

The maximum total load of the three transformers is: 

 .  1 2 3 728 417 315 1460 kVAtot totS S S S S= + + = + + ⇒ =

The three transformers have total installed power: 

 .  ,1 , 2 , 3 800 500 315 1615 kVAinst n n n instS S S S S= + + = + + ⇒ =

From the above, it is concluded that the maximum total load (1460 kVA) repre-
sents 90.4% of the total installed power (1615 kVA). 

It should be noted that, in order for the maximum total load to be equal to the 
total installed power, the transformers must have the same short-circuit imped-
ance. 

1.6 Transformer Standards and Tolerances 

1.6.1 Transformer Standards 

Transformer manufacturing is based on international standards as well as on spe-
cific customer needs. From time to time, some of the standards may be modified 
and in that case they are republished. 
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Table 1.5 IEC transformer standards 

Standard Description 

IEC 60076-1 Power transformers: general 

IEC 60076-2 Power transformers: temperature rise 

IEC 60076-3 Power transformers: insulation levels and dielectric tests 

IEC 60076-5 Power transformers: ability to withstand short circuit 

IEC 60137 Bushings for alternating voltages above 1000 V 

IEC 60354 Loading guide for oil-immersed power transformers 

IEC 60726 Dry-type power transformers 

IEC 60905 Loading guide for dry-type power transformers 

 
A list of IEC transformer standards is shown in Table 1.5. 

1.6.2 Tolerances 

Constructional requirements result in deviations between the measured parameters 
and the values that are defined in the transformer “offer” (i.e., the guaranteed val-
ues). Table 1.6 presents tolerances that are applied to certain items, according to 
IEC 60076-1. 

 

Table 1.6 Tolerances on certain transformer items according to IEC 60076-1 

Item Tolerance 

Voltage ratio The lower of the following values: 

a)   ±0.5% of guaranteed voltage ratio 

b)   ±1/10 of the measured short-circuit impedance on 
the principal tapping 

Short-circuit impedance ( ) kU a) ±7.5% of the guaranteed , when  kU 10%kU ≥

b) ±10% of the guaranteed , when kU 10%kU <  

No-load losses +15% of the guaranteed no-load losses 

Load losses +15% of the guaranteed load losses 

Total losses (load and no-load) +10% of the guaranteed total losses (load and no-load) 

No-load current +30% of the guaranteed no-load current 
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1.7 Transformer Tests 

Transformer tests are classified, in accordance with IEC 60076-1 standard, as fol-
lows: 

• Type tests 

• Routine tests 

• Special tests 

1.7.1 Type Tests 

Type tests, which are made on one transformer from every transformer type, are 
the following: 

1. Temperature Rise Test     The temperature rise test procedure is typically per-
formed according to IEC 60076-2. The objective of this test is to verify guaran-
teed temperature rises for oil and windings. 

2. Lightning Impulse Test     The lightning impulse test procedure is typically 
performed according to IEC 60076-3. This specific test checks if the trans-
former can withstand overvoltages. These overvoltages are caused by (a) trav-
eling waves (caused by lightning) in transmission lines, (b) sudden on/off 
switching of breakers, and (c) short-circuits. It should be noted that the light-
ning impulse test is a routine test for transformers with higher voltage for 
equipment, , greater than 72.5 kV and a type test for . mU 72.5 kVmU ≤

1.7.2 Routine Tests 

Routine tests are performed on every transformer separately, and include: 

1. Winding Resistance     The winding resistance is defined as the direct current 
(dc) resistance of a winding. The procedure for the measurement of windings 
resistance is typically performed according to IEC 60076-1. During this test the 
resistance of each winding is measured and the temperature is recorded. The 
test is performed with direct current. 

2. Voltage Ratio and Check of Phase Displacement     Measurement of the 
voltage ratio is typically performed according to IEC 60076-1. The objective of 
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the test is to compare the measured values of the transformer ratio with the re-
spective guaranteed values. For the transformer, the voltage ratio is equal to the 
turns ratio, namely: 

 1

2 2

V N
V N

= 1 , (1.42) 

where  and  is the phase voltage of the primary and secondary winding, re-
spectively, and  and  is the number of turns of the primary and secondary 
winding, respectively. 

1V 2V

1N 2N

3. Impedance Voltage     Measurement of impedance voltage is typically per-
formed according to IEC 60076-1. The impedance voltage, which is expressed 
as a percentage of the rated voltage, represents the transformer’s impedance. 
The IEC standard requires the impedance voltage to be calculated at the refer-
ence temperature of 75°C. The transformer impedance voltage is guaranteed by 
the manufacturer and is verified for the customer during the impedance voltage 
routine test. 

4. Load Loss     The transformer load loss is guaranteed by the manufacturer and 
is verified for the customer during the load loss routine test. The measurement 
of load loss is implemented with the secondary winding short-circuited and by 
increasing the voltage of the primary winding until the current of the primary 
winding reaches its nominal value. The load losses are calculated at the refer-
ence temperature of 75°C according to the IEC standard. 

5. No-Load Current and No-Load Losses     The measurement is typically per-
formed according to IEC 60076-1. The no-load current represents the real value 
of current that is required to magnetize the magnetic core. The no-load losses 
represent the power that is absorbed by the transformer core when rated voltage 
and rated frequency are applied to one winding (e.g., secondary) and the other 
winding (e.g., primary) is open-circuited. 

6. Dielectric Routine Tests     The dielectric routine tests are the following: 

– Applied Voltage Dielectric Test     The duration of the test, according to 
IEC 60076-3, is 1 min. With this specific test, the following are checked: 
(a) the insulation between primary and secondary windings, (b) the insula-
tion between the tested winding and the tank, and (c) the insulation be-
tween the tested winding and the magnetic circuit. 

– Induced Voltage Dielectric Test     A three-phase voltage, twice the rated 
voltage, is applied to the transformer for 1 minute. However, the doubling 
of the voltage will double the magnetic induction resulting in transformer 
saturation and, consequently, there is a danger of the transformer being de-
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stroyed. In order to avoid saturation, the frequency is also doubled, so the 
magnetic induction remains constant. Consequently, during this test, the 
volts per turn and therefore the volts per layer are doubled. This test veri-
fies the dielectric strength between turns and layers. 

1.7.3 Special Tests 

Special tests are not included in the category of type or routine tests and are exe-
cuted after agreement between customer and manufacturer. The special tests are 
the following: 

1. Dielectric special tests. 

2. Determination of capacitances of windings-to-earth and between windings. 

3. Short-Circuit Withstand Test     According to this test, the transformer is sub-
jected to successive short-circuits of 0.5 second duration and the transformer 
must withstand these short-circuits. Since this test requires high power, it is 
executed in special test centers. 

4. Determination of Sound Levels    The transformer is energized at no-load and 
at rated voltage and rated frequency, so the noise peripheral to the transformer 
can be measured. 

5. Measurement of the harmonics of the no-load current. 

6. Measurement of insulation resistance and/or measurement of dissipation factor 
of the insulation system capacitances. 

7. Radio interference voltage. 

8. Measurement of zero-sequence impedance. 

1.8 Transformer Types 

The transformers are classified into various categories, according to their: 

• Use 

• Cooling method 
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• Insulating medium 

• Core construction 

1.8.1 Classification According to Transformer Use 

Transformers are classified according to their use into the following categories: 

1. Distribution Transformers     They are used in distribution networks in order 
to transmit energy from the medium voltage (MV) network to the low voltage 
(LV) network of the consumers. Their rated power usually ranges from 50 to 
1600 kVA. 

2. Power Transformers     They are used in high-power generating stations for 
voltage step-up and in transmission substations for voltage step-up or step-
down. Usually they are of power greater than 2 MVA. 

3. Autotransformers     They are used for voltage transformation within relativ-
ity small limits, for connection of electric energy systems of various voltages, 
for starting alternating current motors, etc. 

4. Test Transformers     They are used for the execution of performance tests 
with high or ultra-high voltage. 

5. Special Power Transformers     They are used for special applications, e.g., in 
furnaces and in welding. 

6. Instrument Transformers     They are used for the accurate measurement of 
voltage or current. 

7. Telecommunication Transformers     They are used in telecommunication 
applications aiming at the reliable reproduction of a signal over a wide range of 
frequency and voltage. 

1.8.2 Classification According to Transformer Cooling Method 

The identification of oil-immersed transformers according to the cooling method 
is expressed by a four-letter code. The first letter expresses the internal cooling 
medium in contact with the windings. The second letter identifies the circulation 
mechanism for the internal cooling medium. The third letter identifies the external 
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cooling medium. The fourth letter identifies the circulation mechanism for exter-
nal cooling medium. For example, if the internal cooling medium is mineral oil, 
which is circulated by natural flow, and the external cooling medium is air, which 
is circulated by natural convection, then this cooling method is coded as ONAN 
(Oil Natural Air Natural). 

In power transformers, various cooling methods are used including oil circula-
tion by pumps, or forced air circulation by fans, or both of the above. As a result, 
the following cooling methods exist: 

1. ONAF     Oil Natural Air Forced 

2. OFAN     Oil Forced Air Natural 

3. OFAF     Oil Forced Air Forced 

4. OFWF    Oil Forced Water Forced 

1.8.3 Classification According to Transformer Insulating Medium 

Transformers are classified according to their insulating medium into the follow-
ing categories: 

1. Oil-Immersed Transformers     The insulating medium is mineral oil or syn-
thetic (silicon) oil. 

2. Dry Type Transformers     The cooling is implemented with natural air circu-
lation and the windings are usually insulated with materials of H or F class. The 
materials of H class are designed to operate, in normal conditions, at tempera-
tures up to 180°C and the materials of F class at temperatures up to 155°C. 

3. Resin Type Transformers     The resin type transformer is a dry type trans-
former insulated with epoxy resin cast under vacuum. 

1.8.4 Classification According to Transformer Core Construction 

Construction of the magnetic circuit of three-phase transformers can be imple-
mented, alternatively, as follows: 

1. With three legs (vertical limbs)     The magnetic flux of one leg must flow 
through the other two legs and the flux also flows through the windings of the 
other phases, i.e., the transformer has no free return of the flux. 
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2. With five legs (vertical limbs)     Free return of the flux through the external 

legs. 

There are two different technologies for stacking the sheets of the magnetic 
material of the core: 

1. Stack Core     The layers of the sheets of the magnetic material are placed one 
over the other and vertical and horizontal layers are overlapped. 

2. Wound Core     The magnetic circuit is of shell type and the sheets are wound. 

Two different materials are used for core construction: 

1. Silicon Steel Sheet     The silicon steel sheet that is used for core construction 
is an alloy consisting of 97% iron and 3% silicon. This material is crystalline. 
The silicon steel sheets have thickness from 0.18 to 0.5 mm. There are also sili-
con steel sheets for operation at high magnetic induction (Hi-B). 

2. Amorphous Metal Sheet     The amorphous metal sheet that is used for core 
construction is an alloy consisting of 92% iron, 5% silicon and 3% boron. This 
material is not crystalline. It has 70% lower no-load loss than silicon steel. The 
thickness of the amorphous metal sheet is 0.025 mm, i.e., it is about 10 times 
thinner than the typical thickness of silicon steel sheet. 

1.9 Transformers Studied in this Book 

The rest of this book studies three-phase, wound core type distribution transform-
ers, mineral oil-immersed with ONAN cooling method, with voltages up to 33 kV 
and rated power up to 2000 kVA. 

The methods that are presented in this book can also be applied to other trans-
former types, e.g., power transformers, single-phase transformers, dry type trans-
formers, stack core transformers, etc. In order to enable readers to apply the meth-
ods discussed in this book to other transformer types, the rest of the book is 
structured as follows: 

1. Chapter 2 presents, step-by-step, the conventional design methodology of 
three-phase wound core type transformers. 

2. The second part of the book presents the basic principles of the methods that 
will be used in the third part of the book to solve transformer design problems. 
In particular, the second part of the book briefly presents the following meth-
ods: 

– The finite element method (Chap. 3). 

– Artificial intelligence methods for classification and forecasting (Chap. 4). 
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– Deterministic and stochastic optimization methods (Chap. 5). 

3. The third part of the book (Chaps. 6 to 8) solves challenging design problems 
for three-phase wound core type transformers using the methods of the second 
part of the book. 
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2 Conventional Transformer Design 

Abstract   This chapter deals with conventional design of wound core type trans-
formers. It formulates the transformer design optimization (TDO) problem and 
solves it using a multiple design method that is commonly referred to as the con-
ventional TDO method. A design example of an actual commercial transformer is 
worked out throughout this chapter showing all the calculations that are needed to 
design a transformer. The example-driven presentation of the conventional TDO 
method makes this chapter unique in transformer design texts. 

2.1 Nomenclature 

A No-load loss cost rate throughout the transformer lifetime ($/W) 
areaHV Cross-section area of high voltage (HV) conductor (mm2). See 

Fig. 2.6 
areaLV Cross-section area of low voltage (LV) conductor (mm2). See 

Fig. 2.6 
B  Load loss cost rate throughout the transformer lifetime ($/W) 
BILHV  Basic insulation level of HV winding (kV) 
BILLV  Basic insulation level of LV winding (kV) 
BLDHV  Thickness of HV winding (mm). See Fig. 2.6 
BLDLV  Thickness of LV winding (mm). See Fig. 2.6 
BP  Transformer bid price ($) 
CCEE  Core to coil each end (mm). See Fig. 2.6 
CLab  Labor cost to manufacture the transformer ($) 
CM  Cost of transformer materials ($) 
CMM  Cost of transformer main materials ($) 
CPA  Area of corrugated panels (m2) 
CRM Cost of the remaining materials (i.e., not the main materials) of 

transformer ($) 
CSA  Cross-section area (mm2) 
CSF  Core stacking factor 
CTM  Transformer manufacturing cost ($) 
D  Width of core leg (mm). See Fig. 2.3 
D13 Coil equivalent external diameter immediately after the HV 

winding, including the HV cooling ducts (mm). See Fig. 2.9 
D3 Coil equivalent external diameter immediately after the tube pa-

per (mm). See Fig. 2.9 
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D7 Coil equivalent external diameter immediately after the LV 
winding, including the LV cooling ducts (mm). See Fig. 2.9 

D9 Coil equivalent external diameter immediately after the HV LVI −  
insulation (mm). See Fig. 2.9 

dHV  Diameter of HV conductor (mm). See Fig. 2.5 
DHV-C Distance between HV winding and core (mm). See Fig. 2.6 
DLV-C Distance between LV winding and core (mm). See Fig. 2.6 
DPanel Width of corrugated panel (mm). See Fig. 2.15 
DuctsHV  Number of ducts of HV winding 
DuctsLV  Number of ducts of LV winding 
Dw  Width of cooling duct (mm) 
DWPGHV Width of HV duct strip plus gap (mm) 
DWPGLV Width of LV duct strip plus gap (mm) 
EdLHV  Eddy current loss of HV winding (W) 
EdLLV  Eddy current loss of LV winding (W) 
Eu Thickness of core leg (mm). See Fig. 2.3 
f  Frequency (Hz) 
F1 Window width of small individual core (mm). See Fig. 2.3 
F2 Window width of large individual core (mm). See Fig. 2.3 
FDmax  Maximum flux density (Gauss) 
G Height of core window (mm). See Fig. 2.3 
gCP  Weight per unit area of corrugated panels (kg/m2) 
gDS  Mass density of duct strips (kg/m3) 
gHV  Mass density of HV conductor (kg/m3) 
gLV  Mass density of LV conductor (kg/m3) 
gMM  Mass density of magnetic material (kg/m3) 
gO  Mass density of mineral oil (kg/m3) 
HCP Height of corrugated panel (mm). See Fig. 2.15 
HV  High voltage 
HVCC Connection of external (HV) winding 
IHV-HV Insulation outside HV winding (mm). See Fig. 2.6 
IHVL Insulation between layers of HV winding (mm). See Fig. 2.5 
IHV-LV Insulation between LV and HV winding (mm). See Fig. 2.6 
ILV-C Insulation between LV winding and core (mm). See Fig. 2.6 
ILVL Insulation between layers of LV winding (mm). See Fig. 2.4 
Impulsemax Maximum impulse voltage that an insulating paper can with-

stand (kV) 
Inducedmax Maximum induced voltage that an insulating paper can with-

stand (kV) 
p
LVI  Phase current of LV winding (A) 

IR Ohmic (resistive) part of impedance voltage (%) 
IX Inductive part of impedance voltage (%) 
K Distance between two adjacent cores (mm). See Fig. 2.3 
LayersHV Number of layers of HV winding 
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LayersLV Number of layers of LV winding 
LDSPHV Layer direction space factor of HV winding 
LDSPLV Layer direction space factor of LV winding 
LGHV Dimension of cooling ducts of HV winding (mm). A practical 

computation formula is given in Example 2.5 
LL1 Transformer load loss (W) at voltage  ,1

l
HVV

LL2 Transformer load loss (W) at minimum voltage of HV winding 
LLg Guaranteed load loss (W) 
LLHV , 1 Load loss (W) of HV winding at voltage  ,1

l
HVV

LLHV , 2 Load loss (W) of HV winding at minimum voltage of HV wind-
ing 

LLLV Load loss (W) of LV winding 
LV  Low voltage 
LVCC Connection of internal (LV) winding 
ML Length of the mould of the coil. See Fig. 2.10 
MS Margin ($) in the sale of transformer 
MTHV Mean turn length of HV winding (mm). See Fig. 2.10 
MTLV Mean turn length of LV winding (mm). See Fig. 2.10 
MW Width of the mould of the coil (mm). See Fig. 2.10 
NCP Total number of corrugated panels 
NLL Transformer no-load loss (W) 
NLLg Guaranteed no-load loss (W) 
OH Height of mineral oil (mm) 
Pitch Distance between two adjacent corrugated panels (mm). See Fig. 

2.15 
Sn Transformer rated power (kVA) 
SM Transformer sales margin (%) 
SNLLTF Transformer specific no-load loss (W/kg). See Fig. 2.8 

, maxat  Maximum ambient temperature (°C) 
TAOR Transformer average oil rise (°C) 

, maxHVTaps  Upper limit of taps of HV winding (%) 

, minHVTaps  Lower limit of taps of HV winding (%) 
TDHV Width of HV layer (mm). See Fig. 2.5 
TDLV Width of LV layer (mm). See Fig. 2.4 
TDO Transformer design optimization 
TDS Thickness of duct strips without insulation (mm) 
TDSPHV Turn direction space factor of HV winding 
TDSPLV Turn direction space factor of LV winding 
TE Tolerances and elongation of coil (mm) 
TH Tank height (mm). See Fig. 2.11 
TL Tank length (mm). See Fig. 2.11 
TLC Total length of the coil (mm) 
TLTHV Total thickness of the HV leads (mm) 
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TLTLV Total thickness of the LV leads (mm) 
tLV Thickness of LV conductor (mm). See Fig. 2.4 

, maxot  Maximum oil temperature (°C) 
TOC Transformer total owning cost ($) throughout transformer life-

time 
, maxHVTurns  Maximum number of turns of HV winding 

turnsLV Number of turns of LV winding 
TurnsMainHV Number of turns of HV winding at voltage  ,1

l
HVV

TurnWidthHV Width of HV conductor with insulation (mm) 
TurnWidthLV Width of LV conductor with insulation (mm) 
TW Tank width (mm). See Fig. 2.11 

, maxwt  Maximum winding temperature (°C) 
TIHV Insulation of taps of HV winding (mm) 
uc1 Unit cost of LV winding ($/kg) 
uc2 Unit cost of HV winding ($/kg) 
uc3 Unit cost of magnetic material ($/kg) 
uc4 Unit cost of insulating paper ($/kg) 
uc5 Unit cost of duct strips ($/kg) 
uc6 Unit cost of mineral oil ($/kg) 
uc7 Unit cost of sheet steel ($/kg) 
uc8 Unit cost of corrugated panels ($/kg) 
Uk Impedance voltage (%) 
Uk , g Guaranteed impedance voltage (%) 
VCT Volume of oil conservator (L) 

,1
l

HVV  First rated line voltage (V) of HV winding 

, 2
l

HVV  Second rated line voltage (V) of HV winding 
l

LVV  Rated line voltage (V) of LV winding 
p

LVV  Rated phase voltage (V) of LV winding 
VPT Volts per turn (V/turn) 
uc1 Total weight of LV winding (kg) 
uc2 Total weight of HV winding (kg) 
uc3 Total weight of magnetic material (kg) 
uc4 Total weight of insulating paper (kg) 
uc5 Total weight of duct strips (kg) 
uc6 Total weight of mineral oil (kg) 
uc7 Total weight of sheet steel (kg) 
uc8 Total weight of corrugated panels (kg) 

HVd∆  Insulation of HV conductor (mm). See Fig. 2.5 

HVρ  Resistivity of HV conductor ( ) 2mm / mΩ⋅

LVρ  Resistivity of LV conductor ( ) 2mm / mΩ⋅
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2.2 Introduction 

The objective of transformer design optimization (TDO) is to design the trans-
former so as to minimize the transformer manufacturing cost, i.e., the sum of ma-
terials cost plus labor cost, subject to constraints imposed by international stan-
dards and transformer user specification. 

The aim of transformer design is to obtain the dimensions of all parts of the 
transformer in order to supply these data to the manufacturer. The transformer de-
sign should be carried out based on the specification given, using available mate-
rials economically in order to achieve low cost, low weight, small size and good 
operating performance. 

The transformer design is worked out using various methods based on accumu-
lated experience realized in different formulas, equations, tables and charts. Trans-
former design methods vary among transformer manufacturers (Mittle and Mittal 
1996). 

While designing a transformer, much emphasis should be placed on lowering 
its cost by saving materials and reducing to a minimum labor-consuming opera-
tions in its manufacture. The design should be satisfactory with respect to dielec-
tric strength and mechanical endurance, and windings must withstand dynamic 
and thermal stresses in the event of short-circuit. 

In order to meet the above requirements, the transformer designer should be 
familiar with the prices of basic materials used in the transformer. He should also 
be familiar with the amount of labor consumed in the production of transformer 
parts and assemblies. 

This chapter presents a conventional transformer design methodology based on 
a multiple design technique (Georgilakis et al. 2007) for solution of the TDO 
problem. This conventional transformer design method is a heuristic technique 
that assigns many alternative values to the design variables so as to generate a 
large number of alternative designs and finally to select the design that satisfies all 
the problem constraints with minimum manufacturing cost. 

2.3 Problem Formulation 

The TDO problem is formulated as follows: minimize an objective function sub-
ject to several constraints. 

Among the various objective functions of the TDO problem that are defined in 
Sect. 2.3.1, the most commonly used objective functions are: 

1. The minimization of transformer manufacturing cost. This is mainly used when 
designing transformers for industrial and commercial users, since these users 
usually do not evaluate the cost of losses when purchasing transformers. 
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2. The minimization of transformer total owning cost. This is mainly used when 
designing transformers for electric utilities, since these users usually evaluate 
the cost of losses when purchasing transformers. 

The constraints of the TDO problem are related to transformer operation, 
manufacturing capabilities, and transformer user special needs. These constraints 
are presented in Sect. 2.3.2. 

2.3.1 Objective Function 

In the bibliography of transformer design, several objective functions are opti-
mized: 

1. Minimization of active part mass (Jabr 2005) 

2. Minimization of active part cost (Rubaai 1994, Amoiralis et al. 2008) 

3. Minimization of main materials cost (Amoiralis et al. 2009) 

4. Minimization of manufacturing cost (Odessey 1974; Georgilakis et al. 2007; 
Georgilakis 2008; Georgilakis 2009) 

5. Minimization of total owning cost (Andersen 1991; Del Vecchio et al. 2002) 

6. Maximization of transformer rated power (Judd and Kressler 1977, Jabr 2005) 

These objective functions are analyzed in the following paragraphs. 

2.3.1.1 Active Part Mass 

The objective is to minimize the active part mass, APM : 

 
3

1

min min i
i

APM w
=

= ∑ , (2.1) 

where  (kg) is the total weight of the low voltage (LV) winding,  is the total 
weight of the high voltage (HV) winding, and  is the total weight of the mag-
netic material. 

1w 2w

3w
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2.3.1.2 Active Part Cost 

The objective is to minimize the active part cost, APC : 

 
3

1

min min i i
i

APC uc w
=

= ∑ ⋅

⋅

, (2.2) 

where  ($/kg) is the unit cost of the LV winding,  is the unit cost of the HV 
winding,  is the unit cost of magnetic material,  (kg) is the total weight of 
the LV winding,  is the total weight of the HV winding, and  is the total 
weight of magnetic material. 

1uc 2uc

3uc 1w

2w 3w

2.3.1.3 Main Materials Cost 

The objective is to minimize the cost of transformer main materials, : CMM

 , (2.3) 
8

1

min min i i
i

CMM uc w
=

= ∑

where  ($/kg) is the unit cost of the LV winding,  is the unit cost of the HV 
winding,  is the unit cost of magnetic material,  is the unit cost of insulat-
ing paper,  is the unit cost of duct strips,  is the unit cost of mineral oil, 

 is the unit cost of sheet steel,  is the unit cost of corrugated panels,  
(kg) is the total weight of the LV winding,  is the total weight of the HV wind-
ing,  is the total weight of magnetic material,  is the total weight of insulat-
ing paper,  is the total weight of duct strips,  is the total weight of mineral 
oil,  is the total weight of sheet steel, and  is the total weight of corrugated 
panels. 

1uc 2uc

3uc 4uc

5uc 6uc

7uc 8uc 1w

2w

3w 4w

5w 6w

7w 8w

2.3.1.4 Manufacturing Cost 

The objective is to minimize the cost of transformer manufacturing, CT : M

 min min LabCTM CMM CRM C= + +⎡⎣ ⎤⎦ , (2.4) 

where  ($) is the cost of transformer main materials as computed by (2.3), 
 is the cost of the remaining materials (not included in ) of the trans-

former, and 

CMM
CRM CMM

LabC  is the labor cost to manufacture the transformer. 
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2.3.1.5 Total Owning Cost 

The objective is to minimize the transformer total owning cost, TO , which in-
cludes the cost to purchase the transformer and the cost of losses throughout the 
transformer lifetime: 

C

 [ ]min minTOC BP A NLL B LL= + ⋅ + ⋅ , (2.5) 

where A  ($/W) is the no-load loss cost,  ($/W) is the load loss cost,  (W) 
is the no-load loss,  (W) is the load loss, and  ($) is the transformer pur-
chase cost (also called sales price or bid price) that is computed as follows: 

B NLL
LL BP

 
1 1

LabCMM CRM CCTMBP
SM SM

+ +
= =

− −
, (2.6) 

where  ($) is the transformer manufacturing cost,  (%) is the trans-
former sales margin,  ($) is the cost of transformer main materials as com-
puted by (2.3), CRM  ($) is the cost of the remaining materials (not included in 

) of the transformer, and 

CTM SM
CMM

CMM LabC  ($) is the labor cost to manufacture the trans-
former. 

The A  and  coefficients of (2.5) are computed according to the methodolo-
gies of Chap. 8. 

B

2.3.1.6 Rated Power 

The objective is to maximize transformer rated power, : nS

 . (2.7) max nS

2.3.2 Constraints 

The constraints of the TDO problem are the following: 

1. Induced voltage constraint 

2. Turns ratio constraint 

3. No-load loss constraint 
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E

4. Load loss constraint 

5. Total loss constraint 

6. Impedance voltage constraint 

7. Magnetic induction constraint 

8. Heat transfer constraint 

9. Temperature rise constraint 

10.Efficiency constraint 

11.No-load current constraint 

12.Voltage regulation constraint 

13.Induced voltage constraints 

14.Impulse voltage constraints 

15.Tank dimensions constraints 

These constraints are analyzed in the following paragraphs. 

2.3.2.1 Induced Voltage Constraint 

This expresses the relation between the induced voltage in the secondary winding 
and the maximum flux density: 

 2 2 max4.44 2 uV f N FD CSF D= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ , (2.8) 

where  is the effective value of the induced phase voltage in the secondary 
winding, is the frequency,  is the number of turns of the secondary winding, 

2V
f 2N

maxFD  is the maximum flux density, CS  is the core stacking factor,  is the 
width of the core leg, and is the thickness of the core leg. In (2.8), the quantity 

 expresses the effective core cross-section area of the magnetic flux 
in the shell-type transformer. Section 2.6.2 explains how (2.8) is obtained. 

F D

uE
2 uCSF D E⋅ ⋅ ⋅
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2.3.2.2 Turns Ratio Constraint 

The voltage ratio is equal to the turns ratio: 

 1

2 2

V N
V N

= 1 , (2.9) 

where  and  are the phase voltage of the primary and secondary winding, re-
spectively, and  and  are the number of turns of the primary and secondary 
winding, respectively. 

1V 2V

1N 2N

2.3.2.3 No-Load Loss Constraint 

The designed no-load loss, , must be smaller than a maximum no-load loss, 
: 

NLL
maxNLL

 . (2.10) maxNLL NLL<

2.3.2.4 Load Loss Constraint 

The designed load loss, , must be smaller than a maximum load loss, : LL maxLL

 maxLL LL< . (2.11) 

2.3.2.5 Total Loss Constraint 

The total loss, , of the transformer must be smaller than a maximum total 
loss, : 

TTL
maxTTL

 . (2.12) maxTTL TTL<

It should be noted that the total loss of the transformer is equal to the sum of its 
no-load loss and load loss, i.e.: 

 . (2.13) TTL NLL LL= +
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2.3.2.6 Impedance Voltage Constraint 

The transformer impedance voltage, , must be between a minimum impedance 
voltage, , and a maximum impedance voltage, : 

kU

, minkU , maxkU

 . (2.14) , min , maxk k kU U U< <

2.3.2.7 Flux Density Constraint 

The maximum flux density, maxFD , is required to be smaller than a saturation flux 
density, satFD (Judd and Kressler 1977): 

 max satFD FD< . (2.15) 

2.3.2.8 Heat Transfer Constraint 

The total heat (W) produced by the total loss, TTL , of the transformer must be 
smaller than the total heat (W), , that can be carried away by the combined 
effects of conduction, convection, and radiation (MIT 1962): 

CCRTH

 . (2.16) CCRTTL TH<

2.3.2.9 Temperature Rise Constraint 

The transformer temperature rise, T∆ , that is due to the heat generated by the to-
tal loss of the transformer must be smaller than a maximum temperature rise, 

 (Odessey 1974): maxT∆

 . (2.17) maxT T∆ < ∆

2.3.2.10 Efficiency Constraint 

The transformer efficiency, , is sometimes required to be greater than a mini-
mum efficiency, : 

n
minn
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 . (2.18) minn n>

2.3.2.11 No-Load Current Constraint 

The transformer no-load current, iϕ , is sometimes required to be smaller than a 
maximum no-load current, : , maxiϕ

 , maxi iϕ ϕ< . (2.19) 

2.3.2.12 Voltage Regulation Constraint 

The transformer voltage regulation, V∆ , is sometimes required to be smaller 
than a maximum voltage regulation, maxV∆  (Odessey 1974): 

 . (2.20) maxV V∆ < ∆

2.3.2.13 Induced Voltage Constraints 

The thickness of layer insulation must withstand the induced voltage test. In par-
ticular, the induced voltage in the internal winding, LVInduced , is required to be 
smaller than the maximum induced voltage, , that the insulating pa-
per between the layers of the internal winding can withstand: 

, maxLVInduced

 . (2.21) , maxLV LVInduced Induced<

The induced voltage in the external winding, HVInduced , is required to be 
smaller than the maximum induced voltage, , that the insulating pa-
per between the layers of the external winding can withstand: 

, maxHVInduced

 . (2.22) , maxHV HVInduced Induced<
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2.3.2.14 Impulse Voltage Constraints 

The thickness of layer insulation must withstand the impulse voltage test. In par-
ticular, the impulse voltage in the internal winding, LVImpulse , is required to be 
smaller than the maximum impulse voltage, , that the insulating pa-
per between the layers of the internal winding can withstand: 

, maxLVImpulse

 . (2.23) , maxLV LVImpulse Impulse<

The impulse voltage in the external winding, HVImpulse , is required to be 
smaller than the maximum impulse voltage, , that the insulating pa-
per between the layers of the external winding can withstand: 

, maxHVImpulse

 . (2.24) , maxHV HVInduced Induced<

2.3.2.15 Tank Dimensions Constraints 

The tank length, TL , is sometimes required to be smaller than a maximum tank 
length, : maxTL

 maxTL TL< , (2.25) 

the tank width, , is sometimes required to be smaller than a maximum tank 
width, : 

TW
maxTW

 , (2.26) maxTW TW<

and the tank height, TH , is sometimes required to be smaller than a maximum 
tank height, : maxTH

 . (2.27) maxTH TH<

2.3.3 Mathematical Formulation of the TDO Problem 

One common formulation of the TDO problem is the minimization of transformer 
manufacturing cost (Georgilakis et al. 2007): 
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min min Lab i i
i

CTM CRM C uc w
=

⎡ ⎤
= + +⎢

⎣ ⎦
∑ ⋅ ⎥

E

, (2.28) 

subject to the following constraints: 

 2 2 max4.44 2 uV f N FD CSF D= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ , (2.29) 

 1

2 2

V N
V N

= 1 , (2.30) 

 , (2.31) maxNLL NLL<

 maxLL LL< , (2.32) 

 , (2.33) maxTTL TTL<

 , (2.34) , min , maxk k kU U U< <

 max satFD FD< , (2.35) 

 , (2.36) CCRTTL TH<

 , (2.37) maxT T∆ < ∆

 , (2.38) , maxLV LVInduced Induced<

 , (2.39) , maxHV HVInduced Induced<

 , (2.40) , maxLV LVImpulse Impulse<

 , (2.41) , maxHV HVInduced Induced<

 maxTL TL< , (2.42) 

 , (2.43) maxTW TW<

 maxTH TH< . (2.44) 

2.3.4 Characteristics of the TDO Problem 

The TDO problem is a complex constrained mixed-integer nonlinear program-
ming problem. The TDO problem is further complicated by the fact that the objec-
tive function is discontinuous (Andersen 1991). 



2.4 Conventional Transformer Design Optimization Method 59 
 

2.4 Conventional Transformer Design Optimization Method 

2.4.1 Methodology 

This section describes a conventional heuristic methodology for solution of the 
TDO problem of Sect. 2.3.3. This methodology, also known as multiple design 
method, is a heuristic technique that assigns many alternative values to the design 
variables so as to generate a large number of alternative designs and finally to se-
lect the design that satisfies all the problem constraints with minimum manufac-
turing cost. 

The methodology concerns the optimization of transformers with the following 
technical characteristics: 

1. Three-phase, oil-immersed distribution transformers 

2. Magnetic circuit of shell type and wound cores 

3. Foil, round wire, or rectangular wire technology for both low voltage (LV) and 
high voltage (HV) conductors 

The process of finding the optimum transformer is implemented with the help 
of a suitable computer program, which uses at maximum 134 input parameters in 
order to make the transformer program as parametric as possible. These 134 input 
parameters are split into the following seven types (Georgilakis et al. 2007): 

1. Description variables (e.g., rated power, rated low voltage (LV) and high volt-
age (HV), frequency, LV and HV connection). Table 2.6 shows an example of 
description variables. 

2. Special variables (e.g., core stacking factor, turns direction space factor, mass 
density of materials used). Table 2.7 shows an example of special variables. 

3. Default variables (e.g., LV and HV taps, guaranteed no-load loss, load loss, 
and impedance voltage). Table 2.8 shows an example of default variables. 

4. Cost variables (e.g., unit cost for LV and HV conductor, magnetic steel, min-
eral oil, insulating paper, duct strips, corrugated panels). Table 2.9 shows an 
example of cost variables. 

5. Various variables (e.g., number of LV and HV ducts). Table 2.10 shows an ex-
ample of various variables. 

6. Conductor cross-section calculation variables (LV and HV conductor cross-
sections can be defined by the user or can be calculated using current density, 



60 2 Conventional Transformer Design 
 
or thermal short-circuit test). Table 2.11 shows an example of conductor cross-
section calculation variables. 

7. Design variables (i.e., number of LV turns, width of core leg, height of core 
window, magnetic induction, LV and HV cross-section area). It should be 
noted that the magnetic material properties (e.g., type, grade, thickness, specific 
no-load loss) are given as input data when defining the values of magnetic in-
duction within the design variables. Table 2.12 shows an example of design 
variables. 

The computer program allows many variations in design variables. These varia-
tions permit the investigation of sufficient candidate solutions. For each one of the 
candidate solutions, it is checked if all the specifications (constraints) are satisfied, 
and if they are satisfied, the manufacturing cost is estimated and the solution is 
characterized as acceptable. On the other hand, the candidate solutions that violate 
the specification are characterized as non-acceptable solutions. Finally, among the 
acceptable solutions, the transformer with the minimum manufacturing cost is se-
lected, which is the optimum transformer. 

There are six design variables: 

1. The number of turns of low voltage coil, turnsLV 

2. The width of core leg, D 

3. The magnetic induction, FDmax 

4. The height of core window, G 

5. The cross-section area of the LV conductor, areaLV 

6. The cross-section area of the HV voltage conductor, areaHV 

Giving LVn  different values for the number of turns of low voltage coil, Dn  
values for the width of core leg, FDn  tries for the magnetic induction,  different 
values for the height of core window, 

Gn

LVcs  different values for the calculation of 
cross-section area of low voltage coil and HVcs  different values for the calculation 
of cross-section of high voltage coil, the total candidate solutions (loops of the 
computer program), , are calculated from the following equation: loopsn

 . (2.45) loops LV D FD G LV HVn n n n n cs cs= ⋅ ⋅ ⋅ ⋅ ⋅

The search algorithm of the optimum transformer is presented in Table 2.1 
(Georgilakis et al. 2007). This methodology is already applied in the transformer 
manufacturing industry. 



2.4 Conventional Transformer Design Optimization Method 61 
 

Table 2.1 Conventional TDO method 

For 1 to LVi n=  

 For 1 to Dj n=  

 For 1 to FDk n=  

 For 1 to Gl n=  

 Calculate the volts per turn and the thickness of core leg based on Sect. 2.6. 
 For 1 to LVm cs=  

 For 1 to HVn cs=  

 Calculate the layer insulations based on Sect. 2.7. 
 If one or more of the constraints of (2.38), (2.39), (2.40), and (2.41) is vio-

lated, then the solution is rejected and the next loop is executed. 
 Calculate winding and core dimensions based on Sect. 2.8. 
 Calculate core weight and no-load loss based on Sect. 2.9. 
 If the no-load loss constraint of (2.31) is violated, then the solution is re-

jected and the next loop is executed. 
 Calculate the inductive part of impedance voltage based on Sect. 2.10. 
 Calculate the load loss based on Sect. 2.11. 
 If the load loss constraint of (2.32) is violated, then the solution is rejected 

and the next loop is executed. 
 If the total loss constraint of (2.33) is violated, then the solution is rejected 

and the next loop is executed. 
 Calculate the impedance voltage based on Sect. 2.12. 
 If the impedance voltage constraint of (2.34) is violated, then the solution is 

rejected and the next loop is executed. 
 Calculate the coil length based on Sect. 2.13. 
 Calculate the tank dimensions based on Sect. 2.14. 
 If one or more of tank constraints of (2.42), (2.43), and (2.44) is violated, 

then the solution is rejected and the next loop is executed. 
 Calculate the winding gradient (temperature rise) and the oil gradient based 

on Sect. 2.15. 
 If the temperature rise constraint of (2.37) is violated, then the solution is re-

jected and the next loop is executed. 
 Calculate the heat that can be dissipated based on Sect. 2.16. 
 If the heat transfer constraint of (2.36) is violated, then the solution is re-

jected and the next loop is executed. 
 Calculate the weight of insulating materials based on Sect. 2.17. 
 Calculate the weight of duct strips based on Sect. 2.18. 
 Calculate the weight of mineral oil based on Sect. 2.19. 
 Calculate the weight of sheet steel based on Sect. 2.20. 
 Calculate the weight of corrugated panels based on Sect. 2.21. 
 Calculate the cost of transformer main materials based on Sect. 2.22. 
 Calculate the transformer manufacturing cost based on Sect. 2.23. 
The optimum transformer is the one with the minimum manufacturing cost. 
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2.4.2 Case Study 

2.4.2.1 Transformer Design Data 

The efficiency of the TDO methodology of Sect. 2.4.1 is presented through an ac-
tual design example of a three-phase, 160 kVA, 20/0.4 kV (i.e., primary voltage 
20 kV and secondary voltage 0.4 kV), 50 Hz, transformer. The internal (LV) 
winding is star-connected (Y) and the external (HV) winding is delta-connected 
( ). ∆

The maximum load loss is 2350 W and the maximum no-load loss is 425 W. 
The impedance voltage is 4% with tolerance ±10%. 

Copper sheet is used for the low voltage conductor and copper wire is used for 
the high voltage conductor. 

The calculation of the cross-section area of the conductors is implemented us-
ing the current density. More specifically, current density of 3.2 A/mm2 is chosen 
for the internal coil and current density of 3.7 A/mm2 is chosen for the external 
coil. 

2.4.2.2 Selection of the Values of Design Variables 

For the number of turns of the low voltage conductor, eight alternative values (i.e., 
) are considered: 28, 29, 30, 31, 32, 33, 34, and 35 turns. 8LVn =

For the width of core leg (D), two alternative values (i.e., 2Dn = ) are selected: 
170 and 190 mm. 

For the magnetic induction, seven alternative values (i.e., 7FDn = ) are used: 
14000, 14500, 15000, 15500, 16000, 16500, and 17000 Gauss. For each one of 
these seven different values of the magnetic induction, the respective specific no-
load losses (W/kg) of the transformer are given. 

For the height of core window (G), 10 alternative values (i.e., ) are 
considered: 190, 195, 200, 205, 210, 215, 220, 225, 230, and 235 mm. 

10Gn =

For each value of G, only one cross-section area of the LV conductor is used, 
i.e., . 1LVcs =

Four values for the cross-section area of the external conductor are considered, 
i.e., . 4HVcs =

The total number of candidate solutions is computed using (2.45): 

  loops LV D FD G LV HVn n n n n cs cs= ⋅ ⋅ ⋅ ⋅ ⋅ ⇒

 .  8 2 7 10 1 4 4480loops loopsn n= ⋅ ⋅ ⋅ ⋅ ⋅ ⇒ =
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Table 2.2 Acceptable solutions sorted by manufacturing cost (CTM) 

Number turnsLV
D 
(mm) 

FDmax 
(Gauss) 

G 
(mm) 

areaLV 
(mm2) 

areaHV 
(mm2) 

CTM 
($) 

1 29 190 16500 210 76.80 0.8825 6144.55 
2 29 170 16500 205 74.80 0.8825 6148.28 
3 29 190 16500 215 78.80 0.8825 6171.58 
4 30 170 16500 215 78.80 0.8825 6175.65 
5 28 190 16000 200 72.80 0.8825 6186.10 
197 28 170 14000 215 78.80 0.9503 6805.78 
198 29 170 14000 215 78.80 0.9852 6810.43 
199 29 170 14000 220 80.80 0.9852 6812.55 
200 28 170 14000 210 76.80 0.9852 6832.53 
201 28 170 14000 215 78.80 0.9852 6834.68 

 
Since the maximum load loss is 2350 W, then, among the 4480 candidate solu-

tions, those that have load loss over 2350 W will be rejected. 
Since the maximum no-load loss is 425 W, then, among the 4480 candidate so-

lutions, those that have no-load loss over 425 W will be rejected. 
Since the impedance voltage is 4% with tolerance ±10%, then, among the 4480 

candidate solutions, those that have impedance voltage less than 3.6% or greater 
than 4.4% will be rejected. 

2.4.2.3 Results 

A computer program calculates which of the 4480 candidate solutions are accept-
able (all the constraints are satisfied) and which are rejected. 

For all the acceptable solutions, their technical characteristics are calculated 
and their manufacturing cost is estimated. The manufacturing cost is equal to the 
sum of transformer materials cost plus labor cost, given by (2.4). 

For all the non-acceptable solutions, the reasons for rejection are recorded to a 
computer file. 

The computer program finds that among the 4480 candidate solutions, 201 are 
acceptable solutions and the remaining 4279 are rejected. More specifically, 383 
are rejected due to violation of the no-load loss (NLL) specification, 3453 are re-
jected due to violation of the load loss (LL) specification, and 443 are rejected due 
to violation of the impedance voltage ( ) specification. kU

Table 2.2 presents the first five (cheapest) and the last five (most expensive) 
solutions from the total 201 accepted solutions. It can be seen from Table 2.2 that 
the manufacturing cost of the cheapest solution (optimum transformer) is 
$6144.55 and the most expensive solution costs $6834.68. Namely, the optimum 
solution is 10.1% cheaper in comparison with the most expensive solution. The 
optimum transformer is the transformer number 1 of Table 2.2, which has the fol-
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lowing technical characteristics: 415 WNLL = , 2325 WLL = , and . 
As can be seen from Table 2.2, the values of the design variables for the optimum 
transformer are as follows: 

3.90 %kU =

29LVturns = , 190 mmD = , max 16500 GaussFD = , 

, , and . The LV conduc-
tor of the optimum transformer is made of copper sheet with 192 mm width and 
0.4 mm thickness, so the cross-section area of the LV conductor is 76.80 mm

210 mmG = 276.80 mmLVarea = 20.8825 mmHVarea =

2. 
The HV conductor of the optimum transformer is made of copper wire with 1.06 
mm diameter, so the cross-section area of the HV conductor is 0.8825 mm2.  

2.4.2.4 Sensitivity Analysis 

2.4.2.4.1 Variation of Magnetic Induction 

Table 2.3 presents the values of four output variables, namely, (1) no-load loss 
(NLL), (2) load loss (LL), (3) impedance voltage ( ), and (4) manufacturing cost 
(CTM), when only one of the design variables is varied, and more specifically the 
magnetic induction FD

kU

max, which takes 31 values from 14000 to 17000 Gauss with 
a step of 100 Gauss. All the remaining design variables (turnsLV, D, G, areaLV, and 
areaHV) remain constant and equal to the respective values of the optimum trans-
former (transformer number 1 of Table 2.2). Table 2.3 shows that among the 31 
candidate solutions, only seven are accepted. It can be seen from Table 2.3 that the 
new optimum solution has a manufacturing cost of $6129.68. This means that with  
specific variation of the magnetic induction, a cheaper solution was found (since 
the previous optimum solution of Table 2.2 has a manufacturing cost of 
$6144.55). In Fig. 2.1, the no-load loss versus the magnetic induction is plotted, 
while Fig. 2.2 plots the load loss versus the magnetic induction. From Figs. 2.1 
and 2.2 it can be concluded that, in general, the no-load loss is increased and the 
load loss is decreased with an increase of magnetic induction FDmax. 

 

Table 2.3 Variation of magnetic induction FDmax (accepted solutions sorted by 
manufacturing cost, CTM) 

Input variables Output variables 

turnsLV
D 
(mm) 

FDmax 
(Gauss) 

G 
(mm) 

areaLV 
(mm2) 

areaHV 
(mm2) 

NLL 
(W) 

LL 
(W) 

Uk 
(%) 

CTM 
($) 

29 190 16600 210 76.80 0.8825 420 2321 3.90 6129.68 
29 190 16500 210 76.80 0.8825 415 2325 3.90 6144.55 
29 190 16400 210 76.80 0.8825 409 2329 3.91 6159.20 
29 190 16300 210 76.80 0.8825 402 2334 3.92 6174.90 
29 190 16200 210 76.80 0.8825 395 2338 3.93 6190.33 
29 190 16100 210 76.80 0.8825 388 2342 3.94 6205.53 
29 190 16000 210 76.80 0.8825 381 2347 3.94 6212.68 
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Fig. 2.1 No-load loss versus magnetic induction 
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Fig. 2.2 Load loss versus magnetic induction 

2.4.2.4.2 Variation of Cross-Section Area of Low Voltage Coil 

Table 2.4 presents the values of four output variables, namely, (1) no-load loss 
(NLL), (2) load loss (LL), (3) impedance voltage ( ), and (4) manufacturing cost 
(CTM), when only one of the design variables is varied, and more specifically the 
cross-section area of the low voltage conductor, which takes nine values: 

, , 

kU

192 0.36× 192 0.37× 192 0.38× , 192 0.39× , 192 0.40× , , 
, , and 192

192 0.41×
192 0.42× 192 0.43× 0.44×  mm2. All the remaining design variables 
remain constant and equal to the respective values of the optimum transformer 
(transformer number 1 of Table 2.2). Table 2.4 shows that among the nine candi-
date solutions, only four are accepted. It can be seen from Table 2.4 that the new 
optimum solution has a manufacturing cost of $6129.58. This means that with the 
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specific variation of the cross-section area of the LV conductor, a marginally 
cheaper solution was found (since the previous optimum solution of Table 2.3 has 
a manufacturing cost of $6129.68). 

It is concluded that the optimum transformer is the first transformer of Table 
2.4, which has the following technical characteristics: , 

, and , while 
415 WNLL =

2346 WLL = 3.89 %kU = $ 6129.58CTM = . As can be seen from 
Table 2.4, the values of the design variables for the optimum transformer are as 
follows: , 29LVturns = 190 mmD = , max 16500 GaussFD = , 210 mmG = , 

, and . The LV conductor of the opti-
mum transformer is copper sheet with 192 mm width and 0.39 mm thickness, so 

. The HV conductor of the optimum transformer 
is copper wire with 1.06 mm diameter, so the cross-section area of the HV 
conductor i m

274.88 mmLVarea = 20.8825 mmHVarea =

2192 0.39 74.88 mmLVarea = × =

s ( / 4) 1.06 0.8825 m2 2
HVarea π= ⋅ = . 

2.4.3 Repetitive Transformer Design Process 

Table 2.5 shows how changing core and conductor design can reduce no-load and 
load losses but also affects the cost of the transformer, when we try to further im-
prove the optimum design. 

The optimum design is implemented through the following steps: 

1. Initially the input variables are entered in a computer program. Many different 
values of the design variables are given, so many candidate solutions are con-
sidered. 

2. A computer program determines which candidate solutions are acceptable and 
which are rejected (they violate one or more of the constraints). 

3. The acceptable solutions are sorted according to their manufacturing cost. The 
optimum transformer corresponds to the least-cost solution. 

Table 2.4 Variation of cross-section area of low voltage conductor (solutions sorted by 
manufacturing cost, CTM) 

Input variables Output variables 

turnsLV
D 
(mm) 

FDmax 
(Gauss) 

G 
(mm) 

areaLV 
(mm2) 

areaHV 
(mm2) 

NLL 
(W) 

LL 
(W) 

Uk 
(%) 

CTM 
($) 

29 190 16500 210 74.88 0.8825 415 2346 3.89 6129.58 
29 190 16500 210 76.80 0.8825 415 2325 3.90 6144.55 
29 190 16500 210 78.72 0.8825 415 2303 3.92 6159.60 
29 190 16500 210 80.64 0.8825 415 2283 3.94 6175.48 
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Table 2.5 Loss reduction alternatives 

 No-load loss Load loss Cost 
To decrease no-load loss    

A. Use lower-loss core material Lower No change Higher 
B. Decrease flux density by:    

1. Increasing core cross-section area (CSA) Lower Higher Higher 
2. Decreasing volts per turn Lower Higher Higher 

C. Decrease flux path length by decreasing 
     conductor CSA 

Lower Higher Lower 

    
To decrease load loss    

A. Decrease current density by increasing con- 
     ductor CSA 

Higher Lower Higher 

B. Decrease current path length by:    
1. Decreasing core CSA Higher Lower Lower 

 2. Increasing volts per turn Higher Lower Lower 
 

It is possible that all the candidate solutions are rejected. Then the computer 
file of non-acceptable solutions should be studied and the reasons for rejection un-
derstood. 

Generally, the following cases may appear: 

1. Necessity to decrease or increase no-load loss 

2. Necessity to decrease or increase load loss 

3. Necessity to decrease or increase impedance voltage 

The no-load loss is decreased by one of the following methods (linked to de-
sign variables): 

1. Increasing the number of turns of LV coil 

2. Decreasing the magnetic induction, FDmax 

3. Decreasing the height of core window, G 

The no-load loss is increased by one of the following methods (linked to design 
variables): 

1. Decreasing the number of turns of LV coil 

2. Increasing the magnetic induction 

3. Increasing the height of core window 
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The load loss is decreased with the following ways (related to design vari-

ables): 

1. Decreasing the number of turns of LV coil 

2. Increasing the magnetic induction 

3. Increasing the cross-section area of HV coil 

4. Increasing the cross-section area of LV coil 

5. Increasing the height of core window 

The impedance voltage is decreased as follows: 

1. Decreasing the number of turns of LV coil 

2. Increasing the height of core window 

Generally, the cost of transformer is decreased as follows: 

1. Increasing the no-load loss 

2. Increasing the load loss 

From the above it is seen that there is an interaction between the design and 
output variables. For example, the no-load loss is decreased with the decrease of 
magnetic induction (with the remaining design parameters kept constant), but un-
fortunately the load loss is increased. The optimum solution is derived by select-
ing values for the design variables such that the transformer satisfies the con-
straints with minimum manufacturing cost. The selection is implemented through 
many tries (many different values for the design parameters) and is executed with 
the help of a suitable computer program. 

2.5 Example of Transformer Design Data 

This section gives the input data that are necessary for the design of a 630 kVA, 
three-phase, oil-immersed, distribution transformer. The transformer windings are 
made of copper. The input data are split into seven types, as already described in 
Sect. 2.4.1. Sections 2.6 to 2.23 present the design of this transformer. 
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Table 2.6 Values of description variables for the 630 kVA transformer designed in 
Example 2.1 to Example 2.18 

# Symbol Value Unit Description 

1 f 50 Hz Frequency 
2 HVCC ∆  - Connection of HV winding 
3 LVCC Y - Connection of LV winding 
4 Sn 630 kVA Rated power 

5 ,1
l

HVV  20000 V First rated line voltage of HV winding  

6 , 2
l

HVV  6600 V Second rated line voltage of HV winding  

7 l
LVV  400 V Rated line voltage of LV winding  

 

Table 2.7 Values of special variables for the 630 kVA transformer designed in Example 2.1 
to Example 2.18 

# Symbol Value Unit Description 
1 BILHV 125 kV Basic insulation level of HV winding 
2 BILLV 10 kV Basic insulation level of LV winding 
3 CSF 0.965 - Core stacking factor 

4 gCP 9.87 kg/m2 Weight per unit area of corrugated 
panels 

5 gDS 1.25 kg/m3 Mass density of duct strips 
6 gHV 8856 kg/m3 Mass density of HV winding 
7 gLV 8856 kg/m3 Mass density of LV winding 
8 gMM 7650 kg/m3 Mass density of magnetic steel 
9 gO 870 kg/m3 Mass density of mineral oil 

10 LDSPHV 1 - Layer direction space factor of HV 
winding 

11 LDSPLV 0.909 - Layer direction space factor of LV 
winding 

12 ta , max 45 °C Maximum ambient temperature 

13 TDSPHV 0.98 - Turns direction space factor of HV 
winding 

14 TDSPLV 1 - Turns direction space factor of LV 
winding 

15 to , max 100 °C Maximum oil temperature 
16 tw , max 105 °C Maximum winding temperature 

17 HVρ  0.020968 2mm / mΩ⋅  Resistivity of HV winding 

18 LVρ  0.020968 2mm / mΩ⋅  Resistivity of LV winding 
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2.5.1 Values of Description Variables 

The values of description variables are given in Table 2.6. Internal winding is the 
low voltage winding, while external winding is the high voltage winding. 

2.5.2 Values of Special Variables 

The values of special variables are given in Table 2.7. 

2.5.3 Values of Default Variables 

The values of default variables are given in Table 2.8. The tolerance for no-load 
loss, load-loss and impedance voltage are according to IEC 60076-1 (Table 1.6). 
There are ±2.5% and ±5% voltage taps at the HV winding. There are no voltage 
taps at the LV winding. 

2.5.4 Values of Cost Variables 

The values of cost variables are given in Table 2.9. 
 

 

Table 2.8 Values of default variables for the 630 kVA transformer designed in Example 2.1 
to Example 2.18 

# Symbol Value Unit Description 

1 EdLHV 266 W Eddy current loss of HV winding 

2 EdLLV 399 W Eddy current loss of LV winding 

3 LLg 8900 W Guaranteed load loss 

4 NLLg 1100 W Guaranteed no-load loss 

5 , maxHVTaps  5 % Upper limit of taps of HV winding 

6 , minHVTaps  5 % Lower limit of taps of HV winding 

7 ,k gU  6 % Guaranteed impedance voltage 
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Table 2.9 Values of cost variables for the 630 kVA transformer designed in Example 2.1 to 
Example 2.18 

# Symbol Value Unit Description 

1 A 13.39 $/W No-load loss factor (cost rate) 

2 B 2.09 $/W Load loss factor (cost rate) 

3 CLab 4541 $ Labor cost 

4 CRM 1236 $ Cost of the rest materials 

5 SM 35 % Sales margin 

6 uc1 12.01 $/kg Unit cost of LV winding 

7 uc2 12.01 $/kg Unit cost of HV winding 

8 uc3 6.01 $/kg Unit cost of magnetic steel 

9 uc4 7.72 $/kg Unit cost of insulating paper 

10 uc5 8.58 $/kg Unit cost of duct strips 

11 uc6 1.72 $/kg Unit cost of mineral oil 

12 uc7 1.03 $/kg Unit cost of sheet steel 

13 uc8 1.20 $/kg Unit cost of corrugated panels 

2.5.5 Values of Various Variables 

The values of various variables are given in Table 2.10. 

2.5.6 Values of Conductor Cross-Section Calculation Variables 

The values of conductor cross-section calculation variables are given in Table 
2.11. 

2.5.7 Values of Design Variables 

The values of design variables are given in Table 2.12. Using (2.45), we can see 
that the number of loops to solve this design problem is: 

  loops LV D FD G LV HVn n n n n cs cs= ⋅ ⋅ ⋅ ⋅ ⋅ ⇒

 .  1 1 1 1 1 1 1loops loopsn = ⋅ ⋅ ⋅ ⋅ ⋅ ⇒ =n
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This one iteration (loop) of calculations will be presented in Example 2.1 to 

Example 2.18. 
 

Table 2.10 Values of various variables for the 630 kVA transformer designed in Example 
2.1 to Example 2.18 

# Symbol Value Unit Description 

1 CCEE 3 mm Core to coil each end 

2 DHV-C 39 mm Distance between HV winding and core 

3 DLV-C 6.5 mm Distance between LV winding and core 

4 DPanel 220 mm Width of corrugated panel 

5 DuctsHV 12 - Number of ducts of HV winding 

6 DuctsLV 10 - Number of ducts of LV winding 

7 Dw 15 mm Width of cooling ducts 

8 DWPGHV 35 mm Width of HV winding duct strip plus gap 

9 DWPGLV 25 mm Width of LV winding duct strip plus gap 

10 HCP 800 mm Height of corrugated panel 

11 IHV-HV 6.64 mm Insulation outside external winding 

12 IHV-LV 6.92 mm Insulation between LV winding and HV winding 

13 ILV-C 1.5 mm Insulation between LV winding and core 

14 K 9 mm Distance between two adjacent cores 

15 Pitch 44 mm Distance between two adjacent fins 

16 TDS 3 mm Thickness of duct strips (without insulation) 

17 TE 38.1 mm Tolerances and elongation of coil 

18 TIHV 1.4 mm Insulation of HV taps 

19 TLTHV 14.2 mm Total thickness of the HV leads 

20 TLTLV 12.48 mm Total thickness of the LV leads 

21 VCT 25 L Volume of oil conservator 

 



2.5 Example of Transformer Design Data 73 
 

Table 2.11 Values of conductor cross-section calculation variables for the 630 kVA 
transformer designed in Example 2.1 to Example 2.18 

# Symbol Value Unit Description 

1 areaLV 191.18 mm2 Cross-section area of LV winding 

2 dHV 1.8 mm 
Diameter of HV conductor (without 
insulation d∆ ) 

3 HVCM Copper - Material of HV conductor 

4 LVCM Copper - Material of LV conductor 

5 tLV 0.79 mm Thickness of LV conductor 

6 TypeHV Round wire - Type of HV conductor 

7 TypeLV Foil - Type of LV conductor 

8 wLV 242 mm Width of LV conductor 

9 HVd∆  0.111 mm Insulation of HV conductor 

 

Table 2.12 Values of design variables for the 630 kVA transformer designed in Example 
2.1 to Example 2.18 

# Symbol Value Unit Description 

1 csHV 1 - Number of iterations for calculation of the cross-
section area of the HV conductor 

2 csLV 1 - Number of iterations for calculation of the cross-
section area of the LV conductor 

3 D 220 mm Width of core leg 

4 FDmax 17000 Gauss Magnetic induction 

5 G 261 mm Height of core window 

6 nD 1 - Number of iterations for the width of core leg 

7 nFD 1 - Number of iterations for the magnetic induction 

8 nG 1 - Number of iterations for the height of core window 

9 nLV 1 - Number of iterations for the number of LV turns 

10 SNLLTF 1.87 W/kg Specific no-load loss 

11 turnsLV 15 - Number of turns of LV winding 
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2.6 Calculation of Volts per Turn and Thickness of Core Leg 

2.6.1 Calculation of Volts per Turn 

The volts per turn, VPT, are calculated from the following equation: 

 
p

LV

LV

VVPT
turns

=  (2.46) 

where p
LVV  (V) is the rated phase voltage of the LV winding and LVturns  is the 

number of turns of the LV winding. 

2.6.2 Calculation of Thickness of Core Leg 

Let us suppose that the magnetic flux φ  is sinusoidal: 

 max sin( )tφ ω= Φ ⋅ ⋅ , (2.47) 

where  is the maximum flux and maxΦ ω  (rad/s) is the angular frequency. 
The induced voltage  is: e

 de N
dt
φ

= ⋅ , (2.48) 

where N is the number of turns of the winding. 
By combining (2.47) and (2.48), the induced voltage  is computed from the 

following equation: 
e

 max cos( )e N tω ω= ⋅ ⋅Φ ⋅ ⋅ . (2.49) 

The effective value E of the induced voltage  is: e

max max2
2 2

N f N
E

ω π⋅ ⋅Φ ⋅ ⋅ ⋅ ⋅Φ
= = ⇒  

 max4.44E f N= ⋅ ⋅ ⋅Φ , (2.50) 

where f (Hz) is the frequency. 
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Based on (2.50), the maximum flux maxΦ  is computed as follows: 

 max 4.44
E

f N
Φ =

⋅ ⋅
. (2.51) 

The maximum flux  is also computed as follows: maxΦ

 max max effFD AΦ = ⋅ , (2.52) 

where FDmax is the maximum magnetic induction and Aeff is the effective core 
cross-section area of the magnetic flux. 

Based on Fig. 2.3, the effective core cross-section area Aeff of the magnetic flux 
is computed as follows: 

 2 2 (eff C u )A CSF A CSF D E= ⋅ ⋅ = ⋅ ⋅ ⋅ , (2.53) 

where CSF is the core stacking factor, D (mm) is the width of core leg and Eu 
(mm) is the thickness of the core leg. The core stacking factor expresses the net 
cross-section area of the magnetic flux, i.e., the insulation of the magnetic material 
is subtracted. 

G

D

E
u

E
u

Eu Eu Eu EuF1 F2K

AC AC

 

Fig. 2.3 Geometrical characteristics of the small and the large individual core. The 
magnetic flux passes throught the cross-section area Ac of the small and the large individual 
core  
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The volts per turn, VPT, can be computed as follows: 

 EVPT
N

= . (2.54) 

By combining (2.51) to (2.54), an analytical expression for the calculation of 
the thickness of core leg, Eu, is derived as follows: 

max max max 2
4.44 4.44 4.44eff u
VPT VPT VPTFD A FD CSF D E

f f
Φ = ⇒ ⋅ = ⇒ ⋅ ⋅ ⋅ ⋅ = ⇒

⋅ ⋅ f⋅
 

 
max8.88u

VPTE
CSF D FD f

=
⋅ ⋅ ⋅ ⋅

. (2.55) 

2.6.3 Example 2.1 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. Compute the volts per turn and thickness of the core 
leg. 

Solution 

Since the LV winding is star-connected (Table 2.6), the rated phase voltage of the 
LV winding is: 

400 V 230.94 V
3 3

l
p pLV

LV LV
VV V= = ⇒ = . 

The volts per turn are computed using (2.46): 

230.94 V15.396
15 turn

p
LV

LV

VVPT VPT
turns

= = ⇒ = . 

The thickness of the core leg is computed using (2.55): 

3
max

15.396 0.096 m
8.88 8.88 0.965 (220 10 ) 1.7 50u

VPTE
CSF D FD f −= = =
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

⇒  

96 mmuE = . 
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ILVL tLVtLV

TDLV

insulation between layers

copper foil
 

Fig. 2.4 Insulation between two layers of the LV winding. Each LV layer has one turn 
made of copper foil 

 

IHVLdHV∆dHV
dHV ∆dHV

insulation between layers

copper wire

insulation of copper wire

TDHV

 
Fig. 2.5 Insulation between two layers of the HV winding. Each layer has three turns made 
of copper wire 

2.7 Calculation of Layer Insulation 

The thickness of the insulation between the layers of the LV winding must be suf-
ficient to withstand the induced voltage as well as the impulse voltage of the LV 
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winding. Similarly, the thickness of the insulation between the layers of the HV 
winding must be sufficient to withstand the induced voltage as well as the impulse 
voltage of the HV winding. 

2.7.1 Layer Insulation of LV Winding 

The thickness of the insulation between the layers of the LV winding, ILVL, is 
computed using appropriate tables. Such a table contains, for example, the empiri-
cal rule that if the LV winding is made of copper foil with thickness between 0.4 
and 1 mm, then . Figure 2.4 shows the insulation between two 
layers of the LV winding, where each layer has one turn made of copper foil. 

0.28 mmLVLI =

2.7.2 Layer Insulation of HV Winding 

The thickness of the insulation between the layers of the HV winding, IHVL, is 
typically computed using appropriate tables. Such a table contains, for example, 
the empirical rule that if the HV winding is made of copper wire with diameter 
less than 2 mm, then . Figure 2.5 shows the insulation between 
two layers of the HV winding, where each layer has three turns made of copper 
wire. 

0.28 mmHVLI =

2.7.3 Example 2.2 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. Compute the layer insulations. 

Solution 

As can be seen from Table 2.11, the LV winding is made of copper foil with 0.79 
mm thickness, so, using the empirical rule of Sect. 2.7.1, 0.28 mmLVLI = , since 
the thickness of the copper foil is between 0.4 and 1 mm. 

The HV winding is made of copper wire with 1.8 mm diameter (Table 2.11), 
so, using the empirical rule of Sect. 2.7.2, 0.28 mmHVLI = , since the diameter of 
the copper wire is less than 2 mm. 
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2.8 Calculation of Winding and Core Dimensions 

During this step, the following technical characteristics are computed: 

1. The width of the LV and the HV layer, LVTD  and HVTD , respectively. 

2. The width of the LV and the HV conductor with insulation, LVTurnWidth  and 

HVTurnWidth , respectively. 

3. The thickness of the LV and the HV winding, LVBLD  and HVBLD , respec-
tively. 

4. The window width of the small and the large individual core, 1F  and 2F , re-
spectively. 

5. The number of layers of the LV and the HV winding, LVLayers  and HVLayers , 
respectively. 

6. The number of turns of the HV winding, HVTurnsMain , at voltage . ,1
l

HVV

7. The maximum number of turns of the HV winding, . , maxHVTurns

Moreover, it is checked if the layer insulations LVLI  and HVLI  can withstand the 
induced and impulse voltage. 

The sequence of calculations is illustrated in Example 2.3. 
The above-mentioned dimensions ( LVTD , HVTD , LVBLD , HVBLD , 1F , 2F ) 

can be seen in Fig. 2.6. 

2.8.1 Example 2.3 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. The layer insulation of 0.28 mm can withstand 6 kV 
maximum induced voltage and 23.5 kV maximum impulse voltage. 

1. Compute the dimensions of the LV winding. 

2. Compute the dimensions of the HV winding. 

3. Calculate the window width of the small and large individual core. 

4. Check if the layer insulations are correctly selected. 
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Fig. 2.6 Geometrical dimensions of transformer intersection  

 

Solution 

1. Since there are no taps at the LV winding, the number of turns of the LV wind-
ing is: 

15LV LV LVTurnsMain turns TurnsMain= ⇒ = . 

Since the LV winding is made of foil, each layer has one turn, so the number of 
layers of the LV winding is equal to the number of LV turns: 
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15LV LV LVLayers TurnsMain Layers= ⇒ = . 

It can be seen from Fig. 2.6 that the width of the LV layer is: 

2 2 261 2 3 2 6.5 242 mmLV LV C LVTD G CCEE D TD−= − ⋅ − ⋅ = − ⋅ − ⋅ ⇒ = . 

The width of the LV conductor with the insulation, LVTurnWidth , is: 

242 mmLV LV LVTurnWidth TD TurnWidth= ⇒ = . 

The thickness of the LV winding is:  

15( ) (0.79 0.28)
0.909

LV
LV LV LVL

LV

LayersBLD t I
LDSP

= + ⋅ = + ⋅ ⇒  

17.66 mmLVBLD = . 

It can be seen from Fig. 2.6 that the total thickness of the LV winding is:  

17.66 1.5 6.92 26.08 mmLV LV LV C HV LV LVSPLD BLD I I SPLD− −= + + = + + ⇒ = . 

2. The HV winding is delta-connected, so the phase voltages are equal to the re-
spective line voltages: 

,1 ,1 20000 Vp l
HV HVV V= =  and . , 2 , 2 6600 Vp l

HV HVV V= =

Since the maximum voltage tap at the HV winding is +5% (Table 2.8), the 
maximum HV winding phase voltage at the maximum tap is: 

, max ,1 , max(1 0.05) 20000 (1 0.05) 21000 Vp p p
HV tap HV HV tapV V V= ⋅ + = ⋅ + ⇒ = . 

At the maximum primary voltage of 21 kV, the maximum number of turns of 
the HV winding is: 

, max
, max , max

21000 1364
15.396

p
HV tap

HV HV

V
Turns Turns

VPT
= = ⇒ = . 

At the rated primary voltage of 20 kV, the rated number of turns of the HV 
winding is: 
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,1
, max

, max

200001364
21000

p
HV

HV HV p
HV tap

V
TurnsMain Turns

V
= ⋅ = ⋅ ⇒  

 
1299HVTurnsMain = . 

It can be seen from Fig. 2.6 that the width of the HV layer is: 

2 2 261 2 3 2 39 177 mmHV HV C HVTD G CCEE D TD−= − ⋅ − ⋅ = − ⋅ − ⋅ ⇒ = . 

The width of the HV conductor with the insulation, HVTurnWidth , is: 

1.8 0.111 1.911 mmHV HV HV HVTurnWidth d d TurnWidth= + ∆ = + ⇒ = . 

The turns per layer of the HV winding are: 

1771 1 0.98
1.911

HV
HV HV

HV

TD
TurnsPerLayer TDSP

TurnWidth
⎡ ⎤ ⎡ ⎤= − ⋅ = − ⋅⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

⇒  

89.79HVTurnsPerLayer = . 

The external winding is composed of three sub-coils, because the second pri-
mary voltage of 6.6 kV is obtained from the first primary voltage of 20 kV divided 
by three: 

20 kV6.6 kV
3

≈ . 

In particular, if the three sub-coils are connected in series, a voltage of 20 kV is 
obtained. On the other hand, if the three sub-coils are connected in parallel, a volt-
age of 6.6 kV is obtained. 

The number of turns per layer for each one of the three sub-coils is: 

,
89.79

3 3
HV

HV sub coil
TurnsPerLayer

TurnsPerLayer − = = ⇒
 

, 29.93HV sub coilTurnsPerLayer − = . 

After rounding off: 

, 29HV sub coilTurnsPerLayer − = , and 

,3 3 29HV HV sub coil HVTurnsPerLayer TurnsPerLayer TurnsPerLayer−= ⋅ = ⋅ ⇒ = 87 . 
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The number of layers of the HV winding is: 

, max 1364 15.68
87

HV
HV HV

HV

Turns
Layers Layers

TurnsPerLayer
= = ⇒ = . 

After rounding off, 16HVLayers = . 
The thickness of the HV winding is:  

16( ) (1.911 0.28) 1.4
1

HV
HV HV HVL HV

HV

LayersBLD TurnWidth I TI
LDSP

= + ⋅ + = + ⋅ + ⇒  

36.47 mmHVBLD = . 

It can be seen from Fig. 2.6 that the total thickness of the HV winding is:  

36.47 6.64 43.11 mmHV HV HV HV HVSPLD BLD I SPLD−= + = + ⇒ = . 

3. It can be seen from Fig. 2.6 that the window width of the small individual core 
is: 

1 26.08 43.11 1 69.19 mmLV HVF SPLD SPLD F= + = + ⇒ = . 

After rounding off, . 1 69 mmF =
The window width of the large individual core is:  

2 2 1 2 69 2 138 mmF F F= ⋅ = ⋅ ⇒ = . 

4. The layer insulation of 0.28 mm can withstand 6 kV maximum induced voltage 
and 23.5 kV maximum impulse voltage, i.e.: 

max 6 kVInduced =  and max 23.5 kVImpulse = . 

The layer insulation 0.28 mmLVLI =  of the LV winding can withstand the in-
duced voltage, since: 

3 32 2 10 15.396 2 2 10LVInduced VPT − −= ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ ⇒  

max0.062 kV 6 kVLVInduced Induced= < = . 
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The layer insulation 0.28 mmLVLI =  of the LV winding can also withstand the 

impulse voltage, since: 

2 2 10
15

LV
LV

LV

BILImpulse
turns
⋅ ⋅

= = ⇒  

max1.33 kV 23.5 kVLVImpulse Impulse= < = . 

The layer insulation 0.28 mmHVLI =  of the HV winding can withstand the in-
duced voltage, since: 

3 32 2 10 15.396 2 87 2 10HV HVInduced VPT TurnsPerLayer − −= ⋅ ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ ⋅ ⇒  

max5.36 kV 6 kVHVInduced Induced= < = . 

Since the minimum voltage tap at the HV winding is 5% (Table 2.8), the mini-
mum HV winding phase voltage at the minimum tap is: 

, min ,1 , min(1 0.05) 20000 (1 0.05) 19000 Vp p p
HV tap HV HV tapV V V= ⋅ − = ⋅ − ⇒ = . 

The layer insulation 0.28 mmHVLI =  of the HV winding can also withstand the 
impulse voltage, since: 

, min

,1

2 2 125 87
190001299
20000

HV HV
HV p

HV tap
HV p

HV

BIL TurnsPerLayerImpulse
V

TurnsMain
V

⋅ ⋅ ⋅ ⋅
= =

⋅⋅

⇒  

max17.62 kV 23.5 kVHVImpulse Impulse= < = . 

Consequently, the insulation between the layers of the LV winding can with-
stand the induced and the impulse voltage. Similarly, the insulation between the 
layers of the HV winding can withstand the induced and the impulse voltage. 

2.9 Calculation of Core Weight and No-Load Loss 

The core constructional parameters are shown in Figs. 2.3 and 2.7. The mean turn 
length of the small individual core is (Hatziargyriou et al. 1998): 

 1 2 ( 1 ) 2 3.5 8 3.5
2

uECMT F G π ⎡ ⎤= ⋅ + + ⋅ ⋅ + − ⋅⎢ ⎥⎣ ⎦
. (2.56) 
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Fig. 2.7 Constructional parameters of the small and large individual core 
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Fig. 2.8 Typical no-load loss curve  

The weight of the small individual core is: 

 . (2.57) 1 uSCW CMT D E CSF g= ⋅ ⋅ ⋅ ⋅ MM

The mean turn length of the large individual core is (Hatziargyriou et al. 1998): 

 2 2 ( 2 ) 2 3.5 8 3.5
2

uECMT F G π ⎡ ⎤= ⋅ + + ⋅ ⋅ + − ⋅⎢ ⎥⎣ ⎦
. (2.58) 

The weight of the large individual core is: 

 . (2.59) 2 uLCW CMT D E CSF g= ⋅ ⋅ ⋅ ⋅ MM



86 2 Conventional Transformer Design 
 
The total weight of transformer magnetic material is equal to the sum of the 

weight of the two small and the two large individual cores: 

 3 2 ( )w SCW LCW= ⋅ + . (2.60) 

The transformer no-load loss is (Hatziargyriou et al. 1998): 

 , (2.61) 3 TFNLL w SNLL= ⋅

where  is the transformer specific no-load loss (W/kg) obtained from the 
no-load loss curve for a given magnetic induction 

TFSNLL

maxFD . Different no-load loss 
curves correspond to different magnetic materials. A typical no-load loss curve is 
shown in Fig. 2.8 (Hatziargyriou et al. 1998). 

2.9.1 Example 2.4 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. 

1. Calculate the weight of the small individual core. 

2. Compute the weight of the large individual core. 

3. Calculate the total weight of transformer magnetic material. 

4. Compute the transformer no-load loss. Check if the no-load loss tolerance of 
IEC 60076-1 is satisfied. 

Solution 

1. The mean turn length of the small individual core is computed from (2.56): 

1 2 ( 1 ) 2 3.5 8 3.5
2

uE
CMT F G π ⎡ ⎤= ⋅ + + ⋅ ⋅ + − ⋅ ⇒⎢ ⎥

⎣ ⎦
 

961 2 (69 261) 2 3.5 8 3.5 1 955.6 mm
2

CMT CMTπ ⎡ ⎤= ⋅ + + ⋅ ⋅ + − ⋅ ⇒ =⎢ ⎥⎣ ⎦
. 

The weight of the small individual core is calculated using (2.57): 

1 u MMSCW CMT D E CSF g= ⋅ ⋅ ⋅ ⋅ ⇒  
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3 3 3(955.6 10 ) (220 10 ) (96 10 ) 0.965 7650 149 kgSCW SCW− − −= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⇒ = . 

2. The mean turn length of the large individual core is: 

2 2 ( 2 ) 2 3.5 8 3.5
2

uE
CMT F G π ⎡ ⎤= ⋅ + + ⋅ ⋅ + − ⋅ ⇒⎢ ⎥

⎣ ⎦
 

962 2 (138 261) 2 3.5 8 3.5 2 1093.6 mm
2

CMT CMTπ ⎡ ⎤= ⋅ + + ⋅ ⋅ + − ⋅ ⇒ =⎢ ⎥⎣ ⎦
. 

The weight of the large individual core is:  

2 u MMLCW CMT D E CSF g= ⋅ ⋅ ⋅ ⋅ ⇒  

3 3 3(1093.6 10 ) (220 10 ) (96 10 ) 0.965 7650 170.5 kgLCW LCW− − −= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⇒ = . 

3. The total weight of transformer magnetic material is computed from (2.60): 

3 32 ( ) 2 (149 170.5) 639 kgw SCW LCW w= ⋅ + = ⋅ + ⇒ = . 

4. The transformer no-load loss is calculated using (2.61): 

3 639 1.87 1195 WTFNLL w SNLL NLL= ⋅ = ⋅ ⇒ = . 

In order for the no-load loss tolerance of IEC 60076-1 to be satisfied, the fol-
lowing constraint must be met: 

1.15 1195 1.15 1100 1195 1265gNLL NLL< ⋅ ⇒ < ⋅ ⇒ < , 

which is fulfilled. 

2.10 Calculation of Inductive Part of Impedance Voltage 

During this step, the following technical characteristics are computed: 

1. The equivalent diameters D3, D7, D9, and D13 of the coil. These diameters are 
shown in Fig. 2.9. 
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low voltage winding
high voltage winding

tube paper 1.5 mm

D3

D7

D9

D13

 

Fig. 2.9 Equivalent diameters of coil 

 

2. The length ML and width MW of the coil former. These dimensions are shown 
in Fig. 2.10. 

3. The inductive part of impedance voltage, IX . 

The necessary calculations are illustrated in Example 2.5. 
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MTLV

MTΗV

LV winding
HV winding

cooling duct
core

D

mean turn of LV winding (MTLV)

mean turn of HV winding (MTHV)

mean turn of LV and HV winding (MTLV-HV)

MTLV-HV
3.

33
 m

m

Detail of cooling ducts

ML

MW

 

Fig. 2.10 Transformer active part 

2.10.1 Example 2.5 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. Calculate the inductive part of the impedance volt-
age. 

Solution 

The length ML and width MW of the coil former are: 

2 220 2 3 226 mmML D CCEE ML= + ⋅ = + ⋅ ⇒ = , 

2 2 96 9 201 mmuMW E K MW= ⋅ + = ⋅ + ⇒ = . 

The equivalent diameter DMC of coil former is: 

2 ( ) 10.992 2 (226 201) 10.992 268.34 mmML MWDMC DMC
π π

⋅ + − ⋅ + −
= = ⇒ = . 
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The equivalent external diameter D3 including the tube paper of thickness 

 is: 1.5 mmLV CI − =

3 2 268.34 2 1.5 3 271.34 mmLV CD DMC I D−= + ⋅ = + ⋅ ⇒ = . 

The area A3 corresponding to diameter D3 is: 

2 2
23 271.343 3 57825 mm

4 4
DA Aπ π⋅ ⋅

= = ⇒ = . 

The equivalent external diameter D5 of the LV winding (without taking into 
account the cooling ducts of the LV winding) is: 

5 3 2 271.34 2 17.66 5 306.66 mmLVD D BLD D= + ⋅ = + ⋅ ⇒ = . 

The area A5 corresponding to diameter D5 is: 

2 2
25 306.665 5 73859 mm

4 4
DA Aπ π⋅ ⋅

= = ⇒ = . 

The dimension LVLG  of the cooling ducts of the LV winding is: 

201 mmLV LVLG MW LG= ⇒ = . 

The thickness of the LV cooling ducts is 3.33 mm, so the area A6 of the cooling 
ducts of the LV winding is: 

26 3.33 2 10 3.33 201 2 6 13387 mmLV LVA Ducts LG A= ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ ⇒ = . 

The area A7 of the LV winding, including the area of the cooling ducts of the 
LV winding, is: 

27 5 6 73859 13387 7 87246 mmA A A A= + = + ⇒ = . 

The diameter D7 corresponding to area D7 is: 

4 7 4 872467 7 333.29 mmAD D
π π
⋅ ⋅

= = ⇒ = . 

The diameter D9 over the insulation HV LVI −  is: 
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9 7 2 333.29 2 6.92 9 347.13 mmHV LVD D I D−= + ⋅ = + ⋅ ⇒ = . 

The area A9 corresponding to diameter D9 is: 

2 2
29 347.139 9 94640 mm

4 4
DA Aπ π⋅ ⋅

= = ⇒ = . 

The equivalent external diameter D11 of the HV winding (without taking into 
account the cooling ducts of the HV winding) is: 

11 9 2 347.13 2 36.47 11 420.07 mmHVD D BLD D= + ⋅ = + ⋅ ⇒ = . 

The area A11 corresponding to diameter D11 is: 

2 2
211 420.0711 11 138590 mm

4 4
DA Aπ π⋅ ⋅

= = ⇒ = . 

The dimension HVLG  of the cooling ducts of the HV winding is: 

2 2 201 2 17.66 2 6.92HV LV HV LVLG A BLD I −= + ⋅ + ⋅ = + ⋅ + ⋅ ⇒  

250.16 mmHVLG = . 

The thickness of the HV cooling ducts is 3.33 mm, so the area A12 of the cool-
ing ducts of the HV winding is: 

212 3.33 2 12 3.33 250.16 2 12 19993 mmHV HVA Ducts LG A= ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ ⇒ = . 

The area A13 of the HV winding, including the area of the cooling ducts of the 
HV winding, is: 

213 11 12 138590 19993 13 158583 mmA A A A= + = + ⇒ = . 

The diameter D13 corresponding to area D13 is: 

4 13 4 15858313 13 449.35 mmAD D
π π
⋅ ⋅

= = ⇒ = . 

The factor Lk  is computed as follows: 
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2 3 7 9 2 57825 87246 94640 0.142
3.54 3.54 242L L

LV

A A Ak k
TD

− ⋅ + + − ⋅ + +
= = ⇒

⋅ ⋅
= . 

The dimension L17 is computed as follows: 

2 217 ( 1) (0.142 0.142 1) 242 17 281.24 mmL L LVL k k TD L= + + ⋅ = + + ⋅ ⇒ = . 

The factor Pk  is computed as follows: 

2 13 7 9 2 158583 87246 94640 0.309
3.54 3.54 177P P

HV

A A Ak k
TD

⋅ − − ⋅ − −
= = ⇒

⋅ ⋅
= . 

The dimension L21 is computed as follows: 

2 221 ( 1) (0.309 0.309 1) 177 21 248.59 mmP P HVL k k TD L= + + ⋅ = + + ⋅ ⇒ = . 

The dimension LH23 is computed as follows: 

23 17 21 281.24 248.59 23 529.83 mmLH L L LH= + = + ⇒ = . 

The inductance L25 is computed as follows: 

0
( 5 3) 0.39625

17
A AL

L
µ− ⋅

= ⋅ ⇒  

6 2
7

3
(73859 57825) 10 m H25 0.396 4 10

m281.24 10 m
L π

−
−

−

⎡ ⎤− ⋅ ⎡ ⎤= ⋅ ⋅ ⋅⎢ ⎥ ⋅ ⇒⎢ ⎥⋅ ⎣ ⎦⎣ ⎦
 

825 2.84 10 HL −= ⋅ . 

The inductance L26 is computed as follows: 

0
( 11 9) 0.39626

21
A AL

L
µ− ⋅

= ⋅ ⇒  

6 2
7

3
(138590 94640) 10 m H26 0.396 4 10

m248.59 10 m
L π

−
−

−

⎡ ⎤− ⋅ ⎡ ⎤= ⋅ ⋅ ⋅⎢ ⎥ ⋅ ⇒⎢ ⎥⋅ ⎣ ⎦⎣ ⎦
 

826 8.80 10 HL −= ⋅ . 

The inductance L27 is computed as follows: 
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0
( 9 7) 227

23
A AL

LH
µ− ⋅

= ⋅ ⇒  

6 2
7

3
(94640 87246) 10 m H27 2 4 10

m529.83 10 m
L π

−
−

−

⎡ ⎤− ⋅ ⎡ ⎤= ⋅ ⋅ ⋅⎢ ⎥ ⋅ ⇒⎢ ⎥⋅ ⎣ ⎦⎣ ⎦
 

827 3.51 10 HL −= ⋅ . 

The inductance L28 is computed as follows: 

0
6 ( )28

17
LVA FN DuctsL

L
µ⋅

= ⋅ ⇒  

6 2
7 8

3
13387 10 m H28 0.318 4 10 28 1.90 10 H

m281.24 10 m
L Lπ

−
− −

−

⎡ ⎤⋅ ⎡ ⎤= ⋅ ⋅ ⋅ ⋅ ⇒ =⎢ ⎥ ⎢ ⎥⋅ ⎣ ⎦⎣ ⎦
⋅ , 

where the value of parameter ( ) (10) 0.318LVFN Ducts FN= =  is obtained from 
tables. 

The inductance L29 is computed as follows: 

0
12 ( )29

21
HVA FN DuctsL

L
µ⋅

= ⋅ ⇒  

6 2
7 8

3
19993 10 m H29 0.320 4 10 29 3.23 10 H

m248.59 10 m
L Lπ

−
− −

−

⎡ ⎤⋅ ⎡ ⎤= ⋅ ⋅ ⋅ ⋅ ⇒ =⎢ ⎥ ⎢ ⎥⋅ ⎣ ⎦⎣ ⎦
⋅ , 

where the value of parameter ( ) (12) 0.320HVFN Ducts FN= =  is obtained from 
tables. 

The total inductance, Ltot, is computed as follows: 

25 26 27 28 29totL L L L L L= + + + + ⇒  

8 7(2.84 8.80 3.51 1.90 3.23) 10 2.03 10 Htot totL L− −= + + + + ⋅ ⇒ = ⋅ . 

The phase current p
LVI  that flows through the star-connected LV winding is: 

630000 VA 909.33 A
3 (230.94 V)3

p p
LV LVp

LV

SI I
V

= = ⇒ =
⋅⋅

. 

The inductive part IX of the impedance voltage is calculated as follows: 
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22p
LV LV tot

p
LV

I f turns LIX
V

π⋅ ⋅ ⋅ ⋅ ⋅
= ⇒  

2 7(909.33 A) 2 (50 Hz) 15 (2.03 10 H) 0.0565 5.65 %
230.94 V

IX IXπ −⋅ ⋅ ⋅ ⋅ ⋅ ⋅
= = ⇒ = . 

2.11 Calculation of Load Loss 

During this step, the following technical characteristics are computed: 

1. The mean turn length of LV winding 

2. The load loss of LV winding 

3. The weight of LV winding 

4. The mean turn length of HV winding 

5. The load loss of HV winding 

6. The weight of HV winding 

7. The transformer load loss 

8. The transformer total loss 

The sequence of calculations is illustrated in Example 2.6. 

2.11.1 Example 2.6 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. 

1. Calculate the load loss of the LV winding. 

2. Calculate the load loss of the HV winding at voltage . ,1
l

HVV

3. Compute the transformer load loss at voltage . Check if the IEC 60076-1 

tolerance for load loss at voltage  is satisfied. 
,1

l
HVV

,1
l

HVV
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4. Check if the IEC 60076-1 tolerance for total loss at voltage  is satisfied. ,1
l

HVV

5. Calculate the load loss of the HV winding at the minimum high voltage. 

6. Compute the transformer load loss at the minimum high voltage. Check if the 
IEC 60076-1 tolerance for load loss at the minimum high voltage is satisfied. 

7. Check if the IEC 60076-1 tolerance for total loss at the minimum high voltage 
is satisfied. 

8. Calculate the weight of the LV winding. 

9. Calculate the weight of the HV winding. 

Solution 

1. The mean turn length of the LV winding is: 

3 7 271.34 333.29 949.75 mm
2 2LV LV

D DMT MTπ π+ +⎡ ⎤ ⎡ ⎤= ⋅ = ⋅ ⇒ =⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
. 

The length of the LV winding is: 

33 (949.75 10 m) 15 3 42.74 mLV LV LV LVCL MT Layers CL−= ⋅ ⋅ = ⋅ ⋅ ⋅ ⇒ = . 

The cross-section area of the LV winding is: 

(242 mm) (0.79 mm)LV LV LVarea TurnWidth t= ⋅ = ⋅ ⇒  

2191.18 mmLVarea = . 

The resistance of the LV winding is: 

2

3
2

mm (42.74 m)0.020968
m 33 1.56 10

191.18 mm

LV
LV

LV LV
LV

CL

R R
area

ρ
−

⎡ ⎤Ω ⋅
⋅⎢ ⎥⋅

⎣ ⎦= = ⇒ = ⋅ Ω . 

The load loss of the LV winding is: 

2 3 23 ( ) 1.04 3 (1.56 10 ) (909.33 A) 1.04p
LV LV LVLL R I −= ⋅ ⋅ ⋅ = ⋅ ⋅ Ω ⋅ ⋅ ⇒  

4025 WLVLL = . 
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2. The mean turn length of the HV winding is: 

9 13 347.13 449.35 1251.11 mm
2 2HV HV

D DMT MTπ π+ +⎡ ⎤ ⎡ ⎤= ⋅ = ⋅ ⇒ =⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
. 

The length of the HV winding at the rated voltage  is: ,1 20 kVl
HVV =

3
,1 3 (1251.11 10 m) 1299 3HV HV HVCL MT TurnsMain −= ⋅ ⋅ = ⋅ ⋅ ⋅ ⇒  

,1 4875.6 mHVCL = . 

The cross-section area of the HV winding is: 

2 2
2(1.8 mm) 2.54 mm

4 4
HV

HV HV
darea areaπ π⋅ ⋅

= = ⇒ = . 

The phase current  that flows through the delta-connected HV winding at 

the rated voltage  is: 
,1

p
HVI

,1 ,1 20 kVp l
HV HVV V= =

,1 ,1
,1

630000 VA 10.5 A
3 (20000 V)3

p pn
HV HVp

HV

SI I
V

= = ⇒ =
⋅⋅

. 

The resistance of the HV winding at the rated voltage  is: ,1 20 kVl
HVV =

2
,1

,1 ,12

mm (4875.6 m)0.020968
m 33 13.4

2.54 mm

HV
HV

HV HV
HV

CL

R R
area

ρ
⎡ ⎤Ω⋅

⋅⎢ ⎥⋅
⎣ ⎦= = ⇒ = Ω . 

The load loss of the HV winding at the rated voltage  is: ,1 20 kVl
HVV =

2 2
,1 ,1 ,13 ( ) 1.06 3 (13.4 ) (10.5 A) 1.06p

HV HV HVLL R I= ⋅ ⋅ ⋅ = ⋅ Ω ⋅ ⋅ ⇒  

,1 4698 WHVLL = . 

3. The transformer load loss at the rated voltage  is: ,1 20 kVl
HVV =

1 ,1 4025 4698 399 266LV HV LV HVLL LL LL EdL EdL= + + + = + + + ⇒  
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1 9388 WLL = . 

In order for the IEC 60076-1 tolerance on the load loss at the rated voltage 
 to be satisfied, the following constraint must be met: ,1 20 kVl

HVV =

1 1.15 9388 1.15 8900 9388 10235gLL LL< ⋅ ⇒ < ⋅ ⇒ < , 

which is fulfilled. 
 

4. In order for the IEC 60076-1 tolerance on the total loss at the rated voltage 
 to be satisfied, the following constraint must be met: ,1 20 kVl

HVV =

1( ) 1.1 ( g gNLL LL NLL LL )+ < ⋅ + ⇒  

(1195 9388) 1.1 (1100 8900) 10583 11000+ < ⋅ + ⇒ < , 

which is fulfilled. 
 

5. The transformer operates with 20 kV or with 6.6 kV primary voltages, while 
the minimum tap is 5% for both primary voltages. This means that the mini-
mum high voltage is: 

min , 2 , min min(1 ) 6600 (1 0.05) 6270 Vp p p
HV HVHV V Taps HV= ⋅ − = ⋅ − ⇒ = . 

The number of turns that give the minimum high voltage of 6270 V is: 

min
, min , min

,1

6270 V1299 407
20000 V

p

HV HV HVp
HV

HVTurns TurnsMain Turns
V

⎡ ⎤
= ⋅ = ⋅ ⇒⎢ ⎥

⎣ ⎦
=

⇒

. 

The length of the external winding at the minimum high voltage of 6270 V is: 

3
, 2 , min 3 (1251.11 10 m) 407 3HV HV HVCL MT Turns −= ⋅ ⋅ = ⋅ ⋅ ⋅  

, 2 1527.6 mHVCL = . 

The phase current  that flows through the delta-connected HV winding at 
the minimum high voltage of 6270 V is: 

, 2
p
HVI
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, 2 , 2
min

630000 VA 33.5 A
3 (6270 V)3

p p
HV HVp

SI I
HV

= = ⇒ =
⋅⋅

. 

Since there are three sub-coils connected in parallel, the current that flows in 
each sub-coil is: 

, 2
, 2 , , 2 ,

33.5 A 11.17 A
3 3

p
HVp p

HV sub coil HV sub coil

I
I I− −= = ⇒ = . 

The resistance of the HV winding at the minimum high voltage of 6270 V is: 

2
, 2

, 2 , 22

mm (1527.6 m)0.020968
m 33 4.2

2.54 mm

HV
HV

HV HV
HV

CL

R R
area

ρ
⎡ ⎤Ω⋅

⋅⎢ ⎥⋅
⎣ ⎦= = ⇒ = Ω . 

The load loss of each sub-coil of the HV winding at the minimum high voltage 
of 6270 V is: 

2 2
, 2 , ,2 , 2 ,3 ( ) 1.06 3 (4.2 ) (11.17 A) 1.06p

HV sub coil HV HV sub coilLL R I− −= ⋅ ⋅ ⋅ = ⋅ Ω ⋅ ⋅ ⇒  

, 2 , 1666 WHV sub coilLL − = . 

The load loss (of the three sub-coils) of the HV winding at the minimum high 
voltage of 6270 V is: 

, 2 , 2 , , 23 3 1666 4998 WHV HV sub coil HVLL LL LL−= ⋅ = ⋅ ⇒ = . 

6. The transformer load loss at the minimum high voltage of 6270 V is: 

2 , 2 4025 4998 399 266LV HV LV HVLL LL LL EdL EdL= + + + = + + + ⇒  

2 9688 WLL = . 

In order for the IEC 60076-1 tolerance on the load loss at the minimum high 
voltage of 6270 V to be satisfied, the following constraint must be met: 

2 1.15 9688 1.15 8900 9688 10235gLL LL< ⋅ ⇒ < ⋅ ⇒ < , 

which is fulfilled. 
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)

7. In order for the IEC 60076-1 tolerance on the total loss at the minimum high 
voltage of 6270 V to be satisfied, the following constraint must be met: 

2( ) 1.1 ( g gNLL LL NLL LL+ < ⋅ + ⇒  

(1195 9688) 1.1 (1100 8900) 10883 11000+ < ⋅ + ⇒ < , 

which is fulfilled. 
 

8. The total weight of the LV winding is: 

1 1.05LV LV LVw CL area g= ⋅ ⋅ ⋅ ⇒

.08⇒

 

6 2 3
1 1(42.74 ) (191.18 10 m ) (8856 kg / m ) 1.05 76 kgw m w−= ⋅ ⋅ ⋅ ⋅ ⇒ = . 

9. The total weight of the HV winding is: 

2 ,1 , max1 1HV HV HV HVw CL Taps area g⎡ ⎤= ⋅ + ⋅ ⋅ ⋅⎣ ⎦  

6 2 3
2 (4875.6 m) (1 0.05) (2.54 10 m ) (8856 kg / m ) 1.08w −= ⋅ + ⋅ ⋅ ⋅ ⋅ ⇒  

2 124.4 kgw = . 

2.12 Calculation of Impedance Voltage 

The ohmic part of the impedance voltage is: 

 1

n

LLIR
S

= . (2.62) 

The impedance voltage is computed as follows: 

 2
kU IR IX= + 2 . (2.63) 
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2.12.1 Example 2.7 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. 

1. Compute the ohmic part of the impedance voltage. 

2. Compute the impedance voltage. 

3. Check if the IEC 60076-1 tolerance on the impedance voltage is satisfied. 

Solution 

1. The ohmic part of the impedance voltage is: 

1 9388 W 0.0149 1.49 %
630000 VAn

LLIR IR
S

= = = ⇒ = . 

2. The impedance voltage is: 

2 2 2 20.0149 0.0565 0.0584 5.84 %k kU IR IX U= + = + = ⇒ = . 

3. In order for the impedance voltage tolerance given in IEC 60076-1 to be satis-
fied, the following constraint must be met: 

, ,0.9 1.1k g k k gU U U⋅ < < ⋅ ⇒  

0.9 (6 %) 5.84 % 1.1 (6 %) 5.4 % 5.84 % 6.6 %⋅ < < ⋅ ⇒ < < , 

which is fulfilled. 

2.13 Calculation of Coil Length 

Example 2.8 shows how the coil length is computed. 
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2.13.1 Example 2.8 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. Compute the coil length. 

Solution 

The total thickness of the cooling ducts, TCD, is: 

2 ( ) 3.33 2 (10 12) 3.33 146.52 mmLV HVTCD Ducts Ducts TCD= ⋅ + ⋅ = ⋅ + ⋅ ⇒ = . 

The overlap of the tube paper (thickness 1.5 mm) plus the LV layer insulation 
is: 

1.5 1.5 0.28 1.78 mmLV LVL LVOLI I OLI= + = + ⇒ = . 

The overlap of the layer insulation of the HV winding, OLIHV, is: 

16 0.28 4.48 mmHV HV HVL HVOLI Layers I OLI= ⋅ = ⋅ ⇒ = . 

The total length of the coil, LTC, is calculated as follows: 

2 1 LV HV LV HVTLC ML F TCD TLT TLT OLI OLI TE= + ⋅ + + + + + + ⇒  

226 2 69 146.52 12.48 14.2 1.78 4.48 38.1 582 mmTLC TLC= + ⋅ + + + + + + ⇒ = . 

TL

TW

TH

 

Fig. 2.11 Tank dimensions 
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2.14 Calculation of Tank Dimensions 

The tank dimensions are shown in Fig. 2.11. Example 2.9 shows how the tank di-
mensions are computed. 

2.14.1 Example 2.9 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. 

1. Compute the tank length. 

2. Compute the tank width. 

3. Calculate the tank height and the oil height. 

Solution 

1. The tank length, TL, is: 

2 (4 3 1 ) 108 2 (4 96 3 69 9) 9 108uTL E F K K= ⋅ ⋅ + ⋅ + + + = ⋅ ⋅ + ⋅ + + + ⇒  

1317 mmTL = . 

2. The tank width, TW, is: 

38 582 38 620 mmTW TLC TW= + = + ⇒ = . 

3. The minimum tank height, THmin, is: 

min min2 350 261 2 96 350 803 mmuTH G E TH= + ⋅ + = + ⋅ + ⇒ = . 

Since a triple tap changer and a triple voltage regulator will be used, for con-
structional reasons, the tank height is selected to be: 

1015 mmTH = . 

This transformer has an oil conservator (a cylindrical tank that undergoes the 
oil volume fluctuation due to oil temperature variation), so the mineral oil height, 
OH, is: 
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Fig. 2.12 Gradient curves based on average copper temperature rise 

1015 mmOH TH OH= ⇒ = . 

2.15 Calculation of Winding Gradient and Oil Gradient 

The gradient (temperature rise) of the LV winding and the gradient of the HV 
winding are computed using gradient curves of the form shown in Fig. 2.12. The 
sequence of calculations is presented in Example 2.10. 

 

2.15.1 Example 2.10 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. 

1. Compute the average gradient between the oil and the LV winding. 

2. Compute the average gradient between the oil and the HV winding. 

3. Calculate the average oil temperature rise. 

Solution 

1. The area of the cooling ducts of the LV winding is: 
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2 2 10 2 2 201 242LV LV LVDuctArea Ducts MW TD= ⋅ ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ ⋅ ⇒  

2
2 2

2
2

2

1945680 mm1945680 mm 3016 in
mm25.4
in

LV LVDuctArea DuctArea= = ⇒ = . 

The area of the cooling ducts of the LV gap is: 

27 333.29 242 253389 mmLV LVGapDuctArea D TDπ π= ⋅ ⋅ = ⋅ ⋅ = ⇒  

2
2

2
2

2

253389 mm 393 in
mm25.4
in

LV LVGapDuctArea GapDuctArea= ⇒ = . 

The total area of the cooling ducts of the LV winding is: 

3016 393LV LV LVTotalDuctArea DuctArea GapDuctArea= + = + ⇒  

23409 inLVTotalDuctArea = . 

The loss in each one of the three LV windings is: 

4025 399 1475 W
3 3

LV LV
LV LV

LL EdLCoilLoss CoilLoss+ +
= = ⇒ = . 

The LV winding loss per surface of the cooling ducts is: 

2 2
1475 W W0.43
3409 in in

LV
LV LV

LV

CoilLossLPS LPS
TotalDuctArea

= = ⇒ = . 

The average copper temperature rise, ACR, is: 

, max , max 105 45 60w a
°ACR t t ACR C= − = − ⇒ = . 

Since 60 °ACR C=  and , from gradient curves it is found 
that the gradient of the LV winding, Gra

20.43 W / inLVLPS =

LV, is: 

5.2LVGra C= ° . 

The average gradient between the oil and the LV winding, AvGraLV, is: 

2.09 2.09 5.2 10.9LV LV LV
°AvGra Gra AvGra C= ⋅ = ⋅ ⇒ = . 
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2. The area of the cooling ducts of the HV winding is: 

2 2 12 2 2 250.16 177HV HV HV HVDuctArea Ducts LG TD= ⋅ ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ ⋅ ⇒  

2
2 2

2
2

2

2125359 mm2125359 mm 3294 in
mm25.4
in

HV HVDuctArea DuctArea= = ⇒ = . 

The area of the cooling ducts of the HV gap is: 

27 333.29 177 185330 mmHV HVGapDuctArea D TDπ π= ⋅ ⋅ = ⋅ ⋅ = ⇒  

2
2

2
2

2

185330 mm 287 in
mm25.4
in

HV HVGapDuctArea GapDuctArea= ⇒ = . 

The total area of the cooling ducts of the HV winding is: 

3294 287HV HV HVTotalDuctArea DuctArea GapDuctArea= + = + ⇒  

23581inHVTotalDuctArea = . 

The loss in each one of the three HV windings, at the minimum high voltage of 
6270 V, is: 

, 2 4998 266 1755 W
3 3

HV HV
HV HV

LL EdL
CoilLoss CoilLoss

+ +
= = ⇒ = . 

The HV winding loss per surface of the cooling ducts is: 

2 2
1755 W W0.49
3581in in

HV
HV HV

HV

CoilLossLPS LPS
TotalDuctArea

= = ⇒ = . 

Since 060ACR C=  and , from gradient curves it is 
found that the gradient of the HV winding, Gra

20.49 W / inHVLPS =

HV, is: 

5.8HVGra C= ° . 

The average gradient between the oil and the HV winding, AvGraHV, is: 

2.09 2.09 5.8 12.1HV HV HV
°AvGra Gra AvGra C= ⋅ = ⋅ ⇒ = . 
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Fig. 2.13 Coefficients (W/m2) of heat transfer by convection and radiation by transformer 
tank as a function of average oil temperature rise 

3. The maximum gradient is: 

max( , ) max(10.9, 12.1) 12.1LV HV
°MaxGra AvGra AvGra MaxGra C= = ⇒ = . 

The average oil temperature rise is: 

60 12.1 47.9 °AOR ACR MaxGra AOR C= − = − ⇒ = . 

2.16 Calculation of Heat Transfer 

The transformer losses appear as heat in the core and coils. This heat must be dis-
sipated without allowing the windings to reach a temperature that will cause ex-
cessive deterioration of the insulation (Bean et al. 1959). Rigorous mathematical 
treatment for expressing transformer heat transfer is quite difficult and hence de-
signers mostly rely on empirical formulas (Flanagan 1993; Kulkarni and Khaparde 
2004). 

The heat transfer due to transformer tank convection is computed as follows: 

 , (2.64) TCL TCA TCC= ⋅

where TCA is the tank convection area (m2) and TCC is the tank convection coef-
ficient (W/m2), which is derived using Fig. 2.13. 

The heat transfer due to transformer tank radiation is: 
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Fig. 2.14 Coefficients (W/m2) of heat transfer by corrugated panels as a function of Dpanel 
as well as a function of average oil temperature rise 

 

Fig. 2.15 Dimensions of corrugated panels 
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 , (2.65) TRL TRA TRC= ⋅

where TRA is the tank radiation area (m2) and TRC is the tank radiation coefficient 
(W/m2), which is derived using Fig. 2.13. 

The heat transfer through the corrugated panels is computed as follows: 

 , (2.66) CPL CPA CPC= ⋅

where CPA is the corrugated panels area (m2) and CPC is the corrugated panels 
coefficient (W/m2), which is derived using Fig. 2.14. The dimensions of the corru-
gated panels are shown in Fig. 2.15. 

The total heat that the transformer can safely transfer is computed as follows: 

 . (2.67) TLRTT TCL TRL CPL= + +

2.16.1 Example 2.11 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. 

1. Compute the total heat that can be transferred by the transformer tank. 

2. Check if the transformer tank is appropriate for transferring the heat arising 
from transformer total losses. 

Solution 

1. Since 047.9AOR C= , Fig. 2.13 gives  and 

. Since 

2244.34 W / mTCC =
2371.32 W / mTRC = 047.9AOR C=  and 220 mmPanelD = , Fig. 2.14 

gives that . Please note that the two digits accuracy of 
TCC, TRC and CPC is coming from computer simulation. 

2280.88 W / mCPC =

The tank convection area is: 

2 ( ) 2 2 (1317 620) 1015 2 1317 620TCA TL TW TH TL TW= ⋅ + ⋅ + ⋅ ⋅ = ⋅ + ⋅ + ⋅ ⋅ ⇒  

2 25565190 mm 5.57 mTCA TCA= ⇒ = . 

The heat transfer due to transformer tank convection is computed using (2.64): 

5.57 244.34 1361 WTCL TCA TCC TCL= ⋅ = ⋅ ⇒ = . 
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The tank radiation area is computed as follows: 

2 ( ) 4 2PanelTRA TL TW D OH⎡ ⎤= ⋅ + + ⋅ ⋅ ⋅ ⇒⎣ ⎦  

2 22 (1317 620) 4 220 2 1015 5195286 mm 5.2 mTRA TRA⎡ ⎤= ⋅ + + ⋅ ⋅ ⋅ = ⇒ =⎣ ⎦ . 

The heat transfer due to transformer tank radiation is calculated using (2.65): 

5.2 371.32 1931 WTRL TRA TRC TRL= ⋅ = ⋅ ⇒ = . 

The transformer is constructed with corrugated panels around the four sides, 
i.e., across the tank length and tank width. The number of corrugated panels across 
the tank length, NCPTL, is: 

[ ]60 1317 60int 1 int 1 int 28.57 1 29
44

TLNCPTL NCPTL
Pitch
− −⎡ ⎤ ⎡ ⎤= + = + = + ⇒⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

= , 

where int[x] is the integer part of x. 
The number of corrugated panels across the tank width, NCPTW, is: 

[ ]60 620 60int 1 int 1 int 12.73 1 13
44

TWNCPTW NCPTW
Pitch
− −⎡ ⎤ ⎡ ⎤= + = + = + ⇒⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

= . 

The total number of corrugated panels, NCP, is: 

2 ( ) 2 (29 13) 84NCP NCPTL NCPTW NCP= ⋅ + = ⋅ + ⇒ = . 

The corrugated panels area, CPA, is computed as follows: 

22 2 220 800 84 29568000 29.57 mPanelCPA D HCP NCP CPA= ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ = ⇒ = . 

The heat transfer through the corrugated panels is calculated using (2.66): 

29.57 280.88 8306 WCPL CPA CPC CPL= ⋅ = ⋅ ⇒ = . 

The total heat that the transformer can safely transfer is computed using (2.67): 

1361 1931 8306 11598 WTLRTT TCL TRL CPL TLRTT= + + = + + ⇒ = . 

2. The transformer total loss, TTL2, at the minimum high voltage of 6270 V is: 
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2 2 21195 9688 10883 WTTL NLL LL TTL= + = + ⇒ = . 

The transformer tank is appropriate for safely transferring the transformer total 
losses because: 

2 11598 W 10883 WTLRTT TTL> ⇒ > . 

2.17 Calculation of the Weight of Insulating Materials 

Example 2.12 shows how the weight of insulating materials is computed. 

2.17.1 Example 2.12 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. 

1. Compute the total area of each item of insulating material of the LV winding. 

2. Compute the total area of each item of insulating material of the HV winding. 

3. Calculate the total weight of insulating materials. 

Solution 

1. The LV winding has the following six insulating materials: 

– Tube paper with thickness 1.5 mm 

– Layer insulation with thickness 0.28 mm 

– End ducts insulation with thickness 0.15 mm 

– Perimetric duct insulation with thickness 0.15 mm 

– Extension paper insulation with thickness 0.41 mm 

– Gap insulation with thickness 0.28 mm 

The area of the tube paper (thickness 1.5 mm), ,LV TPS , is: 

, ( 2 ) 3 ( 2 )LV TPS MW G CCEE D G CCEEπ= ⋅ − ⋅ + ⋅ ⋅ − ⋅ ⇒  

2
, 201 (261 2 3) 271.34 (261 2 3) 268627 mmLV TPS π= ⋅ − ⋅ + ⋅ ⋅ − ⋅ = ⇒  
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2
, 0.27 mLV TPS = . 

The area of the layer insulation (thickness 0.28 mm), ,LV LIS , is: 

, ( 2 ) 949.75 (261 2 3) 15LV LI LV LVS MT G CCEE Layers= ⋅ − ⋅ ⋅ = ⋅ − ⋅ ⋅ ⇒  

2 2
, ,3632793 mm 3.63 mLV LI LV LIS S= ⇒ = . 

The area of the end ducts insulation (thickness 0.15 mm), ,LV EDIS , is: 

, ( 2 ) 2 201 (261 2 3) 10 2LV EDI LVS MW G CCEE Ducts= ⋅ − ⋅ ⋅ ⋅ = ⋅ − ⋅ ⋅ ⋅ ⇒  

2 2
, ,1025100 mm 1.03 mLV EDI LV EDIS S= ⇒ = . 

The area of perimetric ducts insulation (thickness 0.15 mm), ,LV PDIS , is: 

, 7 ( 2 ) 333.29 (261 2 3)LV PDIS D G CCEEπ π= ⋅ ⋅ − ⋅ = ⋅ ⋅ − ⋅ ⇒  

2 2
, ,267001 mm 0.27 mLV PDI LV PDIS S= ⇒ = . 

Two extension papers are used. The area of extension paper insulation (thick-
ness 0.41 mm), ,LV EPIS , is: 

, 2 2 13 ( 2 ) 1.8LV EPI HVS D G CCEE BLDπ= ⋅ ⋅ ⋅ ⋅ − ⋅ + ⋅ ⇒⎡ ⎤⎣ ⎦  

[ ] 2
, 2 2 449.35 (261 2 3) 1.8 36.47 1810591 mmLV EPIS π= ⋅ ⋅ ⋅ ⋅ − ⋅ + ⋅ = ⇒  

2
, 1.81 mLV EPIS = . 

Two extension papers with 0.41 mm thickness are used, so the number of pa-
pers with thickness 0.28 mm that are used for gap insulation, NPGI, is: 

3.3 2 0.41 6.92 3.3 2 0.41 10
0.28

HV LV

HVL

I
NPGI NPGI

I
− − − ⋅ − − ⋅

= = ⇒ = . 

The area of gap insulation (thickness 0.28 mm), ,LV GIS , is: 

, 7 ( 2 ) 333.29 (261 2 3) 10LV GIS D G CCEE NPGIπ π= ⋅ ⋅ − ⋅ ⋅ = ⋅ ⋅ − ⋅ ⋅ ⇒  



112 2 Conventional Transformer Design 
 

2 2
, ,2670007 mm 2.67 mLV GI LV GIS S= ⇒ = . 

2. The HV winding has the following six insulating materials: 

– Layer insulation with thickness 0.28 mm 

– End ducts insulation with thickness 0.15 mm 

– Perimetric duct insulation with thickness 0.15 mm 

– Insulation between HV sub-coils with thickness 0.28 mm 

– External gap insulation with thickness 0.28 mm 

– Insulating board paper with thickness 1.5 mm 

The area of the layer insulation (thickness 0.28 mm), ,HV LIS , is: 

[ ], ( 2 ) 4 19 1.25HV LI HV HVS MT G CCEE Layers= ⋅ − ⋅ + ⋅ ⋅ ⋅ ⇒  

[ ] 2
, 1251.11 (261 2 3) 4 19 16 1.25 8282348 mmHV LIS = ⋅ − ⋅ + ⋅ ⋅ ⋅ = ⇒  

2
, 8.28 mHV LIS = . 

The area of the end ducts insulation (thickness 0.15 mm), ,HV EDIS , is: 

, ( 2 ) 2 250.16 (261 2 3) 12 2HV EDI HV HVS LG G CCEE Ducts= ⋅ − ⋅ ⋅ ⋅ = ⋅ − ⋅ ⋅ ⋅ ⇒  

2 2
, ,1530979 mm 1.53 mHV EDI HV EDIS S= ⇒ = . 

The area of perimetric ducts insulation (thickness 0.15 mm), ,HV PDIS , is: 

, 13 ( 2 ) 449.35 (261 2 3)HV PDIS D G CCEEπ π= ⋅ ⋅ − ⋅ = ⋅ ⋅ − ⋅ ⇒  

2 2
, ,359977 mm 0.36 mHV PDI HV PDIS S= ⇒ = . 

Five insulating papers with thickness 0.28 mm are used for insulation between 
HV sub-coils, so the area of these insulating papers, ,HV SubS , is: 

2
, ( 2 ) 5 1251.11 (261 2 3) 5 1595165 mmHV Sub HVS MT G CCEE= ⋅ − ⋅ ⋅ = ⋅ − ⋅ ⋅ = ⇒  

2
, 1.60 mHV SubS = . 
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Two extension papers with 0.41 mm thickness are used, so the number of pa-

pers with thickness 0.28 mm that are used for HV gap insulation, NPEGI, is: 

3.3 2 0.41 6.64 3.3 2 0.41 9
0.28

HV HV

HVL

I
NPEGI NPEGI

I
− − − ⋅ − − ⋅

= = ⇒ = . 

The area of HV gap insulation (thickness 0.28 mm), ,HV GIS , is: 

, 13 ( 2 ) 449.35 (261 2 3) 9HV GIS D G CCEE NPEGIπ π= ⋅ ⋅ − ⋅ ⋅ = ⋅ ⋅ − ⋅ ⋅ ⇒  

2 2
, ,3239793 mm 3.24 mHV GI HV GIS S= ⇒ = . 

The area of the insulating board paper, ,HV IBPS , with thickness 1.5 mm that 
covers a total space of 40 mm is: 

2
, 40 1251.11 40 16 800710 mmHV IBP HV HVS MT Layers= ⋅ ⋅ = ⋅ ⋅ = ⇒  

2
, 0.80 mHV IBPS = . 

3. Insulating materials with four different thicknesses are used for the insulation 
of the LV and HV windings: 

– Insulating material with thickness 1.5 mm 

– Insulating material with thickness 0.41 mm 

– Insulating material with thickness 0.28 mm 

– Insulating material with thickness 0.15 mm 

The weight of the insulating material with thickness 1.5 mm, WIM1.5, is: 

2
1.5 , , 2

kg3 1.1 1.95 ( ) 3 1.1 1.95 (0.27 0.80) m
mLV TP HV IBPWIM S S ⎡ ⎤ ⎡ ⎤= ⋅ ⋅ ⋅ + = ⋅ ⋅ ⋅ + ⇒⎢ ⎥ ⎣ ⎦⎣ ⎦

 

1.5 6.89 kgWIM = . 

The weight of the insulating material with thickness 0.41 mm, WIM0.41, is: 

2
0.41 , 0.412

kg3 1.1 0.37 3 1.1 0.37 (1.81 m ) 2.21 kg
mLV EPIWIM S WIM⎡ ⎤= ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ ⇒ =⎢ ⎥⎣ ⎦

. 

The weight of the insulating material with thickness 0.28 mm, WIM0.28, is: 
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0.28 , , , , ,3 1.1 0.26 ( )LV LI LV GI HV LI HV Sub HV GIWIM S S S S S= ⋅ ⋅ ⋅ + + + + ⇒  

2
0.28 2

kg3 1.1 0.26 (3.63 2.67 8.28 1.60 3.24) m
m

WIM ⎡ ⎤ ⎡ ⎤= ⋅ ⋅ ⋅ + + + + ⇒⎢ ⎥ ⎣ ⎦⎣ ⎦
 

0.28 16.66 kgWIM = . 

The weight of the insulating material with thickness 0.15 mm, WIM0.15, is: 

0.15 , , , ,3 1.1 0.13 ( )LV EDI LV PDI HV EDI HV PDIWIM S S S S= ⋅ ⋅ ⋅ + + + ⇒  

2
0.15 0.152

kg3 1.1 0.13 (1.03 0.27 1.53 0.36) m 1.37 kg
m

WIM WIM⎡ ⎤ ⎡ ⎤= ⋅ ⋅ ⋅ + + + ⇒ =⎢ ⎥ ⎣ ⎦⎣ ⎦
. 

The total weight of the insulating materials, w4, is: 

4 1.5 0.41 0.28 0.15 6.89 2.21 16.66 1.37w WIM WIM WIM WIM= + + + = + + + ⇒  

4 27.13 kgw = . 

2.18 Calculation of the Weight of Ducts 

Example 2.13 shows how the weight of the ducts is computed. 

2.18.1 Example 2.13 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. Compute the weight of duct strips. 

Solution 

The number of duct strips for the LV winding, N1, is: 

1 1
2012 10 2 1
25LV

LV

MWN Ducts N
DWPG

= ⋅ ⋅ = ⋅ ⋅ ⇒ = 61 . 

The number of perimetric duct strips for the LV winding, N2, is: 
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2 2
7 333.29 42

25LV

DN N
DWPG
π π⋅ ⋅

= = ⇒ = . 

The number of duct strips for the HV winding, N3, is: 

3 3
( 2 ) (201 2 17.66)2 12 2

35
LV

HV
HV

MW BLD
N Ducts

DWPG
+ ⋅ + ⋅

= ⋅ ⋅ = ⋅ ⋅ ⇒ 162N = . 

The number of perimetric duct strips for the HV winding, N4, is: 

4 4
13 449.35 40

35HV

DN N
DWPG
π π⋅ ⋅

= = ⇒ = . 

The total weight of duct strips, w5, is: 

5 1 2 3 43 1.1 ( ) ( 2 )DS W DSw g N N N N G CCEE D T= ⋅ ⋅ ⋅ + + + ⋅ − ⋅ ⋅ ⋅ ⇒⎡ ⎤⎣ ⎦  

[ ]5 3
kg3 1.1 1.25 (161 42 162 40) (261 2 3) 15 3
m

w ⎡ ⎤= ⋅ ⋅ ⋅ + + + ⋅ − ⋅ ⋅ ⋅ ⇒⎢ ⎥⎣ ⎦
 

3 3
5 3 3

kg kg3 1.1 1.25 4647375 mm 3 1.1 1.25 4.65 m
m m

w ⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡= ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣⎣ ⎦ ⎣ ⎦
⎤ ⇒⎦  

5 19.18 kgw = . 

2.19 Calculation of the Weight of Oil 

Example 2.14 shows how the weight of the oil is computed. 

2.19.1 Example 2.14 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. Compute the weight of the mineral oil. 

Solution 

The volume of corrugated panels, VCP, is: 

38 8 800 220 84 118272000 mm 118.27 LCP Panel CPV HCP D NCP V= ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ = ⇒ = . 
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The volume of the LV and HV windings, VWd, is: 

31 2

3

(76 124.4) kg 0.02263 m 22.63 Lkg8856
m

Wd Wd
LV

w wV V
g
+ +

= = = ⇒ = . 

The volume of magnetic material, VMM, is: 

33

3

639 kg 0.08353 m 83.53 Lkg7650
m

MM MM
MM

wV V
g

= = = ⇒ = . 

The volume of the tank, VT, is: 

31317 620 1015 828788100 mm 828.79 LT TV TL TW OH V= ⋅ ⋅ = ⋅ ⋅ = ⇒ = . 

The volume of mineral oil, VO, is: 

828.79 25 118.27 22.63 83.53O T CT CP Wd MMV V V V V V= + + − − = + + − − ⇒  

3865.9 L 0.866 mO OV V= ⇒ = . 

The total weight of mineral oil, w6, is: 

3
6 63

kg0.95 0.95 870 (0.866 m ) 715.75 kg
mO Ow g V w⎡ ⎤= ⋅ ⋅ = ⋅ ⋅ ⇒ =⎢ ⎥⎣ ⎦

. 

2.20 Calculation of the Weight of Sheet Steel 

Sheet steel is used for the construction of: 

1. The tank 

2. The oil conservator 

3. The frame that supports the active part of the transformer 

An accurate estimate of the weight of the sheet steel can be obtained only after 
completion of the transformer constructional drawings. However, during the trans-
former design phase, approximate formulas are used to compute the total weight 
of the sheet steel. 



2.22 Calculation of the Cost of Transformer Main Materials 117 
 

2.20.1 Example 2.15 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. Compute the weight of the sheet steel. 

Solution 

Using approximate formulas, the total weight of the sheet steel, w7, is: 

7 217.2 kgw = . 

2.21 Calculation of the Weight of Corrugated Panels 

Example 2.16 shows how the weight of the corrugated panels is computed.  

2.21.1 Example 2.16 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. Compute the weight of the corrugated panels. 

Solution 

The total weight of corrugated panels, w8, is: 

2
8 82

kg9.87 (29.57 m ) 291.86 kg
mCPw g CPA w⎡ ⎤= ⋅ = ⋅ ⇒ =⎢ ⎥⎣ ⎦

. 

2.22 Calculation of the Cost of Transformer Main Materials 

The cost of transformer main materials is computed as follows: 

 . (2.68) 
8

1
i i

i

CMM uc w
=

= ⋅∑
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2.22.1 Example 2.17 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. Compute the cost of transformer main materials. 

Solution 

The cost of the LV winding, C1, is: 

1 1 1 1
$12.01 (76 kg) $ 912.76

kg
C uc w C

⎡ ⎤
= ⋅ = ⋅ ⇒ =⎢ ⎥

⎣ ⎦
. 

The cost of the HV winding, C2, is: 

2 2 2 2
$12.01 (124.4 kg) $1494.04

kg
C uc w C

⎡ ⎤
= ⋅ = ⋅ ⇒ =⎢ ⎥

⎣ ⎦
. 

The cost of magnetic material, C3, is: 

3 3 3 3
$6.01 (639 kg) $ 3840.39
kg

C uc w C
⎡ ⎤

= ⋅ = ⋅ ⇒ =⎢ ⎥
⎣ ⎦

. 

The cost of insulating materials, C4, is: 

4 4 4 4
$7.72 (27.13 kg) $ 209.44

kg
C uc w C

⎡ ⎤
= ⋅ = ⋅ ⇒ =⎢ ⎥

⎣ ⎦
. 

The cost of duct strips, C5, is: 

5 5 5 5
$8.58 (19.18 kg) $164.56

kg
C uc w C

⎡ ⎤
= ⋅ = ⋅ ⇒ =⎢ ⎥

⎣ ⎦
. 

The cost of mineral oil, C6, is: 

6 6 6 6
$1.72 (715.75 kg) $1231.09

kg
C uc w C

⎡ ⎤
= ⋅ = ⋅ ⇒ =⎢ ⎥

⎣ ⎦
. 

The cost of sheet steel, C7, is: 

7 7 7 7
$1.03 (217.2 kg) $ 223.72

kg
C uc w C

⎡ ⎤
= ⋅ = ⋅ ⇒ =⎢ ⎥

⎣ ⎦
. 
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The cost of corrugated panels, C8, is: 

8 8 8 8
$1.20 (291.86 kg) $ 350.23

kg
C uc w C

⎡ ⎤
= ⋅ = ⋅ ⇒ =⎢ ⎥

⎣ ⎦
. 

The cost of transformer main materials, CMM, is: 

8

1
i

i

CMM C
=

= ⇒∑  

912.76 1494.04 3840.39 209.44 164.56 1231.09 223.72 350.23CMM = + + + + + + + ⇒  

$ 8426.23CMM = . 

2.23 Calculation of Transformer Manufacturing Cost 

The transformer materials cost is: 

 . (2.69) CM CMM CRM= +

The transformer manufacturing cost is: 

 LabCTM CM C= + . (2.70) 

The transformer bid price (also called sales price or purchasing price) is: 

 
1
CTMBP

SM
=

−
. (2.71) 

The sales margin of the transformer is: 

 MS BP CTM= − . (2.72) 

The transformer total owning cost is: 

 , (2.73) TOC BP A NLL B LL= + ⋅ + ⋅

where  is the transformer load loss. LL
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2.23.1 Example 2.18 

It is desired to design a 630 kVA distribution transformer having the input data 
shown in Tables 2.6 to 2.12. 

1. Compute the cost of transformer materials. 

2. Compute the transformer manufacturing cost. 

3. Compute the transformer sales price. 

4. Calculate the transformer total owning cost. 

Solution 

1. The cost of transformer materials, CM, is computed using (2.69): 

8426.23 1236 $ 9662.23CM CMM CRM CM= + = + ⇒ = . 

2. The transformer manufacturing cost, CTM, is computed using (2.70): 

9662.23 4541 $14203.23LabCTM CM C CTM= + = + ⇒ = . 

3. The transformer bid price, BP, is calculated using (2.71): 

14203.23 $ 21851.12
1 1 0.35
CTMBP BP

SM
= = ⇒ =

− −
. 

The sales margin of the transformer, MS, is: 

21851.12 14203.23 $ 7647.89MS BP CTM MS= − = − ⇒ = . 

4. The transformer total owning cost, TOC, is: 

1 21851.12 13.39 1195 2.09 9388TOC BP A NLL B LL= + ⋅ + ⋅ = + ⋅ + ⋅ ⇒  

$ 57473.09TOC = . 

Figure 2.16 shows the transformer cost components and the transformer bid 
price. 
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Cost of 
main 

materials

$ 8426.23

Cost of 
remaining 
materials

$ 1236

Cost of 
labor

$ 4541

Sales 
margin

$ 7647.89

C
ost of m

aterials : $ 9662.23

M
anufacturing cost : $ 14203.23

B
id price : $ 21851.12

 

Fig. 2.16 Transformer cost components and bid price 
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3 Numerical Analysis 

Abstract   Transformers involve magnetostatic problems. These problems can be 
solved by analytical and numerical techniques. The limitations of analytical tech-
niques as well as the progress of computers facilitated the development of numeri-
cal techniques. Among the numerical techniques, the most popular method in the 
solution of magnetostatic problems is the finite element method. A very real ad-
vantage of the finite element method is its ability to deal with complex geometries. 
Another advantage is that it yields stable and accurate solutions. This chapter pre-
sents the finite element method for the solution of linear and nonlinear magne-
tostatic problems, the latter being very common in transformer design. Carefully 
selected arithmetic examples make clear the application of the finite element 
method to the solution of linear and nonlinear magnetostatic problems. 

3.1 Introduction 

3.1.1 Magnetostatic Problems 

Transformers involve magnetostatic problems. In such problems, the magnetic 
field is practically constant in terms of time, so the following two Maxwell equa-
tions in differential form are applied in magnetostatics: 

 , (3.1) H J∇× =

 , (3.2) 0B∇⋅ =

where H is the magnetic field intensity, B is the magnetic flux density, and J is the 
electric current density.  

In the linear region of the magnetic material, the relationship between B and H 
is: 

 µB = ⋅H , (3.3) 

where µ  is the permeability of the magnetic material that can be expressed as fol-
lows: 

 0
0

1
r

rv v
µµ µ µ= ⋅ = = , (3.4) 
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where  is the permeability of free space, 7
0 4 10 H / mµ −= ⋅π⋅ rµ  is the relative 

permeability of the material,  is its relative reluctivity, and v  is the reluctivity 
of the magnetic material. 

rv

In the case of ferromagnetic materials, e.g., those used in the construction of 
transformer magnetic circuits, the B–H characteristic curve is nonlinear and the 
permeability is a function of the magnetic field intensity: 

 ( )µB H= ⋅H

0

A

. (3.5) 

Since  according to (3.2), and using the vector identity: 0B∇⋅ =

 , (3.6) ( )A∇⋅ ∇× =

it is concluded that there exists a magnetic vector potential A such that: 

 . (3.7) B =∇×

Solving (3.3) for H and substituting into (3.1), we obtain: 

 
µ
B J

⎛ ⎞⎟⎜ ⎟∇× =⎜ ⎟⎜ ⎟⎜⎝ ⎠
. (3.8) 

The substitution of (3.7) into (3.8) gives: 

 ( )1
µ

A J⋅∇× ∇× = . (3.9) 

The following vector calculus relationship holds: 

 . (3.10) ( ) 2( )A A∇× ∇× =∇ ∇⋅ −∇ A

By combining (3.9) and (3.10), we have: 

 2( ) µA A∇ ∇⋅ −∇ = ⋅J . (3.11) 

Supposing that  and assuming a constant permeability 0A∇⋅ = µ , (3.11) re-
duces to Poisson’s equation: 

 2 µA∇ =− ⋅J . (3.12) 
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In the case of two-dimensional magnetostatic problems, the magnitude of the 

magnetic flux density, B, is computed as a function of its coordinates Bx and By at 
the x and y axis, respectively, as follows: 

 2 2
x yB B B= + , (3.13) 

where: 

 xB
y
A∂

=
∂

, (3.14) 

 yB
x
A∂

=−
∂

. (3.15) 

Equations 3.14 and 3.15 follow from (3.7). 

3.1.2 Methods for the Solution of Magnetostatic Problems 

There are two main families of techniques for the analysis of electromagnetic 
fields and the solution of magnetostatic problems (Binns et al. 1992): 

1. Analytical techniques 

2. Numerical techniques 

3.1.2.1 Analytical Techniques 

The analytical techniques include the following approaches: 

1. Separation of variables method (Zachmanoglou and Thoe 1976) 

2. Laplace transformations method (Hameyer and Belmans 1999) 

3. Rayleigh method (Rayleigh 1870) 

4. Ritz method (Ritz 1909) 

5. Galerkin method (Galerkin 1915) 

Among the analytical techniques, the separation of variables and the Laplace 
transformations method can find the exact solution of the electromagnetic field 
problem, however, these methods can be applied only to problems with simple ge-
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ometry. On the other hand, the simplified analytical techniques, i.e., Rayleigh, 
Ritz, and Galerkin methods are applied to very well known problems where sim-
plifications can be done. Analytical techniques are limited to linear isotropic me-
dia, e.g., constant values of permeability and conductivity for magnetostatic and 
eddy current problems must be used (Chari and Salon 2000). The great advantage 
of analytical techniques is that, when these methods are applicable, the solution is 
obtained in a short time (Hameyer and Belmans 1999). 

3.1.2.2 Numerical Techniques 

The limitations of the analytical techniques as well as the progress of computers 
has facilitated the development of numerical techniques for the solution of elec-
tromagnetic field problems. 

The most important numerical techniques are the following: 

1. Finite element method (Courant 1943; Clough 1960; Hildebrand 1962; Martic 
and Carey 1973; Silvester and Ferrari 1996; Kwon and Bang 1997; Reece and 
Preston 2000; Bastos and Sadowski 2003) 

2. Finite difference method (Gauss 1823; Erdelyi and Ahmed 1965) 

3. Boundary element method (Peng and Salon 1982; Brebbia 1984; Salon et 
al.1989; Brebbia and Dominguez 1992) 

4. Magnetic equivalent circuit (Hameyer and Belmans 1999) 

5. Point mirroring method (Hameyer and Belmans 1999) 

Among the numerical techniques, the most popular method for the solution of 
magnetostatic problems is the finite element method, which will be the subject of 
the rest of this chapter. 

3.2 Finite Element Method 

3.2.1 Introduction 

The finite element method is a numerical technique for solving differential equa-
tions in many disciplines, e.g., electromagnetics, magnetostatics, thermal conduc-
tion, solid and structural mechanics, fluid dynamics, and acoustics. The core idea 
of the finite element method is to substitute the overall complicated problem of 
solving the differential equations into a series of simpler sub-problems that corre-
sponds to an easily solved linear system of equations. Consequently, the problem 
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has to be discretized in adequate sub-problems. The sub-problems are described 
geometrically by geometrically simple shaped elements such as triangles or rec-
tangles for two-dimensional and mainly tetrahedrons for three-dimensional prob-
lems. These elements forming the numerical discretization, the mesh, are called 
the finite elements. On this discretization, the problem-describing differential 
equation is locally approximated by a simple shape function. Assembling all sub-
problems into a system of equations and solving this obtains an approximated 
overall solution. 

In general, the procedure for solving an electromagnetic field problem using 
the finite element method is divided into three steps: 

1. Pre-processing: the electromagnetic field problem is defined and prepared to 
be solved. 

2. Processing: the numerical solution of the physical problem is obtained. 

3. Post-processing: the solution obtained is prepared to calculate the required 
electromagnetic field quantities or to evaluate forces and other macroscopic 
quantities. 

A very strong advantage of the finite element method, and the main reason why 
it is a favorite method in many engineering branches, is its ability to deal with 
complex geometries. Other advantages of the finite element method are the fol-
lowing (Chari and Salon 2000): 

1. It yields stable and accurate solutions 

2. It can handle nonlinearity and eddy currents well 

3. Natural boundary conditions are implicit in the functional formulation 

3.2.2 Applications to Power Engineering 

The finite element method has shown its capability in solving real-world prob-
lems, as reflected by the growing number of publications on its application to elec-
trical power engineering problems, e.g., Demerdash and Nehl 1979; Ashtiani 
1988; Labridis and Dokopoulos 1988; Pavlik et al. 1988; Moallem and Ong 1990; 
Wang and Demerdash 1991; Alhamadi and Demerdash 1994; Arjona and McDon-
ald 1999; Bergeron and Trahar 1999; Bergeron et al. 1999; Hameyer and Belmans 
1999; Minambres et al. 1999; Watson and Dorrell 1999; Yamazaki 1999; Pa-
pagiannis et al. 2000; Reece and Preston 2000; Kaehler and Henneberger 2004; 
Papazacharopoulos et al. 2004; Schlensok and Henneberger 2004; de Leon and 
Anders 2008, to quote only a few. 
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In transformer design, the finite element method has been applied for no-load 

and load loss evaluation (Holland et al. 1992; Pavlik et al. 1993; Pern and Yeh 
1995; Enokizono and Soda 1997; Lin et al. 1998; Kefalas et al. 2008), impedance 
voltage evaluation (Andersen 1973; Kladas et al. 1994; Tsili et al. 2006), inrush 
current computation (Steurer and Fröhlich 2002), analysis of stresses and dynamic 
behavior under short-circuit (Renyuan et al. 1992; Ho et al. 2004; Abed and Mo-
hammed 2007; Kumbhar and Kulkarni 2007), noise prediction (Rausch et al. 
2002), insulation system analysis (Lesniewska 2002), thermal analysis and hot-
spot temperature prediction (teNyenhuis et al. 2002; Hwang et al. 2005; Preis et al. 
2006), and analysis of DC bias (Lu and Liu 1993; Viana et al.1999; Bíró et al. 
2007). 

3.2.3 Solution of Linear Magnetostatic Problems 

The magnetostatic problem region is discretized by triangular node elements. The 
magnetic vector potential is approximated by the following linear shape function: 

 1 2 3A s s x s y= + ⋅ + ⋅ . (3.16) 

The unknowns s1, s2, s3 in (3.16) are computed from the values of the magnetic 
vector potential A1, A2, and A3 at the three nodes of an element shown in Fig. 3.1. 
This means that unknowns s1, s2, s3 in (3.16) are found from solution of the fol-
lowing system of three linear equations: 

 1 1 2 1 3 1A s s x s y= + ⋅ + ⋅ , (3.17) 

 2 1 2 2 3 2A s s x s y= + ⋅ + ⋅ , (3.18) 

 3 1 2 3 3 3A s s x s y= + ⋅ + ⋅ . (3.19) 

The linear system (3.17), (3.18), and (3.19) is solved using the Cramer rule. For 
example, s1 is computed using the following sequence of calculations that involve 
matrix determinants: 

 

1 1 1

2 2 2

3 3 3
1

1 1

2 2

3 3

1
1
1

A x y
A x y
A x y

s
x y
x y
x y

= ⇒   
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(x3 , y3)

1

2

3

(x1 , y1)

(x2 , y2)
A1

A2

A3

 

Fig. 3.1 A triangular finite element with its rectangular coordinates. The vertices of this 
finite element are 1, 2, and 3, given in counter clockwise order 

 1 2 3 3 2 2 1 3 3 1 3 1 2 2 1
1

2 3 3 2 1 3 3 1 1 2 2 1

( ) ( ) (
( ) ( ) ( )

A x y x y A x y x y A x y x y
s

x y x y x y x y x y x y
⋅ ⋅ − ⋅ − ⋅ ⋅ − ⋅ + ⋅ ⋅ − ⋅

= ⇒
⋅ − ⋅ − ⋅ − ⋅ + ⋅ − ⋅

)
  

 2 3 3 2 1 3 1 1 3 2 1 2 2 1 3
1

( ) ( ) (
2

)x y x y A x y x y A x y x y A
s

⋅ − ⋅ ⋅ + ⋅ − ⋅ ⋅ + ⋅ − ⋅ ⋅
=

⋅∆
, (3.20) 

where ∆  is the area of the triangular finite element of Fig. 3.1, which is computed 
as follows: 

 2 3 3 1 2 3 3 1( ) ( ) ( ) (
2

)x x y y y y x x− ⋅ − − − ⋅ −
∆= . (3.21) 

Similarly, s2 and s3 are computed from the following equations: 

 2 3 1 3 1 2 1 2 3
2

( ) ( ) ( )
2

y y A y y A y y A
s

− ⋅ + − ⋅ + − ⋅
=

⋅∆
, (3.22) 

 3 2 1 1 3 2 2 1 3
3

( ) ( ) ( )
2

x x A x x A x x A
s

− ⋅ + − ⋅ + − ⋅
=

⋅∆
. (3.23) 

Substituting (3.20), (3.22), and (3.23) into (3.16), we obtain: 

 

2 3 3 2 1 3 1 1 3 2 1 2 2 1 3

2 3 1 3 1 2 1 2 3

3 2 1 1 3 2 2 1 3

( ) ( ) (
2

( ) ( ) ( )
2

( ) ( ) ( )
2

)x y x y A x y x y A x y x y AA

y y A y y A y y A x

x x A x x A x x A y

⋅ − ⋅ ⋅ + ⋅ − ⋅ ⋅ + ⋅ − ⋅ ⋅
=

⋅∆
⎡ ⎤− ⋅ + − ⋅ + − ⋅⎢ ⎥+ ⋅
⎢ ⎥⋅∆⎣ ⎦
⎡ ⎤− ⋅ + − ⋅ + − ⋅⎢ ⎥+ ⋅
⎢ ⎥⋅∆⎣ ⎦

. (3.24) 
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Combining (3.14) and (3.24), the x-coordinate of the magnetic flux density is 

computed as follows: 

 3 2 1 1 3 2 2 1 3( ) ( ) ( )
2x

x x A x x A x x A
B

− ⋅ + − ⋅ + − ⋅
=

⋅∆
. (3.25) 

Combining (3.15) and (3.24), the y-coordinate of the magnetic flux density is 
calculated as follows: 

 3 2 1 1 3 2 2 1 3( ) ( ) ( )
2y

y y A y y A y y A
B

− ⋅ + − ⋅ + − ⋅
=

⋅∆
. (3.26) 

By combining (3.4) and (3.12), the two-dimensional Poisson equation for the 
magnetostatic problem is obtained as: 

 . (3.27) 2v A⋅∇ =−J

It can be proved (Silvester and Ferrari 1996) that solving the Poisson equation 
(3.27), it is equivalent to minimizing the following energy-related functional: 

 
22

2
v A AF J A dx dy

x y

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞⎛ ⎞⎪ ∂ ∂⎢ ⎥⎟⎪ ⎜⎟⎜ ⎟= ⋅ + − ⋅ ⋅ ⋅⎟ ⎜⎨ ⎜⎢ ⎥⎟⎟ ⎜⎟⎜ ⎟⎜⎪ ⎝ ⎠∂ ∂⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎪ ⎪⎩ ⎭
∫∫

⎪⎪⎬⎪
. (3.28) 

The minimization of (3.28) with respect to each vertex value Ak, with 
 (Fig. 3.1), gives: 1, 2, 3k =

 0
k

F
A
∂

= ⇒
∂

 

 0
k k k

A A A A Av J dx dy
x A x y A y A

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂ ∂⎪ ⎪⎟ ⎟⎪ ⎪⎜ ⎜⎟ ⎟⎢ ⎥⎜ ⎜ ⎟ ⎟⋅ ⋅ + ⋅ − ⋅ ⋅ ⋅ =⎟ ⎟ ⎜ ⎜⎨ ⎬⎜ ⎜ ⎟ ⎟⎟ ⎟⎢ ⎥⎜ ⎜⎟ ⎟⎜ ⎜ ⎟ ⎟⎜ ⎜⎪ ⎪⎝ ⎠ ⎝ ⎠∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎪ ⎪⎩ ⎭
∫∫ ⇒   

 
, 1, 2

k k

k

A A A Av d
x A x y A y

AJ dx dy k
A

⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂⎟ ⎟⎜ ⎜⎟ ⎟⎢ ⎥⎜ ⎜ ⎟ ⎟⋅ ⋅ + ⋅ ⋅ ⋅⎟ ⎟ ⎜ ⎜⎜ ⎜ ⎟ ⎟⎟ ⎟⎢ ⎥⎜ ⎜⎟ ⎟⎜ ⎜ ⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠⎢⎣
∂

= ⋅ ⋅ ⋅ ∀ =
∂

∫∫

∫∫ , 3

x dy =
⎥⎦ . (3.29) 

Starting from (3.24), we find: 



3.2 Finite Element Method 133 
 

 2 3 1 3 1 2 1 2 3( ) ( ) ( )
2

y y A y y A y y AA
x

− ⋅ + − ⋅ + − ⋅∂
=

∂ ⋅∆
, (3.30) 

 3 2 1 1 3 2 2 1 3( ) ( ) ( )
2

x x A x x A x x AA
y

− ⋅ + − ⋅ + − ⋅∂
=

∂ ⋅∆
. (3.31) 

Differentiating (3.30) and (3.31) with respect to A1, we obtain: 

 2 3

1

(
2

y yA
A x

⎛ ⎞ −∂ ∂ ⎟⎜ =⎟⎜ ⎟⎟⎜⎝ ⎠∂ ∂ ⋅∆
)

, (3.32) 

 3 2

1

(
2

)x xA
A y

⎛ ⎞ −∂ ∂ ⎟⎜ ⎟=⎜ ⎟⎜ ⎟⎜∂ ∂ ⋅∆⎝ ⎠
. (3.33) 

The first integral of (3.29), for the case , is computed by substituting 
(3.30) to (3.33) into (3.29) as follows:  

1k =

 

1 1

2 3 1 3 1 2 1 2 3 2 3

3 2 1 1 3 2 2 1 3

( ) ( ) ( )
2 2

( ) ( ) ( )
2

A A A Av dx dy
x A x y A y

y y A y y A y y A y y

v
x x A x x A x x A

⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂⎟ ⎟⎜ ⎜⎟ ⎟⎢ ⎥⎜ ⎜ ⎟ ⎟⋅ ⋅ + ⋅ ⋅ ⋅ =⎟ ⎟ ⎜ ⎜⎜ ⎜ ⎟ ⎟⎟ ⎟⎢ ⎥⎜ ⎜⎟ ⎟⎜ ⎜ ⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
⎛ ⎞ ⎛− ⋅ + − ⋅ + − ⋅ −⎟ ⎟⎜ ⎜⋅ +⎟ ⎟⎜ ⎜⎟ ⎟⎟ ⎟⎜ ⎜⎝ ⎠ ⎝⋅∆ ⋅∆

= ⋅
⎛ − ⋅ + − ⋅ + − ⋅

⋅∆

∫∫
⎞

⎠

[ ]
[ ]

3 2

2 2
2 3 2 3 1

3 1 2 3 3 1 2 3 22

1 2 2 3 1 2 2 3 3

2

( ) ( )

( ) ( ) ( ) ( )
4

( ) ( ) ( ) ( )

dx dy
x x

x x y y A
v y y y y x x x x A dx dy

y y y y x x x x A

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥ ⋅ ⋅ =⎢ ⎥⎞ ⎛ ⎞−⎢ ⎥⎟ ⎟⎜ ⎜⋅⎟ ⎟⎜ ⎜⎢ ⎥⎟ ⎟⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⋅∆⎢ ⎥⎣ ⎦
⎧ ⎫⎡ ⎤⎪ ⎪− + − ⋅ +⎪ ⎪⎢ ⎥⎣ ⎦⎪ ⎪⎪ ⎪⎪ ⎪= ⋅ − ⋅ − + − ⋅ − ⋅ + ⋅ ⋅ ⇒⎨ ⎬⎪ ⎪⋅∆ ⎪ ⎪⎪ ⎪− ⋅ − + − ⋅ − ⋅⎪ ⎪⎪ ⎪⎩ ⎭

∫∫

∫∫

⎠

  

 

[ ]
[ ]

1 1

2 2
2 3 2 3 1

3 1 2 3 3 1 2 3 2
0

1 2 2 3 1 2 2 3

( ) ( )
1 ( ) ( ) ( ) ( )

4
( ) ( ) ( ) ( )

r

A A A Av dx dy
x A x y A y

x x y y A

y y y y x x x x A

y y y y x x x x
µ µ

⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂⎟ ⎟⎜ ⎜⎟ ⎟⎢ ⎥⎜ ⎜ ⎟ ⎟⋅ ⋅ + ⋅ ⋅ ⋅ =⎟ ⎟ ⎜ ⎜⎜ ⎜ ⎟ ⎟⎟ ⎟⎢ ⎥⎜ ⎜⎟ ⎟⎜ ⎜ ⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
⎡ ⎤− + − ⋅ +⎢ ⎥⎣ ⎦

= ⋅ − ⋅ − + − ⋅ − ⋅
⋅ ⋅ ⋅∆

− ⋅ − + − ⋅ − ⋅

∫∫

3A

⎧ ⎫⎪ ⎪⎪ ⎪⎪ ⎪⎪ ⎪⎪ ⎪⎨ ⎬⎪ ⎪⎪ ⎪⎪ ⎪⎪ ⎪⎪ ⎪⎩ ⎭

+

. (3.34) 

where we used (a) the property that dx dy⋅ =∆∫∫ , where  is the area of the 

triangle of Fig. 3.1, and (b) the relation 

∆

01/( )rv µ µ= ⋅  from (3.4). 
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It can be proved (Chari and Salon 2000) that the second integral of (3.29) is 

computed as follows:  

 , 1, 2
3k

A JJ dx dy k
A
∂ ⋅∆

⋅ ⋅ ⋅ = ∀ =
∂∫∫ , 3 . (3.35) 

For the case , (3.29) is simplified by substituting (3.34) and (3.35) into 
(3.29) as follows: 

1k =

 
1 1 1

A A A A Av dx dy
x A x y A y A

⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂ ∂⎟ ⎟⎜ ⎜⎟ ⎟⎢ ⎥⎜ ⎜ ⎟ ⎟⋅ ⋅ + ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ ⇒⎟ ⎟ ⎜ ⎜⎜ ⎜ ⎟ ⎟⎟ ⎟⎢ ⎥⎜ ⎜⎟ ⎟⎜ ⎜ ⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
∫∫ ∫∫ J dx dy   

 [ ]
[ ]

2 2
2 3 2 3 1

0
3 1 2 3 3 1 2 3 2

1 2 2 3 1 2 2 3 3

( ) ( )
1 ( ) ( ) ( ) ( )

4 3
( ) ( ) ( ) ( )

r

x x y y A
Jy y y y x x x x A

y y y y x x x x A

µ
µ

⎧ ⎫⎡ ⎤⎪ ⎪− + − ⋅ +⎪ ⎪⎢ ⎥⎣ ⎦⎪ ⎪⎪ ⎪ ⋅ ⋅∆⎪ ⎪⋅ − ⋅ − + − ⋅ − ⋅ + =⎨ ⎬⎪ ⎪⋅ ⋅∆ ⎪ ⎪⎪ ⎪− ⋅ − + − ⋅ − ⋅⎪ ⎪⎪ ⎪⎩ ⎭

. (3.36) 

Similarly, (3.29), for the case , is equivalent to the following expression: 2k =

 
[ ]

[ ]

3 1 2 3 3 1 2 3 1

2 2 0
1 3 1 3 2

3 1 1 2 3 1 1 2 3

( ) ( ) ( ) ( )
1 ( ) ( )

4 3
( ) ( ) ( ) ( )

r

y y y y x x x x A
Jx x y y A

y y y y x x x x A

µ
µ

⎧ ⎫⎪ ⎪− ⋅ − + − ⋅ − ⋅ +⎪ ⎪⎪ ⎪⎪ ⎪ ⋅ ⋅∆⎪ ⎪⎡ ⎤⋅ − + − ⋅ + =⎨ ⎬⎢ ⎥⎣ ⎦⎪ ⎪⋅ ⋅∆ ⎪ ⎪⎪ ⎪− ⋅ − + − ⋅ − ⋅⎪ ⎪⎪ ⎪⎩ ⎭

. (3.37) 

Also, (3.29), for the case , is equivalent to the following formula: 3k =

 
[ ]
[ ]

1 2 2 3 1 2 2 3 1

0
3 1 1 2 3 1 1 2 2

2 2
1 2 1 2 3

( ) ( ) ( ) ( )
1 ( ) ( ) ( ) ( )

4 3
( ) ( )

r

y y y y x x x x A
Jy y y y x x x x A

x x y y A

µ
µ

⎧ ⎫⎪ ⎪− ⋅ − + − ⋅ − ⋅ +⎪ ⎪⎪ ⎪⎪ ⎪ ⋅ ⋅∆⎪ ⎪⋅ − ⋅ − + − ⋅ − ⋅ + =⎨ ⎬⎪ ⎪⋅ ⋅∆ ⎪ ⎪⎪ ⎪⎡ ⎤− + − ⋅⎪ ⎪⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

. (3.38) 

Now, (3.36), (3.37), and (3.38) can be written in matrix form as follows: 

 
11 12 13 1

0
21 22 23 2

31 32 33 3

1
1

3
1

K K K A
JK K K A

K K K A

µ
⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⋅ ⋅∆⎢ ⎥ ⎢ ⎥ ⎢ ⎥⋅ = ⋅⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦ ⎣ ⎦

, (3.39) 

where: 

 2 3 3 1 2 3 3 1( ) ( ) ( ) (
2

)x x y y y y x x− ⋅ − − − ⋅ −
∆= , (3.40) 
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 [ ]12 21 3 1 2 3 3 1 2 3
1 ( ) ( ) ( ) (

4 r

)K K y y y y x x x
µ

= = ⋅ − ⋅ − + − ⋅ −
⋅ ⋅∆

x , (3.41) 

 [ ]23 32 3 1 1 2 3 1 1 2
1 ( ) ( ) ( ) (

4 r

)K K y y y y x x x
µ

= = ⋅ − ⋅ − + − ⋅ −
⋅ ⋅∆

x , (3.42) 

 [ ]13 31 1 2 2 3 1 2 2 3
1 ( ) ( ) ( ) (

4 r

)K K y y y y x x x
µ

= = ⋅ − ⋅ − + − ⋅ −
⋅ ⋅∆

x , (3.43) 

 2 2
11 2 3 2 3 13 12

1 ( ) ( )
4 r

K x x y y K K
µ

⎡ ⎤= ⋅ − + − =− −⎢ ⎥⎣ ⎦⋅ ⋅∆
, (3.44) 

 2 2
22 1 3 1 3 12 23

1 ( ) ( )
4 r

K x x y y K K
µ

⎡ ⎤= ⋅ − + − =− −⎢ ⎥⎣ ⎦⋅ ⋅∆
, (3.45) 

 2 2
33 1 2 1 2 23 13

1 ( ) ( )
4 r

K x x y y K K
µ

⎡ ⎤= ⋅ − + − =− −⎢ ⎥⎣ ⎦⋅ ⋅∆
. (3.46) 

This means that instead of solving the differential equation (3.27), the much 
easier linear system (3.39) has to be solved, thanks to the finite element method.  

3.2.3.1 Example 3.1 

The mesh of the two-dimensional magnetostatic problem of Fig. 3.2 is composed 
of four triangles. There is a constant current density of 0.9 A/mm2 in triangles 2 
and 4, while the current density in triangles 1 and 3 is zero. The relative perme-
ability in the triangles 2 and 4 is constant and equal to 1, while the relative perme-
ability in triangles 1 and 3 is equal to 1000. The boundary conditions are such that 
the magnetic vector potential at nodes 1 and 2 is equal to zero. Compute the mag-
netic vector potential at nodes 3, 4, and 5. Calculate also the element magnetic 
flux densities. 

Solution 
The solution procedure is composed of the following four steps: 

1. For each one of the four triangular finite elements, the components ijK  are 
computed using (3.41) to (3.46) and the matrix  is calculated assuming 
that the four finite elements of Fig. 3.2 are disconnected. 

KK

2. The global matrix KK  is formed taking into account the connections among 
the four finite elements of Fig. 3.2. 

3. The boundary conditions are applied and the magnetic vector potentials are cal-
culated. 
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1

(0 , 0)
4

(1.25 , 0)

3

(1.25 , 2.5)

2

(0 , 2.5)

5(0.625 , 1.25)

1

4

3

2

 

Fig. 3.2 The finite element mesh with four triangles and their rectangular coordinates in m 

4. For each one of the four triangular finite elements, the magnetic flux density is 
computed. 

Step 1 Computation of matrix KK  for each one of the four finite elements 

Computation of matrix  for the first finite element with nodes 2-1-5 KK

The first triangular finite element with code number 1 is composed of the vertices 
2, 1, and 5, given in counter-clockwise order, as can be seen from Fig. 3.2. This 
means that: 

• The first node is node 2 with rectangular coordinates 1 1( , ) (0 , 2.5)x y = . 

• The second node is node 1 with rectangular coordinates 2 2( , ) (0 , 0x y )= . 

• The third node is node 5 with rectangular coordinates 3 3( , ) (0.625 , 1.25)x y = . 
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The area of finite element 1 is computed using (3.40): 

 2 3 3 1 2 3 3 1(1) ( ) ( ) ( ) ( )
2

x x y y y y x x− ⋅ − − − ⋅ −
∆ = ⇒  

 (1) (1) 2(0 0.625) (1.25 2.5) (0 1.25) (0.625 0)
0.78125 m

2
− ⋅ − − − ⋅ −

∆ = ⇒∆ = . 

The components (1)
12K , (1)

23K , and (1)
13K  of the first triangular finite element are 

computed using (3.41), (3.42), and (3.43), respectively:  

 [ ](1) (1)
12 21 3 1 2 3 3 1 2 3(1) (1)

1 ( ) ( ) ( ) ( )
4 r

K K y y y y x x x x
µ

= = ⋅ − ⋅ − + − ⋅ −
⋅ ⋅∆

⇒  

 [ ](1)
12

1 (1.25 2.5) (0 1.25) (0.625 0) (0 0.625)
4 1000 0.78125

K = ⋅ − ⋅ − + − ⋅ −
⋅ ⋅

⇒  

 , (1) (1)
12 21 0.000375K K= =

 [ ](1) (1)
23 32 3 1 1 2 3 1 1 2(1) (1)

1 ( ) ( ) ( ) ( )
4 r

K K y y y y x x x x
µ

= = ⋅ − ⋅ − + − ⋅ − ⇒
⋅ ⋅∆

  

 [ ](1)
23

1 (1.25 2.5) (2.5 0) (0.625 0) (0 0)
4 1000 0.78125

K = ⋅ − ⋅ − + − ⋅
⋅ ⋅

− ⇒   

 ,  (1) (1)
23 32 0.001K K= =−

 [ ](1) (1)
13 31 1 2 2 3 1 2 2 3(1) (1)

1 ( ) ( ) ( ) ( )
4 r

K K y y y y x x x x
µ

= = ⋅ − ⋅ − + − ⋅ − ⇒
⋅ ⋅∆

  

 [ ](1)
13

1 (2.5 0) (0 1.25) (0 0) (0 0.625)
4 1000 0.78125

K = ⋅ − ⋅ − + − ⋅ − ⇒
⋅ ⋅

  

 . (1) (1)
13 31 0.001K K= =−

The components (1)
11K , (1)

22K , and (1)
33K  of the first triangular finite element are 

computed using (3.44), (3.45), and (3.46), respectively:  

 ,  (1) (1) (1) (1)
11 13 12 11( 0.001) 0.000375 0.001375K K K K=− − =− − − ⇒ =

 ,  (1) (1) (1) (1)
22 12 23 220.000375 ( 0.001) 0.000625K K K K=− − =− − − ⇒ =
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 .  (1) (1) (1) (1)
33 23 13 33( 0.001) ( 0.001) 0.002K K K K=− − =− − − − ⇒ =

For the first triangular finite element (2-1-5): 

• The first node is node 2, which implies the index substitution 1 , i.e., the 
index 1 is substituted by index 2. 

2←

• The second node is node 1, which implies the index substitution 2 1 . ←

• The third node is node 5, which implies the index substitution 3 5 . ←

The above substitution of indices determines the contribution of the first trian-
gular finite element to the global matrix  as follows: KK

 , (1) (1) (1) (1)
21 12 12 21 0.000375KK KK K K= = = =

 , (1) (1) (1) (1)
15 51 23 32 0.001KK KK K K= = = =−

 . (1) (1) (1) (1)
25 52 13 31 0.001KK KK K K= = = =−

 , (1) (1)
22 11 0.000625KK K= =

 , (1) (1)
11 22 0.000625KK K= =

 . (1) (1)
55 33 0.002KK K= =

Consequently, the contribution of the first finite element 2-1-5 to the global 
matrix  is: KK

  

(1) (1) (1) (1) (1)
11 12 13 14 15
(1) (1) (1) (1) (1)
21 22 23 24 25

(1) (1) (1) (1) (1) (1)
31 32 33 34 34
(1) (1) (1) (1) (1)
41 42 43 44 45
(1) (1) (1) (1) (1)
51 52 53 54 55

KK KK KK KK KK
KK KK KK KK KK
KK KK KK KK KK
KK KK KK KK KK
KK KK KK KK KK

KK

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢
⎢
⎢⎣ ⎦

⇒

⎥
⎥
⎥

 . (1)

0.000625 0.000375 0 0 0.001
0.000375 0.000625 0 0 0.001

0 0 0 0 0
0 0 0 0 0

0.001 0.001 0 0 0.002

KK

⎡ ⎤−⎢ ⎥
⎢ ⎥−⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥− −⎢ ⎥⎣ ⎦
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Computation of matrix KK  for the second finite element with nodes 3-2-5 

The second triangular finite element with code number 2 is composed of the verti-
ces 3, 2, and 5, given in counter-clockwise order, as can be seen from Fig. 3.2. 
This means that: 

• The first node is node 3 with rectangular coordinates 1 1( , ) (1.25 , 2.5)x y = . 

• The second node is node 2 with rectangular coordinates 2 2( , ) (0 , 2.5)x y = . 

• The third node is node 5 with rectangular coordinates 3 3( , ) (0.625 , 1.25)x y = . 

The area of finite element 2 is: 

 2 3 3 1 2 3 3 1(2) ( ) ( ) ( ) ( )
2

x x y y y y x x− ⋅ − − − ⋅ −
∆ = ⇒  

 (2) (0 0.625) (1.25 2.5) (2.5 1.25) (0.625 1.25)
2

− ⋅ − − − ⋅ −
∆ = ⇒  

 . (2) 20.78125 m∆ =

The components (2)
ijK  of the second triangular finite element are computed as 

follows:  

 [ ](2) (2)
12 21 3 1 2 3 3 1 2 3(2) (2)

1 ( ) ( ) ( ) ( )
4 r

K K y y y y x x x x
µ

= = ⋅ − ⋅ − + − ⋅ −
⋅ ⋅∆

⇒  

 [ ](2)
12

1 (1.25 2.5) (2.5 1.25) (0.625 1.25) (0 0.625)
4 1 0.78125

K = ⋅ − ⋅ − + − ⋅ −
⋅ ⋅

⇒  

 , (2) (2)
12 21 0.375K K= =−

 [ ](2) (2)
23 32 3 1 1 2 3 1 1 2(2) (2)

1 ( ) ( ) ( ) ( )
4 r

K K y y y y x x x x
µ

= = ⋅ − ⋅ − + − ⋅ −
⋅ ⋅∆

⇒   

 [ ](2)
23

1 (1.25 2.5) (2.5 2.5) (0.625 1.25) (1.25 0)
4 1 0.78125

K = ⋅ − ⋅ − + − ⋅ −
⋅ ⋅

⇒   

 ,  (2) (2)
23 32 0.25K K= =−
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 [ ](2) (2)
13 31 1 2 2 3 1 2 2 3(2) (2)

1 ( ) ( ) ( ) ( )
4 r

K K y y y y x x x x
µ

= = ⋅ − ⋅ − + − ⋅ −
⋅ ⋅∆

⇒   

 [ ](2)
13

1 (2.5 2.5) (2.5 1.25) (1.25 0) (0 0.625)
4 1 0.78125

K = ⋅ − ⋅ − + − ⋅ −
⋅ ⋅

⇒   

 ,  (2) (2)
13 31 0.25K K= =−

 ,  (2) (2) (2) (2)
11 13 12 11( 0.25) ( 0.375) 0.625K K K K=− − =− − − − ⇒ =

 ,  (2) (2) (2) (1)
22 12 23 22( 0.375) ( 0.25) 0.625K K K K=− − =− − − − ⇒ =

 .  (2) (2) (2) (2)
33 23 13 33( 0.25) ( 0.25) 0.5K K K K=− − =− − − − ⇒ =

For the second triangular finite element (3-2-5): 

• The first node is node 3, which implies the index substitution 1 , i.e., the 
index 1 is substituted by index 3. 

3←

• The second node is node 2, which implies the index substitution 2 2 . ←

• The third node is node 5, which implies the index substitution 3 5 . ←

The above substitution of indices determines the contribution of the second tri-
angular finite element to the global matrix  as follows: KK

 , (2) (2) (2) (2)
32 23 12 21 0.375KK KK K K= = = =−

 , (2) (2) (2) (2)
25 52 23 32 0.25KK KK K K= = = =−

 . (2) (2) (2) (2)
35 53 13 31 0.25KK KK K K= = = =−

 , (2) (2)
33 11 0.625KK K= =

 , (2) (2)
22 22 0.625KK K= =

 . (2) (2)
55 33 0.5KK K= =

Consequently, the contribution of the second finite element 3-2-5 to the global 
matrix  is: KK
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⇒

  

(2) (2) (2) (2) (2)
11 12 13 14 15
(2) (2) (2) (2) (2)
21 22 23 24 25

(2) (2) (2) (2) (2) (2)
31 32 33 34 34
(2) (2) (2) (2) (2)
41 42 43 44 45
(2) (2) (2) (2) (2)
51 52 53 54 55

KK KK KK KK KK
KK KK KK KK KK
KK KK KK KK KK
KK KK KK KK KK
KK KK KK KK KK

KK

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢
⎢
⎢⎣ ⎦

⇒

⎥
⎥
⎥

 . (2)

0 0 0 0 0
0 0.625 0.375 0 0.25
0 0.375 0.625 0 0.25
0 0 0 0 0
0 0.25 0.25 0 0.5

KK

⎡ ⎤
⎢ ⎥
⎢ ⎥− −⎢ ⎥
⎢ ⎥= − −⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥− −⎢ ⎥⎣ ⎦

Computation of matrix KK  for the third finite element with nodes 4-3-5 

Similarly, the contribution of the third finite element 4-3-5 to the global matrix 
 is: KK

 . (3)

0 0 0 0 0
0 0 0 0 0
0 0 0.000625 0.000375 0.001
0 0 0.000375 0.000625 0.001
0 0 0.001 0.001 0.002

KK

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥= −⎢ ⎥
⎢ ⎥−⎢ ⎥
⎢ ⎥− −⎢ ⎥⎣ ⎦

Computation of matrix KK  for the fourth finite element with nodes 1-4-5 

Similarly, the contribution of the fourth finite element 1-4-5 to the global matrix 
 is: KK

 . (4)

0.625 0 0 0.375 0.25
0 0 0 0 0
0 0 0 0 0

0.375 0 0 0.625 0.25
0.25 0 0 0.25 0.5

KK

⎡ ⎤− −⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥− −⎢ ⎥
⎢ ⎥− −⎢ ⎥⎣ ⎦

Step 2 Computation of global matrix  KK

The global matrix  is computed as follows: KK

  (1) (2) (3) (4)KK KK KK KK KK= + + +
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 . 

0.625625 0.000375 0 0.375 0.251
0.000375 0.625625 0.375 0 0.251

0 0.375 0.625625 0.000375 0.251
0.375 0 0.000375 0.625625 0.251
0.251 0.251 0.251 0.251 1.004

KK

⎡ ⎤− −⎢ ⎥
⎢ ⎥− −⎢ ⎥
⎢ ⎥= − −⎢ ⎥
⎢ ⎥− −⎢ ⎥
⎢ ⎥− − − −⎢ ⎥⎣ ⎦

Step 3 Determination of magnetic vector potentials 

Based on (3.39), the global set of equations is: 

 0

3
µ JKK A ⋅ ⋅∆

⋅ = ⇒  

 

1

2

3

4

5

0.625625 0.000375 0 0.375 0.251
0.000375 0.625625 0.375 0 0.251

0 0.375 0.625625 0.000375 0.251
0.375 0 0.000375 0.625625 0.251
0.251 0.251 0.251 0.251 1.004

A
A
A
A
A

⎡ ⎤⎡ ⎤− − ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥− − ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥ ⋅− − ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥− − ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥− − − −⎢ ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦

0

3
µ J⋅ ⋅∆

= ⇒  

 
3

4

5

00.625625 0.000375 0 0.375 0.251
00.000375 0.625625 0.375 0 0.251

0 0.375 0.625625 0.000375 0.251
0.375 0 0.000375 0.625625 0.251
0.251 0.251 0.251 0.251 1.004

A
A
A

µ

⎡ ⎤⎡ ⎤− − ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥− − ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥ ⋅ =− − ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥− − ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥− − − −⎢ ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦

1

2
0

3

4

5

3

J
J
J
J
J

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⋅∆ ⎢ ⎥⋅ ⇒⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 

 
3 3

0
4

5 5

0.625625 0.000375 0.251
0.000375 0.625625 0.251

3
0.251 0.251 1.004

4

A J
A J
A J

µ
⎡ ⎤ ⎡⎡ ⎤− ⎤
⎢ ⎥ ⎢⎢ ⎥ ⋅∆ ⎥
⎢ ⎥⎢ ⎥− ⋅ = ⋅ ⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢⎢ ⎥− −⎣ ⎦

⎥
⎣ ⎦ ⎣ ⎦

, (3.47) 

where the input data  and 1 0Α = 2 0Α =  were used. 
As can be seen from Fig. 3.2, node 3 belongs to triangles 2 and 3, so the current 

density 3J  at node 3 is computed as follows: 

 (2) (3) (2) (2) (3) (3)0 3 0
3 3 3

JJ J J J Jµ µ⋅ ⋅∆ ⎡ ⎤= + ⇒ = ⋅ ⋅∆ + ⋅∆ ⇒⎢ ⎥⎣ ⎦  

 
7

6 20 3
2 2

H4 10 A Am 0.9 10 (0.78125 m ) 0 (0.78125 m )
3 3 m m
Jµ

−⋅π⋅
2⎡ ⎤⎛ ⎞ ⎛ ⎞⋅ ⋅∆ ⎟ ⎟⎜ ⎜⎢ ⎥= ⋅ ⋅ ⋅ + ⋅⎟ ⎟⎜ ⎜⎟ ⎟⎟ ⎟⎜ ⎜ ⇒⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
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 0 3 H A0.29452
3 m
Jµ ⋅ ⋅∆ ⋅

= ⇒  

 0 3 Wb0.29452
3 m
Jµ ⋅ ⋅∆

= , (3.48) 

where  is the current density in triangle 2, (2) 2 6 20.9 A / mm 0.9 10 A / mJ = = ⋅
(3)J  is the current density in triangle 3,  is the area of triangle 2, and  is 

the area of triangle 3. 

(2)∆ (3)∆

Similarly, the current density 4J  at node 4 is computed as follows: 

 (3) (4) (3) (3) (4) (4)0 4 0
4 3 3

JJ J J J Jµ µ⋅ ⋅∆ ⎡ ⎤= + ⇒ = ⋅ ⋅∆ + ⋅∆ ⇒⎢ ⎥⎣ ⎦  

 0 4 Wb0.29452
3 m
Jµ ⋅ ⋅∆

= . (3.49) 

The current density 5J  at node 5 is: 

  (1) (2) (3) (4)
5J J J J J= + + + ⇒

 (1) (1) (2) (2) (3) (3) (4) (4)0 5 0

3 3
J J J J Jµ µ⋅ ⋅∆ ⎡ ⎤= ⋅ ⋅∆ + ⋅∆ + ⋅∆ + ⋅∆ ⇒⎢ ⎥⎣ ⎦  

 0 5 Wb0.58905
3 m
Jµ ⋅ ⋅∆

= . (3.50) 

Substituting (3.48), (3.49), and (3.50) into (3.47) we obtain: 

 
3

4

5

0.625625 0.000375 0.251 0.29452
0.000375 0.625625 0.251 0.29452

0.251 0.251 1.004 0.58905

A
A
A

⎡ ⎤⎡ ⎤− ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥− ⋅ =⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥− −⎣ ⎦

⎡ ⎤
⎢ ⎥
⎢ ⎥ ⇒⎢ ⎥
⎢ ⎥
⎣ ⎦⎣ ⎦

  

   

1
3

4

5

0.625625 0.000375 0.251 0.29452
0.000375 0.625625 0.251 0.29452

0.251 0.251 1.004 0.58905

A
A
A

−⎡ ⎤ ⎡ ⎤−⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥= − ⋅⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦⎣ ⎦

⎡ ⎤
⎢ ⎥ ⇒⎢ ⎥
⎣ ⎦
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3 3

4 4

5 5

1.7987 0.1993 0.4995 0.29452 0.8827
Wb0.1993 1.7987 0.4995 0.29452 0.8827
m

0.4995 0.4995 1.2458 0.58905 1.0280

A A
A A
A A

⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡
⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢
⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢= ⋅ ⇒ =⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢
⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢

⎣ ⎦ ⎣ ⎦ ⎣⎣ ⎦ ⎣ ⎦

⎤
⎥
⎥
⎥
⎥
⎦

.  

Step 4 Computation of magnetic flux density for each finite element 

Computation of magnetic flux density for the first finite element 

The coordinates of the first finite element are: 1 1( , ) (0 , 2.5)x y = , 

, and 2 2( , ) (0 , 0)x y = 3 3( , ) (0.625 , 1.25)x y = , and its area is . 
The magnetic vector potential at its nodes 2, 1, and 5 is 

20.78125 m∆ =

2 0Α = , , and 
, respectively. The x and y coordinates of the magnetic flux 

density are computed using (3.25) and (3.26), respectively: 

1 0Α =

5 1.0280 Wb / mΑ =

 3 2 2 1 3 1 2 1 5( ) ( ) ( )
2x

x x A x x A x x A
B

− ⋅ + − ⋅ + − ⋅
= ⇒

⋅∆
  

 (0.625 0) 0 (0 0.625) 0 (0 0) 1.0280 0
2 0.78125x xB B− ⋅ + − ⋅ + − ⋅

= ⇒
⋅

=   

and 

 3 2 2 1 3 1 2 1 5( ) ( ) ( )
2y

y y A y y A y y A
B

− ⋅ + − ⋅ + − ⋅
= ⇒

⋅∆
 

 (1.25 0) 0 (2.5 1.25) 0 (0 2.5) 1.0280 1.6449 T
2 0.78125y yB B− ⋅ + − ⋅ + − ⋅

= ⇒
⋅

=− .  

The magnitude of the magnetic flux density at the first triangle is computed us-
ing (3.13):  

 2 2 2 20 ( 1.6449) 1.6449 Tx yB B B B B= + ⇒ = + − ⇒ = .  

Computation of magnetic flux density for the second finite element 

The coordinates of the second finite element are: 1 1( , ) (1.25 , 2.5)x y = , 

, and 2 2( , ) (0 , 2.5)x y = 3 3( , ) (0.625 , 1.25)x y = , and its area is . 
The magnetic vector potential at its nodes 3, 2, and 5 is 

20.78125 m∆ =

3 0.8827 Wb / mΑ = , 
, and , respectively. The x and y coordinates of the 

magnetic flux density are computed using (3.25) and (3.26), respectively: 
2 0Α = 5 1.0280 Wb / mΑ =
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 3 2 3 1 3 2 2 1 5( ) ( ) ( )
2x

x x A x x A x x A
B

− ⋅ + − ⋅ + − ⋅
= ⇒

⋅∆
  

 (0.625 0) 0.8827 (1.25 0.625) 0 (0 1.25) 1.0280
2 0.78125xB − ⋅ + − ⋅ + − ⋅

= ⇒
⋅

  

   0.4694 TxB =−

and 

 3 2 3 1 3 2 2 1 5( ) ( ) ( )
2y

y y A y y A y y A
B

− ⋅ + − ⋅ + − ⋅
= ⇒

⋅∆
 

 (1.25 2.5) 0.8827 (2.5 1.25) 0 (2.5 2.5) 1.0280
2 0.78125yB − ⋅ + − ⋅ + − ⋅

= ⇒
⋅

  

 .  0.7062 TyB =−

The magnitude of the magnetic flux density at the second triangle is computed 
using (3.13):  

 2 2 2 2( 0.4694) ( 0.7062) 0.8479 Tx yB B B B B= + ⇒ = − + − ⇒ = .  

Computation of magnetic flux density for the third finite element 

Similarly, the magnitude of the magnetic flux density of the third finite element is 
. 0.2326 TB =

Computation of magnetic flux density for the fourth finite element 

The magnitude of the magnetic flux density of the fourth finite element is 
. 0.8479 TB =

Final results 

The magnetic vector potentials at nodes 3, 4, and 5 are: 

 
3

4

5

0.8827
Wb0.8827
m

1.0280

A
A
A

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦

.  

The magnetic flux densities of the four triangles are: 
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 .  

1

2

3

4

1.6449
0.8479

T
0.2326
0.8479

B
B
B
B

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥⎢ ⎥ ⎣ ⎦⎣ ⎦

3.2.4 Solution of Nonlinear Magnetostatic Problems 

Most transformer magnetostatic problems are inherently nonlinear. The analysis 
of transformer magnetic circuit requires knowledge of the physical properties of 
the magnetic materials used. Magnetic material manufacturers normally supply the 
magnetic material characteristic in the form of B H−  curves (e.g., Fig. 3.3). 

The basic principles of linear finite element analysis, presented in Sect. 3.2.3 
carry over to nonlinear magnetostatic problems almost without modification. A 
stationary functional is constructed and discretized over finite elements. The equa-
tions resulting from nonlinear magnetostatic problems are nonlinear too (Silvester 
and Ferrari 1996). They can be solved by several methods. Simple iterative meth-
ods are not always stable and can take a long time to converge. The most common 
approach to the solution of nonlinear equations derived for the nonlinear magne-
tostatic problem is to use Newton iterative method since its convergence is in prin-
ciple much faster than that of simple iterative methods. 

Newton’s method requires a mathematical model describing the properties of 
the nonlinear magnetic material. The classical B H−  curve is not the best choice. 
It is a common practice to use the  curve to introduce ferromagnetic 
material properties in the finite element method (Silvester and Ferrari 1996). The 

 curve (e.g., Fig. 3.4) can easily be constructed from the 

2( )r rv v B=

2
rv B− B H−  curve that 

is commonly supplied by magnetic material manufacturers. The relative reluctivity 
as a function of flux density squared, , is commonly modeled using 
cubic splines (Silvester and Ferrari 1996), however, there is a danger that unac-
ceptable undulations may be produced in the fitted curve (Reece and Preston 
2000). Some algebraic expressions have been found to be useful, e.g.: 

2( )r rv v B=

 , (3.51) 
2

0
q B

rv v P e ⋅= + ⋅

and 

 , (3.52) 2
0

q
rv v P B ⋅= + ⋅

where , , and  are chosen to fit the 0v P q 2
rv B−  curve (Coulson 1981). 
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Newton’s iterative method for the solution of nonlinear finite element equations 

is composed of the following steps: 

1. We start with iteration 0. We assume a certain value for the magnetic vector 
potentials and compute the element magnetic flux densities. Next, using the 

 curve, we find the relative reluctivity and afterwards the relative per-
meability for all the finite elements that correspond to the geometry covered by 
the nonlinear magnetic material. We then form the global matrix KK  and 
compute the error vector in the solution of the set of equations 

2
rv B−

0

3
µ ⋅ ⋅ ∆

⋅ =
JKK A . If the infinite norm of this error vector is smaller than a 

predefined tolerance (e.g., 10-4), then the solution has been found, otherwise we 
proceed to step 2. 

2. We enter the next iteration, i.e., the iteration number is increased by one. We 
compute the new values of the magnetic vector potential at all nodes by solving 

the set of linear equations 0

3
µ ⋅ ⋅ ∆

⋅ =
JKK A  formed during the previous itera-

tion. Next, we calculate the new values of the element magnetic flux densities. 
Next, using the  curve, we find the relative reluctivity and then the rela-
tive permeability for all the finite elements that correspond to the geometry 
covered by the nonlinear magnetic material. We then form the new global ma-
trix  and compute the new error vector in the solution of the set of equa-

tions 

2
rv B−

KK
0

3
µ ⋅ ⋅ ∆

⋅ =
JKK A . If the infinite norm of this new error vector is smaller 

than a predefined tolerance (e.g., 10-4), then the solution has been found, oth-
erwise we repeat step 2. 

0
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Fig. 3.3  curve for the magnetic material in triangles 1 and 3 of Fig. 3.2 B H−
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Fig. 3.4  curve for the magnetic material in triangles 1 and 3 of Fig. 3.2 2
rv B−

3.2.4.1 Example 3.2 

Solve Example 3.1, if the triangles 1 and 3 of Fig. 3.2 are composed of a nonlinear 
magnetic material with the B H−  characteristic shown in Fig. 3.3. 

 

Solution 
In order to solve the problem, it is convenient to construct the 2

rv B−  characteris-
tic as follows: 

1. From the  curve of Fig. 3.3, we find  pairs of data B H− N
( , ) , 1,...,i iH B i N∀ = . 

2. For each pair ( , )i iH B , we compute the respective pair  using the 

formula 

2
,( , )i r iB v

, 0 , 1,...,i
r i

i

H
v i

B
µ= ⋅ ∀ = N , so the 2

rv B−  characteristic is con-

structed. In particular, using 93N =  pairs of data, the 2
rv B−  curve that corre-

sponds to the  characteristic of Fig. 3.3 is shown in Fig. 3.4. B H−

3. Using curve-fitting techniques, the 2
rv B−  curve of Fig. 3.4 can be expressed 

mathematically as follows: 
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≤ . (3.53) 

2 6 2 5

2 4 2 3
2

2 2 2

5

5 2 6 2 5

2 4 2 3

2 2

0.0002664 ( ) 0.001015 ( )

0.001553 ( ) 0.001222 ( )
, if 0 1.04

0.0005382 ( ) 0.000141 ( )

3.681 10

4.082 10 ( ) 0.0004697 ( )

0.002229 ( ) 0.005564 ( )

0.007691 ( ) 0
r

B B

B B
B

B B

B B
v B B

B

−

−

⋅ − ⋅ +

+ ⋅ − ⋅ +
≤ ≤

+ ⋅ − ⋅ +

+ ⋅

⋅ ⋅ − ⋅ +

= + ⋅ − ⋅ +

+ ⋅ −

2

2

2

2

20.001439 0.004295

20.01083 0.03787

, if 1.04 3

.005576 ( )
0.001671

, if 3 3.551

, if 3.551

B

B

B

B

Be

Be

− ⋅ +

− ⋅ +

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ <⎪⎪⎪ ⋅ +⎪⎪⎪⎪+⎪⎪⎪⎪⎪⎪⎪ < ≤−⎪⎪⎪⎪⎪⎪⎪⎪ >−⎪⎪⎩

 
Having expressed mathematically the 2

rv B−  curve, the problem is solved as 
follows: 

1. We start with iteration 0, where we assume that the magnetic vector potential 
at all nodes is zero, so the element magnetic flux densities are also zero. Next, 
we find the relative reluctivity in triangles 1 and 3. We form the global matrix 

 as well as the set of equations KK 0

3
µ ⋅ ⋅ ∆

⋅ =
JKK A . Next, we compute the 

error vector in the solution of the set of equations 0

3
µ ⋅ ⋅ ∆

⋅ =
JKK A . If the in-

finite norm of this error vector is smaller than a predefined tolerance (e.g., 
), then the solution has been found, otherwise we proceed to step 2. 410−

2. We enter the next iteration (i.e., iteration 1), where we compute the new values 
of the magnetic vector potentials at nodes 3, 4, and 5 as well as the new values 
of the element magnetic flux densities. Next, we find the relative reluctivity in 
triangles 1 and 3. We form the global matrix KK , and compute the error vec-

tor in the solution of the set of equations 0

3
µ ⋅ ⋅ ∆

⋅ =
JKK A . If the infinite 

norm of this error vector is smaller than a predefined tolerance (e.g., 10-4), then 
the solution is found, otherwise we repeat step 2. 
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Iteration 0 

We assume that the magnetic vector potential at all nodes is zero, so the element 
magnetic flux densities are also zero. 

Since  in triangle 1, using the first branch of (3.53), we find that 
, so . Similarly, in triangle 3, we 

find that . 

2 0B =
53.681 10rv −= ⋅ (1) (1)1/ 27166.53r r rvµ µ= ⇒ =

(3) 27166.53rµ =
On the other hand, in triangles 2 and 4, the relative permeability is equal to 1, 

as given in Example 3.1. 
Following the solution methodology of Example 3.1, we form the global matrix 

 and the set of equations KK 0

3
µ ⋅ ⋅ ∆

⋅ =
JKK A . The boundary conditions im-

pose that 1 2 0A A= = , so the resulting set of equations is: 

 0

3
µ JKK A ⋅ ⋅∆

⋅ = ⇒  

 

1

2

3

4

5

0.625023 0.000014 0 0.375 0.25004
0.000014 0.625023 0.375 0 0.25004

0 0.375 0.625023 0.000014 0.25004
0.375 0 0.000014 0.625023 0.25004

0.25004 0.25004 0.25004 0.25004 1.000147

A
A
A
A
A

⎡⎡ ⎤− − ⎢⎢ ⎥
⎢ ⎥− −⎢ ⎥
⎢ ⎥ ⋅− −⎢ ⎥
⎢ ⎥− −⎢ ⎥
⎢ ⎥− − − −⎢ ⎥⎣ ⎦ ⎣

0.29452
0.29452
0.29452
0.29452
0.58905

⎤ ⎡ ⎤
⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥= ⇒⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦⎦

  

 
3

4

5

0.625023 0.000014 0.25004 0.29452
0.000014 0.625023 0.25004 0.29452

0.25004 0.25004 1.000147 0.58905

A
A
A

⎡ ⎤⎡ ⎤− ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥

⎡ ⎤
⎢ ⎥
⎢− ⋅ =⎢ ⎥⎢ ⎥ ⎢

⎢ ⎥⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

⎥
⎥ . (3.54) 

⎣ ⎦

Since at iteration 0, it is assumed that all magnetic vector potentials are zero, 
i.e., , this assumption results in the following error vector in the 
solution of the set of equations (3.54): 

3 4 5 0A A A= = =

 
3

4

5

0.625023 0.000014 0.25004 0.29452
0.000014 0.625023 0.25004 0.29452

0.25004 0.25004 1.000147 0.58905

A
A
A

err
⎡ ⎤⎡ ⎤− ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥= − ⋅ −⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥− −⎣ ⎦

⎡ ⎤
⎢ ⎥
⎢ ⎥ ⇒⎢ ⎥
⎢ ⎥
⎣ ⎦⎣ ⎦

  

   
0.625023 0.000014 0.25004 0 0.29452
0.000014 0.625023 0.25004 0 0.29452

0.25004 0.25004 1.000147 0 0.58905
err

⎡ ⎤ ⎡−⎢ ⎥ ⎢
⎢ ⎥ ⎢= − ⋅ −⎢ ⎥ ⎢
⎢ ⎥ ⎢− −⎣ ⎦ ⎣

⎤ ⎡ ⎤
⎥ ⎢ ⎥
⎥ ⎢ ⎥ ⇒⎥ ⎢ ⎥
⎥ ⎢ ⎥
⎦ ⎣ ⎦
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 . 
0.29452
0.29452
0.58905

err
⎡ ⎤−⎢ ⎥
⎢ ⎥= −⎢ ⎥
⎢ ⎥−⎣ ⎦

The infinite norm  of the error vector er  is equal to the maximum value 
of the absolute value of its elements: 

errn r

 
0.29452

max( ( )) max 0.29452 0.58905
0.58905

err errn abs nerr err
∞

⎡ ⎤
⎢ ⎥
⎢ ⎥= = = ⇒ =⎢ ⎥
⎢ ⎥
⎣ ⎦

. 

The tolerance is  and since , another iteration is required. 410tol −= errn to> l

Iteration 1 

Solving the system of linear equations (3.54), the new values of the magnetic vec-
tor potentials at nodes 3, 4, and 5 are: 

 
3

4

5

0.8835
Wb0.8835
m

1.0307

A
A
A

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦

. (3.55) 

Having calculated the new values of the magnetic vector potentials, the new 
values of the flux densities of the four triangles are computed using the sequence 
of calculations presented in Example 3.1 and the results are: 

 . (3.56) 

1

2

3

4

1.6492
0.8495

T
0.2355
0.8495

B
B
B
B

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥⎢ ⎥ ⎣ ⎦⎣ ⎦

Since  in triangle 1, using the second branch of (3.53), 
we find that , so . 

2 21.6492 2.7198B = =
0.0000449rv = (1) (1)1/ 22271.01r r rvµ µ= ⇒ =

Since  in triangle 3, using the first branch of (3.53), we 
find that 

2 20.2355 0.0555B = =
0.00003045rv = , so . (3) (3)1/ 32839.71r r rvµ µ= ⇒ =

On the other hand, in triangles 2 and 4, the relative permeability is equal to 1, 
as given in Example 3.1. 
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Following the solution methodology of Example 3.1, we form the global matrix 

 and the set of equations KK 0

3
µ ⋅ ⋅ ∆

⋅ =
JKK A . The boundary conditions im-

pose that 1 2 0A A= = , so the resulting set of equations is: 

 0

3
µ JKK A ⋅ ⋅∆

⋅ = ⇒  

 
1

2

0.625028 0.000017 0 0.375 0.250045
0.000017 0.625028 0.375 0 0.250045

0 0.375 0.625019 0.000011 0.250030
0.375 0 0.000011 0.625019 0.250030

0.250045 0.250045 0.250030 0.250030 1.000151

A
A
A

⎡ ⎤− −⎢ ⎥
⎢ ⎥− −⎢ ⎥
⎢ ⎥ ⋅− −⎢ ⎥
⎢ ⎥− −⎢ ⎥
⎢ ⎥− − − −⎢ ⎥⎣ ⎦

3

4

5

0.29452
0.29452
0.29452
0.29452
0.58905

A
A

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥= ⇒⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

  

 
3

4

5

0.625019 0.000011 0.250030 0.29452
0.000011 0.625019 0.250030 0.29452
0.250030 0.250030 1.000151 0.58905

A
A
A

⎡ ⎤⎡ ⎤− ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ − ⋅ =⎢ ⎥⎢
⎢ ⎥⎢ ⎥− −⎣ ⎦

⎡ ⎤
⎢ ⎥

⎥ ⎢ ⎥
⎥ ⎢ ⎥

⎢ ⎥
⎣ ⎦⎣ ⎦

. (3.57) 

Using the solution of (3.55), the error vector in the solution of the set of equa-
tions (3.57) is: 

 
3

4

5

0.625019 0.000011 0.250030 0.29452
0.000011 0.625019 0.250030 0.29452
0.250030 0.250030 1.000151 0.58905

A
A
A

err
⎡ ⎤⎡ ⎤− ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥= − ⋅ −⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥− −⎣ ⎦

⎡ ⎤
⎢ ⎥
⎢ ⎥ ⇒⎢ ⎥
⎢ ⎥
⎣ ⎦⎣ ⎦

 

  
0.625019 0.000011 0.250030 0.8835 0.29452
0.000011 0.625019 0.250030 0.8835 0.29452
0.250030 0.250030 1.000151 1.0307 0.58905

err
⎡ ⎤ ⎡−⎢ ⎥ ⎢
⎢ ⎥ ⎢= − ⋅ −⎢ ⎥ ⎢
⎢ ⎥ ⎢− −⎣ ⎦ ⎣

⎤ ⎡ ⎤
⎥ ⎢ ⎥
⎥ ⎢ ⎥ ⇒⎥ ⎢ ⎥
⎥ ⎢ ⎥
⎦ ⎣ ⎦

 . 4

0.0003
10 0.0003

0.1668
err −

⎡ ⎤−⎢ ⎥
⎢ ⎥= ⋅ −⎢ ⎥
⎢ ⎥
⎣ ⎦

The infinite norm  of the error vector er  is equal to the maximum value 
of the absolute value of its elements: 

errn r

 4 4

0.0003
max 10 0.0003 0.1668 10

0.1668
err errn nerr − −

∞

⎧ ⎫⎡ ⎤⎪ ⎪⎪ ⎪⎢ ⎥⎪ ⎪⎪ ⎪⎢ ⎥= = ⋅ ⇒ = ⋅⎨ ⎬⎢ ⎥⎪ ⎪⎪ ⎪⎢ ⎥⎪ ⎪⎣ ⎦⎪ ⎪⎩ ⎭

. 
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lThe tolerance is  and since 410tol −= errn to< , a solution is found, so no other 
iteration is required. 

Final results 

The magnetic vector potentials at nodes 3, 4, and 5 are: 

 
3

4

5

0.8835
Wb0.8835
m

1.0307

A
A
A

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦

.  

The magnetic flux densities of the four triangles are: 

 .  

1

2

3

4

1.6492
0.8495

T
0.2355
0.8495

B
B
B
B

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥⎢ ⎥ ⎣ ⎦⎣ ⎦
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4 Classification and Forecasting 

Abstract   Classification aims at predicting the future class and forecasting aims 
at predicting the future value of a system that is intrinsically uncertain. This chap-
ter briefly presents two artificial intelligence methods, namely decision trees and 
artificial neural networks. The decision tree methodology is a nonparametric in-
ductive learning technique, able to produce classifiers for a given problem that can 
assess new, unseen situations and/or uncover the mechanisms driving this prob-
lem. The artificial neural network is a computer information processing system 
that is capable of sufficiently representing any nonlinear functions. The decision 
tree technique is appropriate for the solution of classification problems. The artifi-
cial neural network method is suitable for the solution of both classification and 
forecasting problems. 

4.1 Introduction 

Classification aims at predicting the future class of a system that is intrinsically 
uncertain. The number of classes is in principle arbitrary but generally rather 
small. In transformer design, it is necessary to classify the no-load losses into ac-
ceptable or non-acceptable quality prior to transformer manufacturing and quality 
control. Another example is the transformer winding material selection problem, 
where it is very important to classify the transformer winding material into one of 
the following two classes: copper or aluminum.  

Forecasting aims at predicting the future value of a system that is intrinsically 
uncertain. In transformer design, it is necessary to forecast the values of trans-
former technical characteristics, e.g., no-load losses and impedance voltage, dur-
ing the transformer design, i.e., prior to transformer manufacturing and quality 
control. 

This chapter briefly presents decision trees and artificial neural networks. Both 
techniques are types of automatic learning from examples, i.e., they are able to ex-
tract high-level synthetic information from databases containing large amounts of 
low-level data. The decision trees technique is appropriate for the solution of clas-
sification problems. The artificial neural networks method is suitable for the solu-
tion of both classification and forecasting problems. 
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4.2 Automatic Learning 

The term automatic learning is used to denote a highly multidisciplinary research 
field and set of methods to extract high-level synthetic information (knowledge) 
from databases containing large amounts of low-level data. Automatic learning 
encompasses statistical data analysis and modeling, artificial neural networks, and 
symbolic machine learning in artificial intelligence. 

In the last two decades, automatic learning has progressed along many lines, in 
terms of theoretical understanding and actual applications. Probably the main rea-
son for the important breakthrough was the tremendous increase in computing 
power. This makes possible the application of the often very computation-
intensive automatic learning algorithms to practical large scale problems. Con-
versely, automatic learning algorithms allow one to make better use of existing 
computing power by exploiting more systematically the information contained in 
databases. 

The generic problem of supervised learning from examples can be formulated 
as follows: given a set of examples (the learning set) of associated input/output 
pairs, derive a general rule representing the underlying input/output relationship 
that may be used to explain the observed pairs and/or predict output values for any 
new unseen input. 

In automatic learning we use the term attribute to denote the parameters (or 
variables) used to describe the input information. The output information can be 
either symbolic (e.g., a classification) or numerical. 

4.3 Data Mining 

A database is a collection of examples. Each example is a vector of input/output 
pairs, i.e., inputs and their associated outputs. The inputs or objects or patterns are 
described by a certain number of attributes or input parameters. 

Data mining is the application of automatic learning in order to discover inter-
esting information from a database. 

In general, data mining comprises the following five subtasks (Michie et al. 
1994): 

1. Representation 

2. Attribute selection 

3. Model selection 

4. Interpretation and validation 

5. Model use 
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4.3.1 Representation 

Representation consists of: 

1. Choosing appropriate input attributes to represent the practical problem in-
stances 

2. Defining the output information 

3. Choosing a class of models (e.g., decision trees or artificial neural networks) 
suitable to represent input/output relations 

Solving the representation problem is normally left to the engineer. Choosing 
an appropriate set of attributes is an iterative process during the first trials to apply 
an automatic learning technique to a new problem. Similarly, the selection of a 
suitable type of models is done by trial and error. 

4.3.2 Attribute Selection 

Attribute selection aims at reducing the dimensionality of the input space by dis-
missing attributes that do not carry useful information to forecast the output in-
formation considered.  

4.3.3 Model Selection 

Model selection identifies in the predefined class of models the one that best fits 
the learning states. This requires choice of model structure and parameters using 
an optimization technique adapted to the type of model considered. 

The distinction between attribute selection and model selection is somewhat 
arbitrary. For example, some of the methods (e.g., decision trees) solve these two 
problems simultaneously. 

4.3.4 Interpretation and Validation 

Interpretation and validation aim at understanding the physical meaning of the 
synthesized model and at determining its range of validity. It consists of compar-
ing the information that can be derived from the model with prior expertise, and 
testing it on a set of unseen test examples. It should be mentioned that some meth-



160 4 Classification and Forecasting 
 

ods provide rather black-box information, difficult to interpret, while others pro-
vide more transparent explicit models, easier to compare with prior knowledge.  

4.3.5 Model Use 

Model use consists of applying the model to forecast outputs of new situations 
from the values assumed by the input parameters. Regarding the model use for fast 
decision making, it should be noted that speed variations of several orders of mag-
nitude may exist between various techniques. This may reduce the usefulness of 
some methods in time-critical real-time applications.  

4.4 Learning Set and Test Set 

An example is a vector of input/output pairs belonging to the database. The learn-
ing set or training set is a subset composed of  examples drawn from the data-
base. Similarly, the test set is a subset of 

N
M  examples, used in order to evaluate 

the accuracy of the automatic learning technique. We assume always that the 
learning and test sets are disjoint and drawn randomly from the database. 

4.4.1 Classification 

Classification aims at predicting the future class of a system that is intrinsically 
uncertain. Without loss of generality, we will assume that each example is charac-
terized by a certain number, say n , of ordered numerical attributes (the same 
number for each example), and that all the examples are classified into two classes 
only {1 . , 2}

In the following, a learning set (LS) is a subset of  pre-classified examples 
(input/output pairs) that is defined by: 

N

 , (4.1) { 1 1 2 2( ) ( , ), ( , ), ..., ( , )LS v v vN NN c c c }

)

where the input vector  kv

 , (4.2) ( 1 2, , ...,
Tk k k k

nv v v=v
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represents the attribute values of an object ,  represents the transpose of vec-

tor , and the output  
ko Tx

x kc

 , (4.3) {1, 2}kc ∈

is the class of the object . ko
The test set (TS), is defined as a similar, but independent sample of size M : 

 . (4.4) { }1 1 2 2( ) ( , ), ( , ), ..., ( , )+ + + + + +TS v v vN N N N N M N MM c c c

For example, in transformer winding material selection, objects may represent 
suitable technical characteristics of different transformers, while the output is the 
transformer winding material, which belongs to one of two classes: copper or 
aluminum. 

4.4.2 Forecasting 

Forecasting aims at predicting the future value of a system that is intrinsically un-
certain. Figure 4.1 shows a forecasting problem with  inputs and  outputs. In 
general, supervised learning from examples can be used to represent the relation-
ship between the inputs x  and the outputs  and afterwards to solve the forecast-
ing problem, i.e., for known inputs to forecast the outputs. 

n m

y

In the case of forecasting with supervised learning, a learning set (LS) is a sub-
set of  learning examples (input/output pairs) that is defined by: N

 , (4.5) { 1 1 2 2( ) ( , ), ( , ), ..., ( , )LS x y x y x yN NN }

 
 

x1

Forecasting
problem

x2

xn

.

.

.

y1

ym

y2.
.
.

 

Fig. 4.1 Forecasting problem 
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)

where the input vector  kx

 ( 1 2, , ...,
Tk k k k

nx x x=x , (4.6) 

represents the attribute values (inputs) of an object  and the vector  ko ky

 , (4.7) ( 1 2, , ...,
Tk k k k

my y yy = )

is the output of the object . ko
The test set (TS), is defined as a similar, but independent sample of size M : 

 . (4.8) { }1 1 2 2( ) ( , ), ( , ), ..., ( , )+ + + + + +TS x y x y x yN N N N N M N MM

For example, in transformer no-load loss forecasting, objects may represent 
technical characteristics of different transformers, while the output is the no-load 
loss value of these transformers. 

4.5 Decision Trees 

4.5.1 Introduction 

The decision tree methodology belongs to the category of supervised learning 
from examples techniques. The decision tree is a nonparametric learning tech-
nique, independent of the statistical distribution of the analyzed population (the 
possible states of the examined system). The decision tree has the hierarchical 
form of a tree of rules built upside down. The decision tree methodology is used to 
draw inferences based on known and well recognized attributes. 

There are three main families of decision tree induction: 

1. Crisp decision tree induction. This is able to produce if-then decision rules that 
are used to classify into two classes the output of new, unobserved states of a 
system. This means that the output information (classification) is discrete, since 
it belongs exclusively to one of the two classes. The crisp decision tree (also 
called binary decision tree) is constructed off-line by an inductive inference 
similar to the ID3 (Quinlan 1983). 

2. Regression tree induction. This produces if-then decision rules in order to con-
duct regression. The regression tree typically provides the mean value and the 
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standard deviation of the output variable (Wehenkel 1998). The regression tree 
is built using an appropriate algorithm (Breiman et al. 1984). 

3. Fuzzy decision tree induction. This is a combination of fuzzy reasoning and 
automatic learning based on decision tree induction. It is a model concerned 
with the automatic design of fuzzy if-then rules in a tree structure. It is used in 
classification problems (Yuan and Shaw 1995; Janikow 1998; Boyen and We-
henkel 1999) in most cases but sometimes also in regression problems (Suarez 
and Lutsko 1999). The fuzzy decision tree is built using an appropriate algo-
rithm (Boyen and Wehenkel 1999). 

Because of the binary nature of classification problems in transformer design, 
this chapter is focused on crisp decision trees. 

Decision trees offer significant advantages and valuable characteristics that are 
unavailable elsewhere. In particular: 

1. The main strength of the decision trees is their interpretability. By merely look-
ing at the test nodes of a tree one can easily sort out the most salient attributes 
(i.e., those that most strongly influence the output) and find out how they influ-
ence the output. Furthermore, at the tree growing stage the method provides a 
great deal of additional information, e.g., scores of candidate attributes, their 
correlations, and the overall information they provide to the decision tree. 

2. Another very important asset is the ability of the decision tree method to auto-
matically identify the most relevant attributes for each problem. 

3. The third important feature of decision trees is their computational efficiency. 
Typically, tree growing computational complexity is linear in the number of 
learning examples, allowing one to tackle problems with a few hundred candi-
date attributes and a few thousand learning examples, with response times of 
only some minutes. The use of a decision tree to classify an unseen situation is 
ultrafast since only a few logical tests need to be computed. 

4.5.2 Applications to Power Systems 

Decision trees have shown their capabilities in solving real-world problems, as re-
flected by the growing number of publications on their applications to power sys-
tem problems, e.g., Wehenkel and Pavella 1991; Van Cutsem et al. 1993; Wehen-
kel and Pavella 1993; Wehenkel et al. 1994; Hatziargyriou et al. 1994; Rovnyak et 
al. 1994; Yang and Hsu 1994; Hatziargyriou et al. 1995; Karapidakis and Hatziar-
gyriou 2002; Ugedo et al. 2005; Leonidaki et al. 2006; Senroy et al. 2006, to name 
only a few. 
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Particularly in transformer design, decision trees have been applied for no-load 

loss classification (Hatziargyriou et al. 1998; Georgilakis et al. 1999; Georgilakis 
2000) as well as for solution of the transformer winding material selection prob-
lem (Amoiralis et al. 2007; Georgilakis and Amoiralis 2007; Georgilakis et al. 
2007). 

4.5.3 General Characteristics 

The first node of each decision tree is called root node or top node. A non-trivial 
binary decision tree is a tree with at least three nodes. On the other hand, a trivial 
binary decision tree has only one node, i.e., the root node. 

Except for the root node, every node of a non-trivial binary decision tree is a 
successor of exactly one other node, called its parent node or successor node. 
There is exactly one path from the root towards any other node of the decision 
tree. Except for the root node, every node of a non-trivial binary decision tree can 
be either a non-terminal or terminal node. 

Non-terminal nodes are also called interior nodes or test nodes. Each test node 
contains a suitable test, called the node splitting test, which produces exactly two 
successor nodes. In particular, if the test of the test node is satisfied, then the deci-
sion tree is directed to the first successor node (left node), otherwise it is directed 
to the second successor node (right node). 

Nodes that have no successor nodes are called terminal nodes. These nodes 
classify the case analyzed into one of the two classes. 
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Fig. 4.2 a Hypothetical decision tree; b geometric interpretation of that decision tree 
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Table 4.1 Decision rules of the decision tree of Fig. 4.2 

Node Decision rule 

2 
1 1If class1A V≤ ⇒  

4 
1 1 2 2If and class1A V A V> ≤ ⇒   

5 
1 1 2 2If and class 2A V A V> > ⇒  

 
Figure 4.2 illustrates a hypothetical decision tree and its geometric interpreta-

tion in its attribute space. At each test node, the number of examples that belongs 
to each one of the two classes as well as the suitable test are given. Each terminal 
node is labeled class 1 or class 2, depending upon the majority class of its learning 
examples. In Fig. 4.2,  denotes the number of learning examples of node 1 that 

belong to class i  with , and  (respectively ) denotes the number of 
learning examples of node 2 (respectively node 3) that belong to class i  and ver-
ify (respectively do not verify) the test of node 1. In order to classify an example, 
one starts at the top node and applies sequentially the dichotomous tests encoun-
tered to select the appropriate successor. When a terminal node is reached, the 
output information (class) stored there is retrieved. Thus, at the terminal node 2 of 
the decision tree of Fig. 4.2, the majority of the learning examples belongs to class 
1, i.e., , while the ideal situation would be all the learning examples to be-

long to class 1, i.e., . 

in

{1, 2}i ∈ y
in n

in

1 2
ynyn >

2 0yn =
The decision tree of Fig. 4.2 comprises only five nodes: two test nodes and 

three terminal nodes. Nodes 1 and 3 are test nodes. Nodes 2, 4, and 5 are terminal 
nodes. The number of decision rules that can be extracted from a decision tree is 
equal to the number of its terminal nodes. Thus, the decision tree of Fig. 4.2 pro-
duces three decision rules, and using these rules, each example of the database is 
classified either in class 1 or in class 2. These decision rules are shown in Table 
4.1. 

4.5.4 Top Down Induction 

Inductive inference is a subfield of automatic learning concerned with the auto-
matic design of rules similar to those used by human experts, e.g., if-then rules. 
We will describe only top down induction of decision trees (TDIDT), which is one 
of the most successful classes of such methods (Breiman et al. 1984; Quinlan 
1993). 

The goal of TDIDT is to produce an as simple as possible tree, providing a 
maximum amount of information about the classification of the learning exam-
ples. For instance, the objective of the initial version of ID3 (interactive dichoto-
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N

mizer) method was to build the simplest tree of minimum classification error rate 
in the learning set (Quinlan 1993). 

The process of decision tree building aims at producing a near optimal decision 
tree that reaches a good compromise between complexity (i.e., number of nodes) 
and classification accuracy. 

The decision tree building generally decomposes into two subtasks (Wehenkel 
1998): 

1. Tree growing. This aims at deriving the tree structure and tests. During tree 
growing, the test nodes of the tree are progressively developed, by choosing 
appropriate tests that separate the learning examples of each node into two sub-
sets as class-pure as possible, i.e., with the majority of the learning examples 
belonging to one of the two classes. The recursive tree growing algorithm starts 
with the complete learning set at the top node of the tree. At each step a test is 
selected that splits the current set of examples into subsets, corresponding to 
the current node’s successors. This process stops when no further nodes need to 
be developed. This is a locally rather than globally optimal hill-climbing search 
that leads to an efficient algorithm, the computational complexity of which is at 
most of order , where  is the number of learning examples, and of 
order n , where  is the number of candidate attributes (Wehenkel 1998). Dur-
ing tree growing, two rules are needed: 

log⋅N N
n

– Optimal splitting rule. This defines the criterion and search procedure in 
order to choose the best candidate test to split the current node. 

– Stop splitting rule. This allows one to decide whether one should further 
develop a node, depending on the information provided in the current 
learning subset 

2. Tree pruning. It aims at determining the appropriate complexity of a decision 
tree. Too large trees will over-fit the data, whereas too small trees will under-
exploit the information contained in the learning set. Therefore, some smooth-
ing strategy is required to control the complexity of the tree and ensure that the 
learning samples at its terminal nodes remain sufficiently representative. For 
that purpose, various tree pruning methods have been proposed (Henrichon and 
Fu 1969; Friedman 1977; Rounds 1980; Breiman et al. 1984; Kononenko et al. 
1984; Quinlan 1986, 1987; Mingers 1989; Wehenkel et al. 1989a’ Wehenkel 
1993). 
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4.5.5 Optimal Splitting Rule 

The optimal splitting rule consists of a search for a locally optimal test maximiz-
ing a given score function. This implies finding for each candidate attribute its 
own optimal split and identifying the attribute that is, overall, optimal. 

The optimal splitting rule is an important part of the tree building algorithm, 
which is composed of the following steps (Wehenkel et al. 1989b; Wehenkel and 
Pavella 1991): 

1. Starting at the root node of the tree, with the list of candidate attributes and 
with the whole learning set, the learning examples are analyzed in order to se-
lect a test that allows a maximum increase in purity or, equivalently, which 
provides a maximum amount of information about their classification. The se-
lection proceeds in two steps: 

a. For each attribute, say , it finds the optimal test on its values, i.e., 
the test with the maximum score by computing and comparing the 
score of this candidate attribute on its values for the different learning 
examples. In our case of ordered numerical attributes, this step pro-
vides an optimal threshold value  and defines the test: 

ia

*
iu

      (4.9) * ?≤i ia u

b. Among the different candidate attributes, it chooses the optimal at-
tribute, , i.e., the one with the maximum score, along with its opti-
mal value, , to split the node. 

*a
*u

In short, step 1.b defines the optimal attribute and step 1.a its optimal 
threshold value. 

2. The selected test is applied to the learning set of the node and splits it into two 
subsets, corresponding to the two successors of the node. Starting with the root 
node of the tree and the entire learning set, the two subsets: 

 { * *∈ ≤vk
YLS LS a u }  (4.10) 

 { * *∈ >vk
NLS LS a u }  (4.11) 

correspond to the two successors of the root node. 

3. The successors are labeled terminal or not on the basis of the stop splitting rule 
described in Sect. 4.5.6. 
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4. For the non-terminal nodes, the overall procedure is called recursively in order 
to build the corresponding subtrees. 

5. For the terminal nodes, the class label of the majority class is attached. 

In addition to the above tree building algorithm, we need to specify the evalua-
tion function or score used to select the best split. This score is calculated from the 
normalized information gain ((4.31) presented in the following) provided by a 
candidate partition at a node (Wehenkel 1998). 

Each node  of the decision tree possesses a subset of learning examples with 
the following characteristics: 

n

nE : the learning examples subset of node  of the decision tree n
N : size (number of learning examples) of  nE

1n : number of learning examples in  that belong to class 1 nE

2n : number of learning examples in  that belong to class 2 nE
The relative frequencies  and  of the learning examples of node  that be-

long to class 1 and class 2, respectively, will be: 
1f 2f n

 1
1

1 2

1= =
+
n

f
n n N

n
, (4.12) 

 2
2

1 2

= =
+
n

f
n n N

2n
. (4.13) 

The prior classification entropy estimated in the subset  at node  with re-
spect to the class partition of the learning examples of  is calculated by: 

nE n

nE

 1 2 1 2 2 2( ) ( log log )= − ⋅ + ⋅C nH E f f f f . (4.14) 

The prior classification entropy, ( )C nH E , is a measure of class purity of node 
subset  and, consequently, of the uncertainty of the classification of a learning 
example by this node. The following relations hold for 

nE
( )C nH E : 

 0 ( ) 1≤ ≤c nH E , (4.15) 

 , (4.16) 1 2 1 2( ) 0 ( 1 and 0) or ( 0 and 1)c nH E f f f f= ⇔ = = = =

 . (4.17) 1 2( ) 1 0.5c nH E f f= ⇔ = =
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Equation 4.16 shows that ( ) 0c nH E =  corresponds to a perfectly pure subset 

(i.e., all the learning examples of the subset  belong either to class 1 or to class 
2), whereas (4.17) indicates that 

nE
( ) 1c nH E =  corresponds to maximum uncertainty 

(i.e., 50% of the learning examples of the subset  belong to class 1 and the re-
maining 50% belong to class 2). 

nE

A test T  is defined at node  as: n

 , (4.18) : ≤iT A t

where iA  is the value of attribute  of a particular learning example and t  is a 
threshold value. 

i

By applying the test T  to all learning examples of node ,  is split into two 
subsets  and : 

n nE

nYE nNE

 , (4.19) { learning examples : }= ∈nY n iE ≤E A t
>E A t . (4.20) { learning examples : }= ∈nN n iE

Let us denote as  and Yn Nn  the number of learning examples in subsets  
and , respectively. We also denote as  and  the number of learning ex-
amples in subset  that belong to class 1 and class 2, respectively. In addition, 
we denote as 

nYE

nNE 1Yn 2Yn

nYE

1Nn  and 2Nn  the number of learning examples in subset  that 
belong to class 1 and class 2, respectively. The corresponding frequencies are: 

nNE

 and= = = =
+ +

N NY Y
Y N

Y N Y N

n nn n
f f

n n N n n N
, (4.21) 

 1 1 2
1 2

1 2 1 2

and= = = =
+ +
Y Y Y

Y Y
Y Y Y Y Y Y

n n n n
f f

n n n n n n
2Y , (4.22) 

 1 1 2
1 2

1 2 1 2

andN N N
N N

2N

N N N N N N

n n n n
f f

n n n n n n
= = = =

+ +
. (4.23) 

The entropy of  with respect to the partition induced by T  is: nE

 2( ) ( log log )= − ⋅ + ⋅T n Y Y N N2H E f f f f . (4.24) 

( )T nH E  is a measure of the uncertainty of the outcome of test T  and has simi-
lar properties to ( )C nH E : 
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1 0 ( )≤ ≤T nH E , (4.25) 

 , (4.26) ( ) 0 ( 1 and 0) or ( 0 and 1)T n Y N Y NH E f f f f= ⇔ = = = =

 . (4.27) ( ) 1 0.5T n Y NH E f f= ⇔ = =

The mean conditional entropy or posterior classification entropy of , given 
the outcome of test T , corresponds to residual entropy after the application of  
and is defined as: 

nE
T

 ( ) ( ) (= ⋅ + ⋅C n Y C nY N C nNH E T f H E f H E ) . (4.28) 

The information gained from the application of test T  is expressed by the re-
duction achieved in the learning subset entropy: 

 ( ; ) ( ) ( )= −n C n C nI E T H E H E T . (4.29) 

The following relation holds: 

 0 ( ) ( ) 0 ( ; ) (≤ ≤ ⇔ ≤ ≤C n C n n C n )H E T H E I E T H E . (4.30) 

A more objective (less biased) estimator of the merit of test is provided by 
the normalized information gain or score measure, defined as (Wehenkel 1998): 

T

 
2 ( ; )

( ; ) [0, 1]
( ) ( )

⋅
∈

+
n

n
C n T n

I E T
SCORE E T

H E H E
. (4.31) 

Equation 4.31 defines the score measure to select the best split during the tree 
building algorithm. 

4.5.6 Stop Splitting Rule 

The stop splitting rule aims at detecting two types of nodes: 

1. Leaf node. A node is LEAF if it corresponds to a pure enough learning subset, 
i.e., if the classification entropy of the node is lower than a minimum preset 
value minH : 

 . (4.32) minIf ( ) LEAF< ⇒C nH E H
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ˆ
crA

Area = α

ˆ( )F A

Â0  

Fig. 4.3  probability density function of 2χ Â  with one degree of freedom 

2. Deadend node. A node is DEADEND if the optimal split found at that node 
leads to a score that is not significantly larger than zero (in the statistical sense). 

Deadend detection amounts to applying a hypothesis test to the information 
quantity. More precisely, under the hypothesis of zero score, the quantity: 

 ˆ 2 ln 2 ( ;= ⋅ ⋅ ⋅ n )A N I E T , (4.33) 

is distributed according to a squareχ −  ( 2χ ) distribution with one degree of free-
dom, where  is the number of learning examples of . Figure 4.3 sketches 
such a  probability density function. 

N nE
squareχ −

Thus, the deadend detection rule amounts to fixing a priori a value of the non-
detection risk  of the hypothesis test, and to comparing the value of a Â  obtained 
for the optimal test, with the threshold va e ˆ

crlu A  obtained fro  the 2χ  
distribution table. For example, using a v 0.0001

m
alue of =a  (a good choice in 

practice) yields a thresho ˆ .2=crA . If ˆld value 15 A  is smaller than or equal to the 

tabulated value ˆ
crA  the node will become a deadend: 

 . (4.34) ˆ ˆIf DEADEND≤ ⇒crA A

On the other hand, if ˆ ˆ> crA A , then the node is split into two successor nodes. 
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Fig. 4.4 Flowchart of decision tree building algorithm 
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The stop splitting rule is the most efficient way to avoid over-fitting in decision 

trees. It is easy to understand, and allows, in general, a reduction in tree size by a 
factor of 2 to 3, and in computational burden by a factor of 2. All in all, it in-
creases the interpretability and the accuracy of decision trees. 

4.5.7 Overview of Decision Tree Building Algorithm 

The parameters involved in the tree building algorithm are: 

• minH : the minimum node entropy, below which the node is declared a leaf. 

• : the assumed risk level. a

The values of the above parameters are defined before starting the tree building 
procedure. The risk level affects the structure of the decision much more than the 
minimum node entropy. 

Figure 4.4 shows the flowchart of the decision tree building algorithm. The 
steps followed by the tree building algorithm are summarized in the following: 

1. The procedure starts from the top node with the whole learning set. 

2. It is examined if the node should be further split by applying the stop splitting 
rule: 

– If the node subset is sufficiently class-pure ⇒ LEAF node. 

– If the node subset is not sufficiently class-pure ⇒ proceed to Step 3. 

3. Selection of the optimal splitting test (optimal splitting rule): 

– Selection of the test T  that divides the learning examples of the node into 
two subsets, mostly purified. 

4. Statistical significance testing of the optimal test: 

– If the measured information gain is statistically significant ⇒ test node. 
Proceed to Step 5. 

– If there is no statistically significant way to expand the node ⇒ 
DEADEND node. 

5. Splitting of the node: 

– Two successor nodes are created, corresponding to the two learning sub-
sets for the optimal splitting test. 

6. Steps 2 to 5 are recursively applied to the successor nodes. 
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Table 4.2 Learning set for the Example 4.1 

LEC 1I  2I  1O  LEC 1I  2I  1O  

1 0.32 0.41 NA 14 0.38 0.34 NA 

2 0.62 0.42 NA 15 0.62 0.34 A 

3 0.86 0.41 A 16 0.38 0.32 NA 

4 0.62 0.39 A 17 0.62 0.32 A 

5 0.86 0.39 A 18 0.38 0.31 NA 

6 0.32 0.37 NA 19 0.62 0.31 A 

7 0.32 0.48 NA 20 0.62 0.31 A 

8 0.86 0.37 A 21 0.62 0.37 A 

9 0.32 0.36 NA 22 0.62 0.29 A 

10 0.38 0.36 NA 23 0.62 0.35 A 

11 0.32 0.34 NA 24 0.86 0.29 A 

12 0.38 0.34 NA 25 0.62 0.39 A 

13 0.62 0.34 A     

4.5.8 Example 4.1 

The quality (output ) of an industrial design process is classified as acceptable 
(A) or non-acceptable (NA) and is described by two attributes (input parameters) 

1O

1I  and 2I . Table 4.2 presents the 25 learning examples of the learning set for the 
above industrial design process. In Table 4.2, LEC denotes the learning example 
code. 

1. Describe the process to find the optimal splitting test for node 1. 

2. Using appropriate decision tree software with the parameters 0.0001=a  and 
, we find that the optimal splitting test for node 1 is . 

We also see that the decision tree has in total three nodes. Design the decision 
tree for this learning set. 

min 0.1=H 1 0.3848≤I

3. Calculate the classification success rate of the decision tree on the learning set. 

4. Compute the information and the score of the optimal splitting test  
for node 1. 

1 0.3848≤I
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Solution 

1. Initially, the candidate threshold values for each one of the two attributes are 
computed by dividing the interval between the minimum and the maximum 
value of each attribute into a constant number of, say, 50 equal sub-intervals. 

Node 1 contains the whole learning set. 
The attribute 1I  varies from 0.32 (minimum value) to 0.86 (maximum value), 

as can be seen from Table 4.2. If we divide the interval [0.32, 0.86] into 50 equal 
sub-intervals, the step is: 

1
0.86 0.32_ 0.0108

50
−

= =Step I . 

As a result, the 51 candidate threshold values  for attribute 1t 1I  are: 

1 {0.3200, 0.3200 0.0108, 0.3200 2 0.0108, ..., 0.8600}= + + ⋅t ⇒  

1 {0.3200, 0.3308, 0.3416, ..., 0.8600}=t . 

Consequently, the 51 candidate tests for attribute 1I  are: 

1 0.3200≤I , 

1 0.3308≤I , 

1 0.3416≤I , 

… 

1 0.8600≤I . 

The attribute 2I  varies from 0.29 (minimum value) to 0.48 (maximum value), 
as can be seen from Table 4.2. If we divide the interval [0.29, 0.48] into 50 equal 
sub-intervals, the step is: 

2
0.48 0.29_ 0.0038

50
−

= =Step I . 

As a result, the 51 candidate threshold values  for attribute 2t 2I  are: 

2 {0.2900, 0.2900 0.0038, 0.2900 2 0.0038, ..., 0.4800}= + + ⋅t ⇒  
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2 {0.2900, 0.2938, 0.2976, ..., 0.4800}=t . 

Consequently, the 51 candidate tests for attribute 2I  are: 

2 0.2900≤I , 

2 0.2938≤I , 

2 0.2976≤I , 

… 

2 0.4800≤I . 

Next, for each one of the above 51 candidate tests for attribute 1I  and the 51 
candidate tests for attribute 2I  we calculate the score using (4.31). Finally, the op-
timal splitting test is the one with the highest score. 

2. Node 1 has the whole learning set, which has 14 acceptable and 11 non-
acceptable learning samples (as can be seen from Table 4.2), so the acceptabil-
ity index of node 1 is 14/25, or 0.56. 

Node 1 has the whole learning set of Table 4.2. It is given that the optimal 
splitting test for node 1 is 1 0.3848≤I . Using the optimal test 1 0.3848≤I  of node 
1, its two successor nodes 2 and 3 are created as follows: 

– Node 2 is composed of the 10 learning examples with LEC 
 of the learning set of Table 4.2 that verify 

the test . All these 10 learning examples are of non-acceptable 
quality, so the classification entropy of node 2 is 

{1, 6, 7, 9, 10, 11, 12, 14, 16, 18 }

1 0.3848≤I
(node 2) 0.0=CH  ((4.16) 

was used). Since min(node 2) <CH H , node 2 is LEAF according to (4.32). 
The acceptability index, i.e., the ratio of acceptable learning examples to 
total learning examples of node 2 is 0.0, since all learning examples are of 
non-acceptable quality. 

– Node 3 is composed of the remaining 15 learning examples with LEC 
of the learning set of Ta-

ble 4.2 that do not verify the test 
{ 2, 3, 4, 5, 8, 13, 15, 17, 19, 20, 21, 22, 23, 24, 25 }

1 0.3848≤I . Among these 15 learning 
examples, only the learning example with code 2 is of non-acceptable 
quality, while the remaining 14 learning examples are of acceptable qual-
ity, so the acceptability index of node 3 is 14/15 or 0.9333. The classifica-
tion entropy of node 3 is: 
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Fig. 4.5 Decision tree for the Example 4.1 
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Fig. 4.6 Notation of the decision tree nodes 

2 2
14 14 1 1(node 3) log log 0.3534
15 15 15 15

⎡ ⎤= − ⋅ + ⋅ =⎢ ⎥⎣ ⎦
CH . 

At this point we see that min(node 3) >CH H , which means that node 3 is either 
DEADEND or node 3 has to be split into two new nodes. However, since it is 
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given that the decision tree has in total three nodes, the conclusion is that node 3 is 
of DEADEND type. 

Figure 4.5 shows the decision tree. The notation used for the decision tree 
nodes is explained in Fig. 4.6. 

3. Only the learning example with code 2 is incorrectly classified by the decision 
tree of Fig. 4.5. More specifically, since the learning example with code 2 has 

, i.e., , we are led to node 3 that corresponds to acceptable 
quality, since the acceptability index of node 3 is 93.33%, i.e., greater than 
50%. However, the learning example with code 2 is of non-acceptable quality 
as can be seen from Table 4.2. 

1 0.62=I 1 0.3848>I

All the other learning examples of Table 4.2 are correctly classified, which 
means that the decision tree of Fig. 4.5 classifies correctly 24 out of the 25 learn-
ing examples, i.e., the decision tree classification success rate is 24/25 or 96%. 

4. Since the 14 learning examples of node 1 are of acceptable quality and the re-
maining 11 are of non-acceptable quality, the classification entropy of node 1 
is: 

2 2
14 14 11 11(node 1) log log 0.9896
25 25 25 15

⎡ ⎤= − ⋅ + ⋅ =⎢ ⎥⎣ ⎦
CH . 

Because all the learning examples of node 2 are of acceptable quality, the en-
tropy of node 2 with respect to the partition induced by test T  ( 1 0.3848≤I ) is: 

(node 2) 0.0=TH . 

Since 14 of the 15 learning examples of node 3 are of acceptable quality, the 
entropy of node 3 with respect to the partition induced by test T  is: 

2 2
14 14 1 1(node 3) log log 0.3534
15 15 15 15

⎡ ⎤= − ⋅ + ⋅ =⎢ ⎥⎣ ⎦
TH . 

Since node 2 has 10 learning examples and node 3 is composed of 15 learning 
examples, the mean conditional entropy of node 1, given the outcome of test T , 
is: 

10 15(node1 ) (node 2) (node 3)
25 25C T TH T H H= ⋅ + ⋅ ⇒  

10 15(node1 ) 0.0 0.3534 (node1 ) 0.2120
25 25C CH T H T= ⋅ + ⋅ ⇒ = . 
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The information gained from the application of test T at node 1 is: 

(node 1; ) (node 1) (node 1 ) 0.9896 0.2120= − = −C CI T H H T ⇒  

(node 1; ) 0.7776=I T . 

The entropy of node 1 with respect to the partition induced by T  is: 

2 2
10 10 15 15(node 1) log log 0.9710
25 25 25 15

⎡ ⎤= − ⋅ + ⋅ =⎢ ⎥⎣ ⎦
TH . 

The score of test T at node 1 is: 

2 (node 1; ) 2 0.7776(node 1; ) 0.7932
(node 1) (node 1) 0.9896 0.9710

⋅ ⋅
= =

+ +C T

I TSCORE T
H H

= . 

At this point we can confirm that node 1 is a test node by applying the stop 
splitting rule. We have: 

ˆ 2 ln 2 (node 1; ) 2 25 ln 2 0.7776 26.95= ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ =A N I T . 

Since 0.0001=a , from the 2χ  distribution table it is determined that 

, and because ˆ 15.2=crA ˆ ˆ> crA A , node 1 is split into two successor nodes. 

4.5.9 Example 4.2 

The quality (output ) of an industrial design process is classified as acceptable 
(A) or non-acceptable (NA) and is described by two attributes (input parameters) 

1O

1I  and 2I . Table 4.3 presents the 40 learning examples of the learning set for the 
above industrial design process. In Table 4.3, LEC denotes the learning example 
code. 

Using appropriate decision tree software with parameters 0.0001=a  and 
, we find that the decision tree has in total five nodes, of which two are 

test nodes. The software also gives that the optimal splitting test for node 1 is 
, while the optimal splitting test for the second test node is 

. 

min 0.1=H

2 155.680≤I

1 36.952≤I
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Table 4.3 Learning set for the Example 4.2 

LEC 
1I  2I  1O  LEC 

1I  2I  1O  

1 34.1 154.4 NA 21 36.7 156.7 A 

2 34.2 154.4 NA 22 36.7 156.7 A 

3 34.3 154.4 NA 23 36.7 156.3 A 

4 34.1 154.4 NA 24 36.7 156.3 A 

5 34.1 154.4 NA 25 36.7 156.3 A 

6 34.1 152.4 NA 26 36.7 156.7 A 

7 34.1 152.4 NA 27 36.9 156.7 A 

8 34.1 153.4 NA 28 36.9 156.7 A 

9 34.1 153.4 NA 29 36.9 156.7 A 

10 34.1 153.4 NA 30 36.9 156.7 A 

11 34.1 153.4 NA 31 36.9 156.4 A 

12 34.1 152.4 NA 32 36.9 156.4 A 

13 36 155.6 NA 33 36.9 156.4 A 

14 36.2 155.2 NA 34 37.2 156.7 NA 

15 36.3 155.2 NA 35 37.2 156.7 NA 

16 36.4 155.2 NA 36 37.2 156.7 NA 

17 36.9 155.2 NA 37 37.2 156.7 NA 

18 36.7 156.7 A 38 37.2 156.7 NA 

19 36.7 156.7 A 39 37.2 156.7 NA 

20 36.7 156.7 A 40 37.2 156.7 NA 

 

1. Design the decision tree for this learning set. 

2. Compute the classification success rate of the decision tree on the learning set. 

3. Compute the information of the optimal splitting test 2 155.680≤I  for node 1. 

4. Calculate the information of the optimal splitting test 1 36.952≤I  for the sec-
ond test node. 

5. Compute the total information of the decision tree. 
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Solution 

1. Node 1 has the whole learning set, which has 16 acceptable and 24 non-
acceptable learning samples, so the acceptability index of node 1 is 16/40, or 
0.4. 

Node 1 has the whole learning set of Table 4.3. The optimal splitting test for 
node 1 is . Using the optimal test 2 155.680≤I 2 155.680≤I  of node 1, its two 
successor nodes 2 and 3 are created as follows: 

– Node 2 is composed of the 17 learning examples with LEC {1, 2, 3, 4, 5, 6, 
7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17} of the learning set of Table 4.3 that 
verify the test . All these 17 learning examples are of non-
acceptable quality, so the classification entropy of node 2 is 

. Since 

2 155.680≤I

(node 2) 0.0=CH min(node 2) <CH H , node 2 is LEAF according 
to (4.32). The acceptability index, i.e., the ratio of the acceptable learning 
examples over the whole learning examples of node 2 is 0.0, since all 
learning examples are of non-acceptable quality. 

– Node 3 is composed of the remaining 23 learning examples with LEC {18, 
19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 
39, 40} of the learning set of Table 4.3 that do not verify the test 

2 155.680≤I . Among these 23 learning examples, the seven learning ex-
amples with LEC {34, 35, 36, 37, 38, 39, 40} are of non-acceptable qual-
ity, while the remaining 16 learning examples are of acceptable quality, so 
the acceptability index of node 3 is 16/23 or 0.6957. The classification en-
tropy of node 3 is: 

2 2
16 16 7 7(node 3) log log 0.8865
23 23 23 23

⎡ ⎤= − ⋅ + ⋅ =⎢ ⎥⎣ ⎦
CH . 

At this point we see that min(node 3) >CH H , which means that node 3 is either 
DEADEND or node 3 has to be split into two new nodes. However, since it is 
given that the decision tree has in total five nodes, the conclusion is that node 3 is 
a test node. 

As we have seen above, node 3 is a test node that has the learning examples of 
Table 4.3 with LEC {18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 
34, 35, 36, 37, 38, 39, 40}. The optimal splitting test for node 3 is . 
Using the optimal test  of node 3, its two successor nodes 4 and 5 are 
created as follows: 

1 36.952≤I

1 36.952≤I

– Node 4 is composed of the 16 learning examples with LEC {18, 19, 20, 21, 
22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33} of the learning set of Table 
4.3 that verify the test 1 36.952≤I . All these 16 learning examples are of 
acceptable quality, so the classification entropy of node 4 is 
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(node 4) 0.0=CH . Since min(node 4) <CH H , node 4 is LEAF according 
to (4.32). The acceptability index of node 4 is 1.0, since all its learning ex-
amples are of acceptable quality. 

– Node 5 is composed of the seven learning examples with LEC {34, 35, 36, 
37, 38, 39, 40} of the learning set of Table 4.3 that do not verify the test 

. All these seven learning examples are of non-acceptable 
quality, so the classification entropy of node 5 is 

1 36.952≤I
(node 5) 0.0=CH . Since 

min(node 5) <CH H , node 5 is LEAF according to (4.32). The acceptability 
index of node 5 is 0.0, since all its learning examples are of non-acceptable 
quality. 

Figure 4.7 shows the decision tree. The notation used for the decision tree 
nodes is explained in Fig. 4.6. 

2. The learning examples with LEC {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 
16, 17} are led to node 2 and are classified as NA (non-acceptable) by the deci-
sion tree of Fig. 4.7, since the acceptability index of node 2 is 0.0. As can be 
seen from Table 4.3, all these 17 learning examples are of NA quality, so all 17 
examples are corrected classified, which means that the classification success 
rate of node 2 is 17/17 or 100%. 

0.6000

1 40

yes

0.0000

2

LEAF

0.6957

3

no

17 23

yes

1.0000

4

LEAF

0.0000

5

LEAF

no

16 7

2 155.680≤I

1 36.952≤I

 

Fig. 4.7 Decision tree for the Example 4.2 
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Similarly, the learning examples with LEC {18, 19, 20, 21, 22, 23, 24, 25, 26, 

27, 28, 29, 30, 31, 32, 33} are led to node 4 and are classified as A (acceptable), 
since the acceptability index of node 4 is 1.0. As can be seen from Table 4.3, all 
these 16 learning examples are of A quality, so all 16 examples are corrected clas-
sified, which means that the classification success rate of node 4 is 16/16 or 100%. 

The learning examples with LEC {34, 35, 36, 37, 38, 39, 40} are led to node 4 
and are classified as NA (non-acceptable), since the acceptability index of node 5 
is 0.0. As can be seen from Table 4.3, all these seven learning examples are of A 
quality, so all seven examples are corrected classified, which means that the clas-
sification success rate of node 5 is 7/7 or 100%. 

From the above it is concluded that the decision tree of Fig. 4.7 correctly classi-
fies all 40 learning examples of the learning set of Table 4.3, so the total classifi-
cation success rate of the decision tree is 40/40 or 100%. 

3. Since the 16 learning examples of node 1 are of acceptable quality and the re-
maining 24 are of non-acceptable quality, the classification entropy of node 1 
is: 

2 2
16 16 24 24(node 1) log log 0.9710
40 40 40 40

⎡ ⎤= − ⋅ + ⋅ =⎢ ⎥⎣ ⎦
CH . 

Because all the learning examples of node 2 are of non-acceptable quality, the 
entropy of node 2 with respect to the partition induced by test  (T 2 155.680≤I ) 
is: 

(node 2) 0.0=TH . 

Since the 16 of 23 learning examples of node 3 are of acceptable quality, the 
entropy of node 3 with respect to the partition induced by test T  is: 

2 2
16 16 7 7(node 3) log log 0.8865
23 23 23 23

⎡ ⎤= − ⋅ + ⋅ =⎢ ⎥⎣ ⎦
TH . 

Since node 2 is composed of 17 learning examples and node 3 has 23 learning 
examples, the mean conditional entropy of node 1, given the outcome of test T , 
is: 

17 23(node1 ) (node 2) (node 3)
40 40C T TH T H H= ⋅ + ⋅ ⇒  

17 23(node1 ) 0.0 0.8865 (node1 ) 0.5097
40 40C CH T H T= ⋅ + ⋅ ⇒ = . 



184 4 Classification and Forecasting 
 
The information gained from the application of test T at node 1 is: 

(node 1; ) (node 1) (node 1 ) 0.9710 0.5097C CI T H H T= − = − ⇒  

(node 1; ) 0.4613=I T . 

4. Since the 16 learning examples of node 3 are of acceptable quality and the re-
maining seven are of non-acceptable quality, the classification entropy of node 
3 is: 

2 2
16 16 7 7(node 3) log log 0.8865
23 23 23 23

⎡ ⎤= − ⋅ + ⋅ =⎢ ⎥⎣ ⎦
CH . 

Because all 16 learning examples of node 4 are of acceptable quality, the en-
tropy of node 4 with respect to the partition induced by test T  ( 1 36.952≤I ) is: 

(node 4) 0.0=TH . 

Because all seven learning examples of node 5 are of non-acceptable quality, 
the entropy of node 5 with respect to the partition induced by test T  
( ) is: 1 36.952≤I

(node 5) 0.0=TH . 

The mean conditional entropy of node 3, given the outcome of test T , is: 

16 7(node 3 ) (node 4) (node 5)
23 23C T TH T H H= ⋅ + ⋅ ⇒  

16 7(node 3 ) 0.0 0.0 (node 3 ) 0.0
23 23C CH T H T= ⋅ + ⋅ ⇒ = . 

The information gained from the application of test T at node 3 is: 

(node 3 ; ) (node 3) (node 3 ) 0.8865 0.0= − = −C CI T H H T ⇒  

(node 3 ; ) 0.8865=I T . 

5. Node 1 has 40 learning examples, so the total information of node 1 is: 



4.6 Artificial Neural Networks 185 
 

node 1 node 140 (node 1; ) 40 0.4613 18.5= ⋅ = ⋅ ⇒ =I I T I . 

Node 3 has 23 learning examples, so the total information of node 3 is: 

node 3 node 323 (node 3 ; ) 23 0.8865 20.4= ⋅ = ⋅ ⇒ =I I T I . 

The total information of the decision tree of Fig. 4.7 is: 

node 1 node 3 18.5 20.4 38.9= + = + ⇒ =tot totI I I I . 

Node 1 possesses 18.5/38.9 or 48% of the information of the decision tree and 
node 3 possesses the rest 52% of decision tree information. 

4.6 Artificial Neural Networks 

4.6.1 Introduction 

The artificial neural network (ANN) or simply neural network is a computer in-
formation processing system that is capable of sufficiently representing any 
nonlinear functions (Haykin 1994). The techniques based on ANNs are especially 
effective in the solution of high-complexity problems for which a traditional 
mathematical model is difficult to build, where the nature of the input/output rela-
tionship is neither well defined nor easily computable. 

The ANN is composed of simple elements, called neurons, operating in paral-
lel. ANNs are inspired by biological nervous systems. As in nature, the ANN 
function is determined largely by the connections between neurons. An ANN can 
be trained to perform a particular function by adjusting the values of the connec-
tions (weights) between neurons. 

Traditional engineering practices suggest that any input/output relationship, re-
gardless of how complex, can be developed from physical principles (e.g., electric 
circuit theory) starting at the individual component level. Unfortunately, there are 
two major problems with this assertion when real problems are considered: 

1. The problem may be so large that an exact mathematical model is not realistic, 
so we use approximate analysis, based on sound engineering assumptions, on a 
regular basis to avoid this problem. 

2. The complexity of the problem may introduce uncertainty for which we must 
generate suitable approximations. 

In either case, the relationship between input and output variables is usually 
only approximately known, and much work is required to generate approximate 
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relationships. ANNs have the ability to automatically learn approximate relation-
ships between inputs and outputs without being overcome by the size and com-
plexity of the problem. These approximate relationships are often superior to those 
generated by engineers because they are usually based on actual inputs and out-
puts (e.g., measured data) and are not biased based on preconceived ideas of engi-
neers. Furthermore, the number of approximation can be gradually reduced as 
more information becomes available. In theory, the input/output relationship 
learned by an ANN can become exact. 

ANNs are used for classification, prediction, and function estimation. 
ANNs offer significant advantages and valuable characteristics that are un-

available elsewhere (Hammerstrom 1993). In particular: 

1. ANNs can infer subtle, unknown relationships from data. This characteristic is 
useful because gathering data does not require explaining it. 

2. ANNs can generalize, meaning that they can respond correctly to new input 
data that are only broadly similar to the original training data. Generalization is 
useful because real-world data is noisy, distorted, and often incomplete. 

3. ANNs are nonlinear, that is, they can solve complex problems more accurately 
than linear techniques do. It should be noted that nonlinear behavior is com-
mon, but can be difficult to handle mathematically. 

4. ANNs contain many identical, independent operations that can be executed si-
multaneously. This is useful because parallel hardware can run ANNs quickly, 
often making them faster than alternative methods. 

4.6.2 Applications to Power Systems 

Artificial neural networks have shown their capabilities in solving real-world 
problems, as reflected by the growing number of publications on their applications 
to power system problems (Sobajic and Pao 1989; Santoso and Tan 1990; Park et 
al. 1991; Peng et al. 1992; Papalexopoulos et al. 1994; Piras et al. 1996; Halpin 
and Burch 1997; Gubina and Halilcevic 1998; Halilcevic and Gubina 1999; Am-
jady and Ehsan 1999; Szkuta et al. 1999; Chen and Maun 2000; Naresh and 
Sharma 2000; Jensen et al. 2001; Hippert et al. 2001; Jain et al. 2003; Stankovic et 
al. 2003; Halilcevic et al. 2003; Guo and Luh 2004; Gerbec et al. 2005; Thalassi-
nakis et al. 2006; Huang and Wang 2007; Georgilakis 2007), and electrical ma-
chines (Mohammed et al. 1992; Hoole 1993; Hoole and Haldar 1995; Wishart and 
Harley 1995; Filippeti et al. 1995; Tsekouras et al. 2001; Kiartzis and Kladas 
2001), to name only a few. 

In transformer engineering, in particular, ANNs have been applied for the 
evaluation of transformer technical characteristics (Georgilakis et al. 1998, Geor-
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gilakis et al. 1999, Georgilakis 2000, Nussbaum et al. 2000; He et al. 2000; Geor-
gilakis et al. 2001; Yu et al. 2001; Mao and Aggarwal 2001; Adly 2001; Doulamis 
et al. 2002; Khorashadi-Zadeh and Sanaye-Pasand 2006; Georgilakis and 
Amoiralis 2007; Amoiralis et al. 2007; Rebizant and Bejmert 2007) as well as for 
transformer fault diagnosis (Perez et al. 1994; Zhang et al. 1996; Pihler et al. 
1997; Zaman and Rahman 1998; Wang et al. 1998; Yang and Huang 1998; Orille-
Fernandez et al. 2001; Farag et al. 2001; Guardado et al. 2001; Yang et al. 2001; 
Huang and Huang 2002; De and Chatterjee 2002; Huang 2003; Wang 2005; 
Miranda and Castro 2005; Castro and Miranda 2005; Segatto and Coury 2006; 
Pylvanainen et al. 2007; Hao and Cai-Xin 2007). 

4.6.3 ANN Types 

Many different ANN types are described in the literature (Haykin 1994). The main 
types of ANN that that have been used in power systems are classified as follows, 
with an approximate percentage of all reported applications given in parentheses 
following each major category (El-Sharkawi and Niebur 1996): 

1. Multilayer perceptrons (81.2%): 

– Three-layer neural networks 

– Four-layer neural networks 

– Recurrent neural networks 

– Functional-link networks 

– Radial basis function neural networks 

– Fuzzy neural networks 

2. Hopfield networks (5.4%): 

– Boltzman machine 

– Gaussian machine 

– Chaotic neural networks 

3. Kohonen networks (8.3%): 

– Rectangular (two-dimensional) grid networks 

– Hexagonal (two-dimensional) grid networks 

4. Other networks (5.1%). 
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In this chapter, we concentrate on the design, construction, and application of 

three-layer and four-layer neural networks, due to their very widespread applica-
tion. 

4.6.4 Neuron Mathematical Model 

The basic element in an ANN is called a neuron and its mathematical model is de-
picted in Fig. 4.8. It can be seen from Fig. 4.8 that one neuron can accept at its in-
put  inputsn 1x , 2x , …, nx  and one input for the bias b  and produces one output 

. The bias b  of the neuron can be either non-zero or zero. y
As can be seen from Fig. 4.8, each one of the  inputsn 1x , 2x , …, nx , has a 

corresponding weight , , …, , respectively. The total input  of the neu-
ron is calculated as follows: 

1w 2w nw z

 1 1 2 2 ...= ⋅ + ⋅ + + ⋅ +n nz w x w x w x b . (4.35) 

The output  of the neuron is calculated as follows: y

 1 1 2 2( ) ( ... )= = ⋅ + ⋅ + + ⋅ +n ny f z f w x w x w x b . (4.36) 

The function  is called the activation function or the transfer function. Two 
typical activation functions that are usually used in ANNs are the sigmoid transfer 
function: 

f

 1( ) logsig( )
1 zf z z

e−≡ =
+

, (4.37) 

Σ
 .
.
.

b

fz y

neuron

xn

x1

x2

w1

w2

wn

 

Fig. 4.8 Mathematical model for neuron 
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Fig. 4.9 Sigmoid and tan-sigmoid transfer functions 

and the tan-sigmoid transfer function: 

 2
2( ) tansig( ) 1

1 zf z z
e− ⋅≡ =

+
− . (4.38) 

These two transfer functions are shown in Fig. 4.9. The above two transfer 
functions introduce a nonlinearity to the neurons that further enhances the neural 
network ability to model complex functions. 

4.6.5 ANN Architectures 

A multilayer neural network is constructed by combining neurons in series and 
parallel. A small three-layer ANN is shown in Fig. 4.10. As is evident in Fig. 4.10, 
an ANN consists of multiple series connections (from left to right in Fig. 4.10) of 
multiple parallel connections (from top to bottom in Fig. 4.10). A layer is defined 
to be a set of parallel (top to bottom in Fig. 4.10) connected neurons or nodes. 
Data enters the neural network through the input layer. The nodes in the input 
layer are passive, not computational, i.e., each node simply broadcasts a single 
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data value over weighted connections to the hidden nodes. The hidden layer and 
the output layer are identical in both form and functionality, and it is these layers 
that give the ANN its ability to learn complex nonlinear relationships between in-
puts and outputs. The mathematical model of each hidden and output neuron is the 
one depicted in Fig. 4.8. 

The neural network of Fig. 4.10 has three neurons in the input layer, three neu-
rons in the hidden layer, and two neurons in the output layer, and is said to be a 
neural network with architecture 3 3 2− − , from the number of input, hidden, and 
output neurons, respectively. The neural network of Fig. 4.10 has 3 3 9⋅ =  connec-
tions between the three input and the three hidden neurons and 3 2 6⋅ =  connec-
tions between the three hidden and the two output neurons. This means that the 
neural network of Fig. 4.10 has in total 15 connections. A weight value ,pj qkw  cor-
responds to each connection that links the neuron  of layer  with the neuron q  
of layer . It is supposed that the hidden and output neurons of the ANN of Fig. 
4.10 have zero bias value. Moreover, it is assumed that the sigmoid transfer func-
tion is used in the hidden and output neurons of the ANN of Fig. 4.10. 

p j
k

Figure 4.11 shows the input and output signals of the second neuron of the sec-
ond layer (hidden layer) that correspond to the ANN of Fig. 4.10. The total input, 

22INP , of the second neuron of the second layer is: 
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Fig. 4.10 A three-layer neural network with architecture 3-3-2 
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Fig. 4.11 Input/output signals of the second neuron of the second layer for the ANN of Fig. 
4.10 

 22 11,22 1 21,22 2 31,22 3= ⋅ + ⋅ + ⋅INP w x w x w x . (4.39) 

Since in the hidden and output layers the sigmoid transfer function is used, the 
output, , of the second neuron of the second layer is: 22OUT

 
2222

1
1 −=

+ INPOUT
e

. (4.40) 

The input/output signals of the remaining hidden and output neurons of the 
ANN of Fig. 4.10 are similarly produced. 

4.6.6 ANN Training 

The major justification for the use of ANNs is their ability to learn relationships in 
complex data sets that may not be easily perceived by engineers. An ANN per-
forms this function as a result of training that is a process of repetitively present-
ing a set of training data (typically a representative subset of the complete set of 
data available) to the network and adjusting the weights so that each input data set 
produces the desired output. 

There are a number of methods that can be used to adjust the weights in an 
ANN. Generally speaking, there are two categories of methods: (1) unsupervised 
and (2) supervised learning. Unsupervised learning is a learning process that re-
quires only input pairs to be included in the training set (learning set). On the other 
hand, supervised learning is a learning process that requires both input/output 
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pairs to be included in the training set. Unsupervised learning can be characterized 
as a fast, but potentially inaccurate, method of adjusting the weights. On the other 
hand, supervised learning typically requires longer learning times and can be more 
accurate. There is no way to tell beforehand which learning method will work best 
for a given application. For this reason, we concentrate on the very popular super-
vised learning approach based on the backpropagation training algorithm, which 
has been shown to produce good results for a large number of different problems 
(El-Sharkawi and Niebur 1996). 

The backpropagation training algorithm is a method of iteratively adjusting the 
neural network weights until the desired accuracy level is achieved. It is based on 
a gradient-search optimization method applied to an error function. Typical error 
functions include the mean square error shown in (4.41), where  is the total 
number of input/output pairs (which can be vector quantities) used for training: 

N

 
2

forecast, actual,
1

1

=

⎡= ⋅ −⎣∑
N

i
i

mse OUT OUT
N

⎤⎦i

,

, (4.41) 

where  and  are the output forecast by the neural network and 
the actual (desired) output, respectively, of the ith training example. The set of   
training examples (input/output pairs) defines the training set or learning set. For 
best results, the training set should adequately represent all expected variations in 
the complete set of data. 

forecast,iOUT actual,iOUT
N

A recursive algorithm for adjusting the weights can be developed, such that the 
error defined by (4.41) is minimized. The equations (4.42) and (4.43) are recursive 
training equations based on the generalized delta rule (Wasserman 1989; Pao 
1989; Kosko 1993) and the corresponding algorithm is called gradient descent 
backpropagation: 

 , ( 1) ( )pj qk qk pj pj qkw n lr OUT m w nδ∆ + = ⋅ ⋅ + ⋅ ∆ , (4.42) 

 , (4.43) , , ,( 1) ( ) ( 1)+ = + ∆ +pj qk pj qk pj qkw n w n w n

where: 
n  : the number of the current iteration of the training algorithm 

, ( )pj qkw n  : the value of the weight that connects the neuron  of layer  
with the neuron  of layer k  during the iteration n  

p j
q

, ( )∆ pj qkw n  : the variation in the value of the weight  during the 
iteration  

, ( )pj qkw n
n

qkδ  : the value of δ  (delta coefficient) for the neuron  of layer  q k

pjOUT  : the output for the neuron  of layer  p j

lr  : the learning rate 
m  : the momentum 
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The value of δ  is calculated differently depending on the specific location of 

the weight under consideration: (4.44) is the formula for calculating δ  for any 
weight connected from a hidden layer neuron to an output layer neuron: 

 actual
2 (1 ) ( )qk qk qk qk qkOUT OUT OUT OUT
N

δ = ⋅ ⋅ − ⋅ − , (4.44) 

where layer  is the output layer,  is the actual (desired) output of any 
neuron  of the output layer , and  is the number of training examples of the 
training set. The values  in (4.44) are known from the training set. The 
calculated output of the network is compared to the actual value to generate an er-
ror signal. The error signal is propagated back through the neural network to ad-
just the weights, as shown in (4.42) and (4.43). 

k actual qkOUT
q k N

actual qkOUT

For neurons in any other than an output layer, however, an error value is not di-
rectly obtainable because no desired output value is given for these internal neu-
rons as a part of the training set. The error values for any neurons other than the 
output neurons are calculated as weighted sums of the output layer errors: 

 ,
1

(1 )
Q

pj pj pj qk pj
q

OUT OUT wδ
=

= ⋅ − ⋅ ⋅∑ qkδ , (4.45) 

where Q  is the number of neurons of the output layer. 
The coefficient lr in (4.42) is called learning rate and directly controls how 

much the calculated error values are allowed to change the weights. The learning 
rate is typically selected between 0.01 and 1.0. The coefficient  in (4.42) is 
called momentum and allows the weight updates at one iteration to utilize informa-
tion from previous error values. The momentum term helps avoid settling into a 
local minimum and is selected between 0.01 and 1.0. 

m

The recursive training algorithm (set 1= +n n ) is executed until the network 
satisfactorily predicts the output values. Common stopping criteria for the training 
algorithm involve monitoring either the mean square error or the maximum error 
or both and stopping when the value is less than a specified tolerance. The se-
lected tolerance is very problem dependent and may or may not be actually 
achievable. There is no mathematical proof that the backpropagation training algo-
rithm will ever converge within a given tolerance. The only guarantee is that any 
changes of the weights will not increase the total error. Note that the inclusion of 
the momentum term may allow the error as defined in (4.41) to temporarily in-
crease if the optimization process is moving away from the local minimum. 
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Table 4.4 Training set for the Example 4.3 

 Input   Output  

Training example code 
1I  2I   

1O  

1 0 0  0 

2 0 1  1 

3 1 0  1 

4 1 1  0 

Input I1

I2

H1

H2

H3

O1

Input

Output
OUT13

δ13

OUT22 w22,13δ22

w
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,12

δ 12

δ32

w
11,32

w
21,32

w 21
,1

2
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,22

OUT 32
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12

w 32
,13

w
12,13

 

Fig. 4.12 Artificial neural network for the solution of Example 4.3 

4.6.6.1 Example 4.3 

An ANN will be used to solve the two-bit exclusive-or (XOR) problem. The train-
ing set for the XOR problem is given in Table 4.4. Show how the training process 
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works by making one iteration of the gradient descent backpropagation algorithm. 
It is supposed that the learning rate is equal to one ( 1=lr ) and the momentum is 
equal to zero ( ). It is also assumed that the hidden and output neurons have 
zero bias values and at these neurons the sigmoid transfer function is used. 

0=m

Solution 
As can be seen from Table 4.4, the output ( ) can take only two values, 0 or 1, 
so the XOR problem is a classification problem. Since the training set of Table 4.4 
has two inputs (

1O

1I , 2I ) and one output ( ), the neural network will have two in-
put neurons and one output neuron. We will use the very simple three-layer neural 
network of Fig. 4.12 with architecture 2-3-1 (i.e., two input neurons, three hidden 
neurons, and one output neuron) for the solution of the XOR classification prob-
lem. It should be noted that conventional classification techniques, e.g., nearest-
neighbor methods, cannot correctly classify these training examples. 

1O

As requested, one iteration of the backpropagation algorithm will be presented. 
More specifically, the steps to be followed for application of the backpropagation 
algorithm are: 

1. Iteration 0. Initial weights are assigned to the neural network. Next, the output 
and the performance of the neural network are calculated. 

2. Iteration 1. The value of delta for the output neuron is calculated using (4.44). 
The values of delta for the three hidden neurons is computed using (4.45). The 
new weights are calculated using (4.42) and (4.43). Finally, the performance of 
the neural network is computed. 

 

Table 4.5 Initial random weights 

Neuron Weight 
From To Symbol Value 

1I  1H  11,12w  –0.07514 

1I  2H  11,22w  –0.05542 

1I  3H  11,32w  –0.53124 

2I  1H  21,12w  0.85124 

2I  2H  21,22w  –0.18542 

2I  3H  21,32w  0.47563 

1H  1O  12,13w  –0.01235 

2H  1O  22,13w  0.53121 

3H  1O  32,13w  0.18155 



196 4 Classification and Forecasting 
 

1

Iteration 0 

The gradient descent backpropagation algorithm begins with the assignment of 
small ( 1− < <x ) random numbers to the neural network weights. Such a random 
weight assignment for the neural network of Fig. 4.12 is given in Table 4.5. 

The computation of the output of the neural network is done in two steps: 

1. Simulation of the hidden layer. The net inputs ( 12 22 32, ,INP INP INP ) to the three 
hidden neurons are computed for the four training examples of Table 4.4. Next, 
the outputs ( ) of the three hidden neurons are calculated 
for the four training examples. 

12 22 32, ,OUT OUT OUT

2. Simulation of the output layer. The net input ( 13INP ) to the output neuron is 
computed for the four training examples. Next, the output ( ) of the out-
put neuron is calculated for the four training examples. This output ( ) is 
in fact the output of the neural network, as can be seen from Fig. 4.12. 

13OUT

13OUT

Initially, we will show the simulation of the hidden layer by presenting the cal-
culation of the output of the first hidden neuron ( ) for the fourth training 
example. It can be seen from Table 4.4 that the fourth training example is 

, so 

(4)
12OUT

(4) (4) (4)
1 2 1 1 2 1( , , ) ( , , ) (1, 1, 0)= =I I O I I O 4

1 1=I  and (4)
2 1=I . The net input for 

the neuron 1H , i.e., the first neuron of the second layer is: 

  (4) (4) (4)
12 11,12 1 21,12 2 ( 0.07514) 1 0.85124 1INP w I w I= ⋅ + ⋅ = − ⋅ + ⋅ ⇒

 , (4)
12 0.7761INP =

where the initial weight values of Table 4.5 were used. 
The output for the neuron 1H  is: 

 ( 4)
12

(4) (4) (4)
12 12 120.7761

1 1 0.6848
11 INP

OUT logsig INP OUT
ee −−

⎡ ⎤= = = ⇒ =⎣ ⎦ ++
. 

Using matrix algebra, the net inputs for the three hidden neurons and for the 
four training examples are computed as follows: 

  

(1) (2) (3) (4)
12 12 12 12
(1) (2) (3) (4)

22 22 22 22
(1) (2) (3) (4)

32 32 32 32

[ ]hidden

INP INP INP INP
INP INP INP INP
INP INP INP INP

⎡ ⎤
⎢ ⎥

≡ ⇒⎢ ⎥
⎢ ⎥
⎣ ⎦

INP
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 [ ] (0)hidden hidden input⎡ ⎤= ⋅⎡ ⎤⎣ ⎦ ⇒⎣ ⎦INP w OUT  

 
11,12 21,12 (1) (2) (3) (4)

1 1 1 1
11,22 21,22 (1) (2) (3) (4)

2 2 2 2
11,32 21,32

[ ]hidden

w w
I I I I

w w
I I I I

w w

⎡ ⎤
⎡ ⎤⎢ ⎥= ⋅ ⇒⎢ ⎥⎢ ⎥
⎣ ⎦⎢ ⎥⎣ ⎦

INP  

 
0.07514 0.85124

0 0 1 1
[ ] 0.05542 0.18542

0 1 0 1
0.53124 0.47563

hidden

−⎡ ⎤
⎡ ⎤⎢ ⎥= − − ⋅ ⇒⎢ ⎥⎢ ⎥ ⎣ ⎦⎢ ⎥−⎣ ⎦

INP  

 , 
0 0.8512 0.0751 0.7761

[ ] 0 0.1854 0.0554 0.2408
0 0.4756 0.5312 0.0556

hidden

−⎡ ⎤
⎢ ⎥= − − −⎢ ⎥
⎢ ⎥− −⎣ ⎦

INP

where (1)
1I denotes the input 1I  for the first training example and (1)

12INP  denotes 
the net input of the first neuron of the second layer (hidden layer) for the first 
training example. 

The outputs for the three hidden neurons and for the four training examples are 
computed as follows: 

  { }
(1) (2) (3) (4)

12 12 12 12
(1) (2) (3) (4)

22 22 22 22
(1) (2) (3) (4)

32 32 32 32

[ ] [ ]hidden hidden

OUT OUT OUT OUT
OUT OUT OUT OUT logsig
OUT OUT OUT OUT

⎡ ⎤
⎢ ⎥

≡ =⎢ ⎥
⎢ ⎥
⎣ ⎦

OUT INP ⇒

 
(0) (0.8512) ( 0.0751) (0.7761)

[ ] (0) ( 0.1854) ( 0.0554) ( 0.2408)
(0) (0.4756) ( 0.5312) ( 0.0556)

hidden

logsig logsig logsig logsig
logsig logsig logsig logsig
logsig logsig logsig logsig

−⎡ ⎤
⎢ ⎥= − − −⎢ ⎥
⎢ ⎥− −⎣ ⎦

OUT ⇒  

 , 
0.5 0.7008 0.4812 0.6848

[ ] 0.5 0.4538 0.4861 0.4401
0.5 0.6167 0.3702 0.4861

hidden

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

OUT

where  is the output of the first neuron of the second layer (hidden layer) 
for the first training example. 

(1)
12OUT

The net input for the output neuron and for the four training examples is com-
puted as follows: 
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 (1) (2) (3) (4)
13 13 13 13[ ] (0)

T

output output hiddenINP INP INP INP⎡ ⎤ ⎡ ⎤≡ = ⋅ ⇒⎡ ⎤⎣ ⎦⎣ ⎦⎣ ⎦INP w OUT  

 12,13 22,13 32,13[ ] [ ]output hiddenw w w⎡ ⎤= ⋅ ⇒⎣ ⎦INP OUT  

 [ ]
0.5 0.7008 0.4812 0.6848

[ ] 0.01235 0.53121 0.18155 0.5 0.4538 0.4861 0.4401
0.5 0.6167 0.3702 0.4861

output

⎡ ⎤
⎢ ⎥= − ⋅ ⇒⎢ ⎥
⎢ ⎥⎣ ⎦

INP  

 [ ][ ] 0.3502 0.3444 0.3195 0.3136output =INP . 

The output for the neuron of the output layer and for the four training examples 
is computed as follows: 

 { }(1) (2) (3) (4)
13 13 13 13[ ] [ ]output outputOUT OUT OUT OUT logsig⎡ ⎤≡ = ⇒⎣ ⎦OUT INP  

 [ ][ ] (0.3502) (0.3444) (0.3195) (0.3136)output logsig logsig logsig logsig= ⇒OUT  

 [ ][ ] 0.5867 0.5852 0.5792 0.5778output =OUT . 

As can be seen from Table 4.4, the desired output for the four training exam-
ples is [ ][ ] 0 1 1=OUTdesired 1

⇒

, so the error in the prediction of the output by 
the neural network is: 

  [ ] [ ] [ ]desired output= −error OUT OUT

 [ ] [ ][ ] 0 1 1 0 0.5867 0.5852 0.5792 0.5778= −error ⇒  

 [ ][ ] 0.5867 0.4148 0.4208 0.5778= − −error . 

The performance of the neural network is given by the mean square error func-
tion, which is calculated using (4.41): 

 2 2 2 2

1

1 1[ ] ( 0.5867) 0.4148 0.4208 ( 0.5778)
4

N

i
i

mse error
N =

⎡ ⎤= ⋅ = ⋅ − + + + − ⇒⎣ ⎦∑  

 . 0.2568mse =
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Iteration 1 

The value of delta for the output neuron and for all the training examples is calcu-
lated. We will show this calculation for the fourth training example, for which the 
delta for the output neuron, (4)

13δ , is calculated using (4.44): 

 (4) (4) (4) (4) (4)
13 13 13 actual13 13

2 1OUT OUT OUT OUT
N

⎡ ⎤ ⎡δ = ⋅ ⋅ − ⋅ − ⇒⎣ ⎦ ⎣ ⎤⎦  

 [ ] [ ](4) (4)
13 13

2 0.5778 1 0.5778 0 0.5778 0.0705
4

δ = ⋅ ⋅ − ⋅ − ⇒ δ = − , 

where  is the desired output of the output neuron for the fourth training 

example. The value of  is retrieved from Table 4.4. 

(4)
actual13OUT

(4)
actual13OUT

The calculation of the delta value for the output neuron for the remaining three 
training examples is performed similarly and the results obtained are: 

 [ ](1) (2) (3) (4)
13 13 13 13 0.0711 0.0503 0.0513 0.0705⎡ ⎤⎡ ⎤ = δ δ δ δ = − −⎣ ⎦ ⎣ ⎦δoutput .  

Next, the values of delta for the three hidden neurons and for the four training 
examples will be computed. We will show this calculation for the first hidden neu-
ron ( 1H ) for the fourth training example, for which the delta for the output neu-

ron, , is calculated using (4.45): (4)
12δ

   
1

(4) (4) (4) (4)
12 12 12 13 12,13

1

(1 )
q

OUT OUT w
=

δ = ⋅ − ⋅ δ ⋅ ⇒∑

 .  (4) (4)
12 120.6848 (1 0.6848) ( 0.0705) ( 0.01235) 0.0002δ = ⋅ − ⋅ − ⋅ − ⇒ δ =

The remaining 11 calculations of delta value for all the hidden neurons and for 
all the training examples are performed similarly and the results obtained are: 

 

(1) (2) (3) (4)
12 12 12 12
(1) (2) (3) (4)
22 22 22 22
(1) (2) (3) (4)
32 32 32 32

hidden

⎡ ⎤δ δ δ δ
⎢ ⎥

≡ δ δ δ δ ⇒⎡ ⎤⎣ ⎦ ⎢ ⎥
⎢ ⎥δ δ δ δ⎣ ⎦

δ   

 
0.0002 0.0001 0.0002 0.0002
0.0094 0.0066 0.0068 0.0092
0.0032 0.0022 0.0022 0.0032

hidden

− −⎡ ⎤
⎢ ⎥= − −⎡ ⎤⎣ ⎦ ⎢ ⎥
⎢ ⎥− −⎣ ⎦

δ .  



200 4 Classification and Forecasting 
 

⎤⎦

Next, the new weights are calculated using (4.42) and (4.43), and (4.42) is used 
to compute the variation in the value of the weights linking the input neurons with 
the hidden neurons: 

   
T

(1) (0)hidden hidden input hiddenlr m⎡ ⎤= ⋅ ⋅ + ⋅ ⇒⎡ ⎤ ⎡ ⎤ ⎡⎣ ⎦ ⎣ ⎦ ⎣⎣ ⎦∆w δ OUT ∆w

   

0 0
0.0002 0.0001 0.0002 0.0002

0 1
(1) 1 0.0094 0.0066 0.0068 0.0092 0

1 0
0.0032 0.0022 0.0022 0.0032

1 1

hidden

⎡ ⎤
− −⎡ ⎤ ⎢ ⎥

⎢ ⎥ ⎢ ⎥= ⋅ − − ⋅ + ⇒⎡ ⎤⎣ ⎦ ⎢ ⎥ ⎢ ⎥
⎢ ⎥− − ⎢ ⎥⎣ ⎦

⎣ ⎦

∆w

 
11,12 21,12

11,22 21,22

11,32 21,32

0.0000 0.0001
(1) 0.0024 0.0026

0.0010 0.0010
hidden

w w
w w
w w

⎡ ⎤∆ ∆ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= ∆ ∆ = − −⎡ ⎤⎣ ⎦ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥∆ ∆ − −⎣ ⎦⎣ ⎦

∆w ,  

where denotes the transpose of matrix 
T

⎡⎣OUTinput ⎤⎦ ⎡ ⎤⎣ ⎦OUTinput . The values of ma-

trix  are retrieved from Table 4.4. ⎡⎣OUTinput ⎤⎦

⇒

⎤
⎥
⎥
⎥⎦

⎥
⎥

The updated values (iteration 1) for the weights linking the input neurons with 
the hidden neurons are computed using (4.43): 

   
11,12 21,12

11,22 21,22

11,32 21,32

(1) (0) (1)hidden hidden hidden

w w
w w
w w

⎡ ⎤
⎢ ⎥≡ = +⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎢ ⎥
⎢ ⎥⎣ ⎦

w w ∆w

   
0.07514 0.85124 0.0000 0.0001

(1) 0.05542 0.18542 0.0024 0.0026
0.53124 0.47563 0.0010 0.0010

hidden

−⎡ ⎤ ⎡
⎢ ⎥ ⎢= − − + − − ⇒⎡ ⎤⎣ ⎦ ⎢ ⎥ ⎢
⎢ ⎥ ⎢− − −⎣ ⎦ ⎣

w

 ,  
0.0751 0.8513

(1) 0.0578 0.1880
0.5323 0.4746

hidden

−⎡ ⎤
⎢= − −⎡ ⎤⎣ ⎦ ⎢
⎢ ⎥−⎣ ⎦

w

where the values of the matrix (0)⎡ ⎤⎣ ⎦whidden  are retrieved from Table 4.5 (values of 
the weights linking the input neurons with the hidden neurons during iteration 0). 

The variation in the value of the weights linking the hidden neurons with the 
output neuron is: 
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Table 4.6 Neural network weights computed during the first iteration 

Neuron Weight 

From To Symbol Value 

1I  1H  11,12w  -0.0751 

1I  2H  11,22w  -0.0578 

1I  3H  11,32w  -0.5323 

2I  1H  21,12w  0.8513 

2I  2H  21,22w  -0.1880 

2I  3H  21,32w  0.4746 

1H  1O  12,13w  -0.0362 

2H  1O  22,13w  0.5124 

3H  1O  32,13w  0.1618 

 

   

12,13
T

22,13

32,13

(1) (0)output output hidden output

w
w lr m
w

⎡ ⎤∆
⎢ ⎥⎡ ⎤ ⎡ ⎤ ⎡≡ ∆ = ⋅ ⋅ + ⋅ =⎡ ⎤⎣ ⎦⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣
⎢ ⎥∆⎣ ⎦

∆w δ OUT ∆w ⎤⎦

⎥
⎥

   [ ]

T0.5 0.7008 0.4812 0.6848
1 0.0711 0.0503 0.0513 0.0705 0.5 0.4538 0.4861 0.4401 0

0.5 0.6167 0.3702 0.4861

⎡ ⎤
⎢ ⎥= ⋅ − − ⋅ + ⇒⎢ ⎥
⎢ ⎥⎣ ⎦

 .  
0.0239

(1) 0.0188
0.0198

output

−⎡ ⎤
⎢⎡ ⎤ = −⎣ ⎦ ⎢
⎢ ⎥−⎣ ⎦

∆w

The updated values (iteration 1) for the weights linking the hidden neurons 
with the output neuron are computed using (4.43): 
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12,13

22,13

32,13

0.01235 0.0239
(1) (0) (1) 0.53121 0.0188

0.18155 0.0198
output output output

w
w
w

⎡ ⎤ − −⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎡ ⎤ ⎡ ⎤ ⎡ ⎤≡ = + = + −⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⇒⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦⎣ ⎦

w w ∆w   

 ,  
0.0362

(1) 0.5124
0.1618

output

−⎡ ⎤
⎢⎡ ⎤ =⎣ ⎦ ⎢
⎢ ⎥⎣ ⎦

w ⎥
⎥

where the values of the matrix (0)⎡ ⎤⎣ ⎦woutput  are retrieved from Table 4.5 (values of 

the weights linking the hidden neurons with the output neuron during iteration 0). 
The neural network weights that have been computed during iteration 1 are 

shown in Table 4.6. 

Next the simulation of the hidden layer and the output layer take place. The 
calculations are done in the same way as during iteration 0 with the only differ-
ence that the new weights of Table 4.6 are used. The simulation results of the out-
put layer are: 

 [ ][ ] 0.5791 0.5760 0.5723 0.5692=OUToutput . 

The error in the prediction of the output by the neural network is: 

  [ ] [ ] [ ]desired output= −error OUT OUT ⇒

 [ ] [ ][ ] 0 1 1 0 0.5791 0.5760 0.5723 0.5692= −error ⇒  

 [ ][ ] 0.5791 0.4240 0.4277 0.5692= − −error . 

The mean square error performance of the neural network is: 

 2 2 2 2

1

1 1[ ] ( 0.5791) 0.4240 0.4277 ( 0.5692)
4

N

i
i

mse error
N =

⎡ ⎤= ⋅ = ⋅ − + + + − ⇒⎣ ⎦∑  

 . 0.2555mse =

The improvement in the mean square error performance (reduction in error) of 
the neural network during iteration 1 in comparison with iteration 0 is: 

 (0.2555 0.2568) 100% 0.5%
0.2568

Impr Impr−
= ⋅ ⇒ = − . 
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Table 4.7 Neural network weights 

Neuron Weight 
From To Symbol Value 

1I  1H  11,12w  57.7 

1I  2H  11,22w  -136.4 

1I  3H  11,32w  209.6 

2I  1H  21,12w  -89.6 

2I  2H  21,22w  229.5 

2I  3H  21,32w  -346.6 

1H  1O  12,13w  23.2 

2H  1O  22,13w  -64.0 

3H  1O  32,13w  93.1 

 
Table 4.8 Neural network biases 

 Bias 

Neuron Symbol Value 

1H  12b  -2.1 

2H  22b  -9.6 

3H  32b  12.3 

1O  13b  -15.0 

 
This small improvement in performance means that there is a need for suffi-

cient iterations of the gradient descent backpropagation algorithm to converge to a 
solution with small mean square error. Using a computer program, we found that 
after 246 iterations the mean square error was 0.01, which is a satisfactory error 
value for the specific problem. 

4.6.6.2 Example 4.4 

A very simple neural network with two input neurons ( 1I  and 2I ), three hidden 
neurons ( 1H , 2H , and 3H ) and one output neuron ( ) has been trained with the 
learning set of Table 4.2 so as to solve the classification problem of Example 4.1, 
and the weights and biases of the trained neural network are shown in Tables 4.7 

1O
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and 4.8, respectively. The output neuron  takes the value 1 in the case of ac-
ceptable quality (class A) and the value 0 in the case of non-acceptable quality 
(class NA). The activation function for the hidden and the output layer is 

1O

0.1( ) 1/(1 )− ⋅= + xf x e . For the unknown input example 1 2( , ) (0.5, 0.4)=I I , which 
does not belong to the learning set of Table 4.2, calculate the output provided (1) 
by the neural network, and (2) by the decision tree of Fig. 4.5. 

Solution 

1. The net input for neuron 1H , i.e., the first neuron of the second layer is: 

 . 12 11,12 1 21,12 2 12 1257.7 0.5 89.6 0.4 2.1 9.09= ⋅ + ⋅ + = ⋅ − ⋅ − ⇒ = −INP w I w I b INP

The output for neuron 1H  is: 

 
1212 12 120.1 0.1 ( 9.09)

1 1( ) 0.2872
11 − ⋅ − ⋅ −= = = ⇒ =

++ INPOUT f INP OUT
ee

. 

Similarly, we calculate the net inputs and the outputs of neurons 2H  and 3H , 
and obtain the following results: 

 , , , . 22 14.0=INP 23 21.54= −INP 22 0.8022=OUT 32 0.1040OUT =

The net input for neuron  is: 1O

  13 12,13 12 22,13 22 32,13 32 13INP w OUT w OUT w OUT b= ⋅ + ⋅ + ⋅ + ⇒

 . 13 1323.2 0.2872 64 0.8022 93.1 0.1040 15 49.9981INP INP= ⋅ − ⋅ + ⋅ − ⇒ = −

The output of neuron , which is also the output of the neural network, is: 1O

 
1313 13 130.1 0.1 49.9981

1 1( ) 0.0067
11 INPOUT f INP OUT

ee− ⋅ − ⋅= = = ⇒ =
++

. 

Since the output of the neural network, i.e., 13 0.0067=OUT , is closer to zero 
than to one, the neural network classifies the input example 1 2( , ) (0.5, 0.4)=I I  as 
non-acceptable. 

2. Since the input example 1 2( , ) (0.5, 0.4)=I I  has 1 0.5=I , the test  
of the root node of the decision tree of Fig. 4.5 is true, so the input example is 
led to node 2, which has acceptability index equal to zero, so the input example 

 is classified as non-acceptable. 

1 0.3848≤I

1 2( , ) (0.5, 0.4)=I I
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Table 4.9 Neural network types 

Name Description 

network Custom neural network (Demuth and Beale 2001) 

newcf Cascade-forward backpropagation network 

newelm Elman backpropagation network (Elman 1990) 

newff Feedforward backpropagation network 

newfftd Feedforward input-delay backpropagation network 

newgrnn Generalized regression neural network (Wasserman 1993) 

newhop Hopfield recurrent network (Li et al. 1989) 

newlvq Learning vector quantization network (Kohonen 1987) 

newp Perceptron (Rosenblatt 1961) 

newpnn Probabilistic neural network (Wasserman 1993) 

newrb Radial basis network (Chen et al. 1991) 

newsom Self-organizing map (Kohonen 1987) 

4.6.7 ANN Configuration 

Designing a neural network can be as simple as selecting commercially available 
neural network software and configuring it to agree with the data. It can also be as 
complex as coding a fully custom made neural network software. 

Neural network design choices include defining the behavior of the neurons 
(e.g., transfer function), the training algorithm (e.g., backpropagation), the topol-
ogy of the network (e.g., number of hidden layers, numbers of neurons per layer), 
and the values of the training parameters (e.g., learning rate, momentum). 

Assuming standard commercial software, the following steps are needed so as 
to configure the ANN: 

1. The first choice is which neural network to use. This decision is closely tied to 
the data and application, making it difficult to offer general advice. One idea is 
to investigate the best-known neural networks. Another idea is to study previ-
ous neural network applications similar to the task at hand. 

2. After choosing a neural network, the next step to configure it by setting the 
number of input and output neurons to agree with the number of inputs and 
outputs in the data. The selection of the training algorithm, the topology of the 
network, and the values of the training parameters are also important. 
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Table 4.10 Training functions 

Name Description 

trainb Batch training with weight and bias learning rules 

trainbfg BFGS quasi-Newton backpropagation (Gill et al. 1981)  

trainbr Bayesian regularization (Foresee and Hagan 1997; MacKay 1992) 

trainc Cyclical order incremental training  

traincgb Powell–Beale conjugate gradient backpropagation (Powell 1977) 

traincgf Fletcher–Powell conjugate gradient backpropagation (Scales 1985) 

traincgp Polak–Ribiere conjugate gradient backpropagation (Scales 1985) 

traingd Gradient descent backpropagation (Hagan et al. 1996) 

traingdm Gradient descent with momentum backpropagation (Hagan et al. 1996) 

traingda Gradient descent with adaptive learning rate (lr) backpropagation (Hagan et 
al. 1996) 

traingdx Gradient descent with momentum and adaptive lr backpropagation (Hagan et 
al. 1996) 

trainlm Levenberg–Marquardt backpropagation (Hagan and Menhaj 1994) 

trainoss One step secant backpropagation (Battiti 1992) 

trainr Random order incremental training with learning functions 

trainrp Resilient backpropagation (Reidmiller and Braun 1993) 

trains Sequential order incremental training with learning functions 

trainscg Scaled conjugate gradient backpropagation (Moller 1993) 

 

3. The final step is training and testing the network. Training is an interactive 
process: the trainer tries a configuration, evaluates a result, makes a change, 
tries it again, and so on until satisfied. During testing, the neural network 
passes the test set forward through itself and calculates a performance index 
such as the mean square error without changing the weights. The real goal dur-
ing training is the accuracy on the test set, not on the training set. 

Among the various commercial neural network software packages, MATLAB 
neural network toolbox is a choice that offers flexibility in prototyping neural 
network systems (Demuth and Beale 2001). Table 4.9 presents the different neural 
network types, Table 4.10 shows the different training functions and Table 4.11 
presents the different transfer functions that are included in MATLAB neural net-
work toolbox for the benefit of the user. 
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Table 4.11 Transfer functions (Demuth and Beale 2001) 

Name Description 

compet Competitive transfer function 

hardlim Hard limit transfer function 

hardlims Symmetric hard limit transfer function 

logsig Log sigmoid transfer function 

poslin Positive linear transfer function 

purelin Linear transfer function 

radbas Radial basis transfer function 

satlin Saturating linear transfer function 

satlins Symmetric saturating linear transfer function 

softmax Soft max transfer function 

tansig Hyperbolic tangent sigmoid transfer function 

tribas Triangular basis transfer function 

4.6.8 Example 4.5 

Compare the speed to train the neural network of Example 4.3 using different 
training functions of MATLAB neural network toolbox if the targeted error per-
formance is (1) , and (2) 0.01=mse 0.001=mse . The neural network has two in-
put neurons, three hidden neurons and one output neuron. The sigmoid transfer 
function is used for the hidden neurons and the output neuron. 

Solution 
The tests in this example were performed on a laptop computer with Intel Pentium 
M 1.5 GHz processor, 512 MB RAM memory. MATLAB version 6.1 and 
MATLAB Neural Network Toolbox version 4.0 were used. 

1. For targeted error performance 0.01=mse , we obtained the results shown in 
Table 4.12 by examining the performance of 10 training functions. Each entry 
in the table represents 30 different trials, where different random initial weights 
and biases were used in each trial. The maximum epochs (iterations) of the 
training algorithm was set to 1000 in each trial. The column “Successes” on 
Table 4.12 shows the number of times the algorithm successfully converged 
out of the 30 trials. This table also shows the mean value and the standard de-
viation (St_dev) of the time required for convergence, the epochs (iterations of 
the training algorithm), and the actual mean square error (MSE). 
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Table 4.12 Training speed comparison of different training functions for 0.01=mse  

 Time (s) Epochs MSE Training 

function Successes Mean St_dev Mean St_dev Mean St_dev 

trainbfg 23 0.36 0.12 19 17 0.0050 0.0029 

traincgb 22 0.26 0.03 7 5 0.0051 0.0030 

traincgf 24 0.33 0.11 16 13 0.0051 0.0027 

traincgp 22 0.31 0.11 8 5 0.0052 0.0031 

traingd 16 1.29 0.46 435 184 0.0100 0.0000 

traingdx 26 0.65 0.32 160 125 0.0091 0.0010 

trainlm 29 0.25 0.09 7 6 0.0052 0.0025 

trainoss 26 0.58 0.58 42 73 0.0060 0.0029 

trainrp 26 0.32 0.09 30 20 0.0082 0.0014 

trainscg 27 0.32 0.08 19 15 0.0079 0.0012 

 

Table 4.13 Training speed comparison of different training functions for 0.001=mse  

 Time (s) Epochs MSE Training 

function Successes Mean St_dev Mean St_dev Mean St_dev 

trainbfg 21 0.42 0.11 28 16 0.0005 0.0004 

traincgb 21 0.31 0.08 11 6 0.0005 0.0003 

traincgf 25 0.35 0.11 20 16 0.0005 0.0003 

traincgp 23 0.31 0.07 13 10 0.0006 0.0003 

traingd 0       

traingdx 27 0.69 0.37 170 141 0.0010 0.0000 

trainlm 30 0.26 0.08 8 6 0.0005 0.0003 

trainoss 26 0.75 0.36 62 43 0.0006 0.0004 

trainrp 23 0.37 0.12 51 34 0.0007 0.0002 

trainscg 26 0.35 0.10 26 17 0.0008 0.0002 

 
It is concluded from Table 4.12 that the fastest algorithm for this problem is the 

Levenberg–Marquardt backpropagation algorithm (transfer function trainlm) since 
it requires on average 0.25 s to converge. This algorithm converged 29 times out 
of the 30 trials. 
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Fig. 4.13 Speed comparison of different training functions for 0.001=mse  

2. Table 4.13 presents results obtained for targeted error performance 
. Figure 4.13 compares the speed of the different training algo-

rithms. 
0.001=mse

Analyzing the results of Table 4.13, the following conclusions are drawn: 

• Among the 10 training algorithms, the best performing one is the Levenberg–
Marquardt backpropagation algorithm (training function trainlm) because: 

– It converges faster than all other algorithms, on average in 0.26 s 

– It converged 30 times out of 30 trials, while the second best performing al-
gorithm (traingdx) converged 27 times out of 30 trials 

• The gradient descent backpropagation algorithm (training function traingd) did 
not manage to converge in any of the 30 trials performed. 

• Although the studied problem is not complex and the neural network used is 
simple, there are differences in terms of speed performance and convergence 
among the 10 different training algorithms considered. These differences are 
more obvious when larger problems are studied (Demuth and Beale 2001). 
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4.7 Hybrid Decision Tree–Neural Network Classifier 

A binary decision tree induces a hierarchical partitioning over the decision space. 
Starting with the root node, each internal (test) node partitions its associated deci-
sion region into two half spaces. It is obvious that all the conditions along any par-
ticular path from the root to the terminal node of the decision tree must be satis-
fied in order to reach the particular terminal node. Thus, each path of a decision 
tree implements an AND operation on a set of half spaces. If two or more terminal 
nodes result in the same class, then the corresponding paths are in an OR relation-
ship. 

Multilayer perceptrons (MLPs) are feedforward neural networks consisting of 
one input layer, one or more hidden layers and one output layer. A multilayer per-
ceptron with two hidden layers used for classification performs the following 
functions. The first hidden layer is the partitioning layer that divides the entire fea-
ture space into several regions. The second hidden layer is the ANDing layer that 
performs ANDing of partitioned regions to yield convex decision regions for each 
class. The output layer is the ORing layer that combines the results of the previous 
layer to produce disjoint regions of arbitrary shape. 

It is concluded from the above that a decision tree and a four-layer perceptron 
are equivalent in terms of input/output mapping.  In addition, a decision tree can 
be reformulated as a neural network, called an entropy network (EN), as follows 
(Sethi 1990): 

1. The input layer (IL) consists of one neuron per attribute selected and tested by 
the decision tree. 

2. The first hidden layer called the partitioning or test layer (TL) consists of one 
neuron per decision tree test node. 

3. The second hidden layer called the ANDing Layer (AL) consists of one neuron 
per decision tree terminal node. 

4. The output layer or ORing Layer (OL) consists of one neuron per decision tree 
class. 

The connections between the neurons of the above four layers implement the 
hierarchy of the decision tree. In particular, each neuron of the TL is connected to 
the neuron of the IL corresponding to the tested attribute. In addition, each neuron 
of the AL is linked to the neurons of TL corresponding to the test nodes located on 
the path from the top node towards the terminal node. Finally, each neuron of the 
output layer is connected to the neurons of AL corresponding to the decision tree 
terminal nodes. In comparison with the standard MLPs that are fully connected, 
the entropy network has fewer connections, or equivalently fewer parameters, re-
ducing the time needed for training. 
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The entropy network can be used for classification, with some modifications, 

however, it can also be used for prediction (Wehenkel and Akella 1993). In the 
latter case, the OL is replaced by a single output neuron, fully connected to all 
neurons of the AL and the resulting network is retrained. This methodology is 
called a hybrid decision tree–neural network (HDTNN) approach. After HDTNN 
convergence, the network is used to predict the test states and after that to classify 
them accordingly, providing the so-called hybrid decision tree–neural network 
classifier (HDTNNC). 

4.7.1 Example 4.6 

Design the entropy network for the decision tree of Example 4.2 shown in Fig. 
4.7. 

Solution 
The number of neurons of the first hidden layer of the entropy network is equal to 
the number of test nodes of the decision tree of Fig. 4.7. Thus, the first hidden 
layer of the entropy network has the neurons TL1 and TL2 corresponding with the 
decision tree test nodes 1 and 3, respectively. Because the input 2I  is included at 
the optimal splitting test of node 1, there is a connection between the input neuron 

2I  and the hidden neuron TL1. For the same reason, the input neuron 1I  is con-
nected with the hidden neuron TL2. 

The number of neurons of the second hidden layer of the entropy network is 
equal to the number of terminal nodes of the decision tree of Fig. 4.7. Thus, the 
second hidden layer of the entropy network has the neurons AL1, AL2 and AL3 
corresponding with the decision tree terminal nodes 2, 4 and 5, respectively. Be-
cause between the root node 1 and the terminal node 4 (neuron AL2) of the deci-
sion tree there are the nodes 1 (neuron TL1) and 3 (neuron TL2), the neuron AL2 of 
the second hidden layer is connected with neuron TL1 as well as with neuron TL2. 
For the same reason, the neuron AL3 of the second hidden layer is connected with 
neuron TL1 as well as with neuron TL2. 

The number of neurons of the output layer of the entropy network is equal to 
the number of classes of the decision tree of Fig. 4.7. Thus, there is the neuron A 
corresponding with the acceptable class, and the neuron NA corresponding with 
the non-acceptable class. Because the terminal nodes 2 and 5 of the decision tree 
belong to the non-acceptable class (acceptability index less than 50%), the corre-
sponding neurons AL1 and AL3 are connected to output neuron NA. Because the 
terminal node 4 of the decision tree belongs to the acceptable class, the corre-
sponding neuron AL2 is connected to output neuron A. 



212 4 Classification and Forecasting 
 

0.6000

1 40

yes

0.0000

2

LEAF

0.6957

3

no

17 23

yes

1.0000

4

LEAF

0.0000

5

LEAF

no

16 7

2 155.680≤I

1 36.952≤I

TL1I2 AL1
A

NA

Input
Layer

1st Hidden
Layer

2nd Hidden
Layer

Output
Layer

TL2I1 AL2

AL3

Decision tree Entropy network

Correspondence between decision tree nodes
and entropy network neurons

Decision tree node 1 2 3 4 5 

Entropy network neuron TL1 AL1 TL2 AL2 AL3 
  

Fig. 4.14 Decision tree and its corresponding entropy network 

 
Following the above analysis, the entropy network is created. Figure 4.14 

shows the decision tree, its corresponding entropy network, as well as the corre-
spondence between decision tree nodes and entropy network neurons. As can be 
seen, the entropy network with architecture 2-2-3-2 (i.e., two input neurons, two 
neurons in the first hidden layer, three neurons in the second hidden layer, and two 
output neurons) has 10 connections among its neurons. On the other hand, a fully 
connected MLP with architecture 2-2-3-2 has 16 connections. Because the entropy 
network has fewer connections, it requires less time to train,in comparison with its 
corresponding fully connected MLP. 
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5 Optimization 

Abstract   This chapter is devoted to optimization and is organized in five sec-
tions. Section 5.1 is an introduction to optimization. Section 5.2 presents an active 
set method that effectively solves quadratic programming problems. Section 5.3 
describes the sequential quadratic programming method, which is one of the best 
methods for solving nonlinearly constrained optimization problems. The sequen-
tial quadratic programming method iteratively solves a sequence of quadratic pro-
gramming subproblems. Section 5.4 presents the branch-and-bound method, 
which, in conjunction with sequential quadratic programming, effectively solves 
nixed-integer nonlinear programming problems (such as the transformer design 
optimization problem of Chap. 7). Section 5.5 is devoted to the genetic algorithm 
method that successfully solves complex optimization problems (such as the trans-
former no-load loss minimization problem of Chap. 7). The four optimization 
methods presented in this chapter are accompanied by carefully selected and ana-
lytically solved arithmetic examples that make clear the application of the meth-
ods to the solution of a variety of optimization problems. 

5.1 Introduction 

Optimization is the process of making something better. Problems in engineering, 
economics, and physical and social sciences entail the optimization (minimization 
or maximization) of an objective function subject to certain constraints (restric-
tions and tradeoffs). 

Optimization problems can be either unconstrained or constrained. Uncon-
strained optimization deals with the optimization of an objective function that is 
not subject to constraints. Constrained optimization entails the optimization of an 
objective function subject to certain constraints. 

Optimization problems can be either linear or nonlinear. Linear programming 
deals only with linear objective functions and linear constraints. When either the 
set of constraints, the objective function, or both are nonlinear, the optimization 
problem is called a nonlinear programming problem. Quadratic programming is a 
special optimization problem in which the objective function is quadratic and the 
constraints are linear. 

A mixed-integer programming problem is an optimization problem in which 
some of the design variables have to take integer values. A discrete optimization 
problem is an optimization problem in which some of the design variables have to 
take discrete values that belong to an ordered set of values. 
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The best method for solving linear programming problems is the simplex 

method, which was proposed by Dantzig in 1947 (Dantzig 1963; Castillo et al. 
2002). Linear programming can also be solved by the exterior point method, 
which is equivalent to the dual simplex method (Lemke 1954) and the interior 
point method (Karmarkar 1984). 

Unconstrained nonlinear programming methods can be broadly categorized 
into direct search methods and indirect search methods. The direct search methods 
require only the objective function values in finding the optimum. The indirect 
search methods or descent methods or gradient search methods require, in addition 
to the objective function values, the first and in some cases the second derivatives 
of the objective function. 

Unconstrained nonlinear programming problems can be solved by various di-
rect search methods, such as: 

1. Random search methods, e.g., random jump method, random walk method, and 
random walk method with direction exploitation (Rao 1996) 

2. Univariate method (Rao 1996) 

3. Grid search method (Rao 1996) 

4. Simplex search method (Spendley et al. 1962; Nelder and Mead 1965) 

5. Pattern search methods, i.e., Powell’s method (Powell 1964), and Hooke–
Jeeves method (Hooke and Jeeves 1961) 

6. Rosenbrock’s method (Rosenbrock 1960) 

Unconstrained nonlinear programming problems can be also solved by several 
gradient search methods, such as: 

1. Steepest descent method or Cauchy method (Cauchy 1847, Rao 1996) 

2. Fletcher-Reeves method or conjugate gradient method (Hestenes and Stiefel 
1952) 

3. Newton’s method (Rao 1996) 

4. Marquardt method (Marquardt 1963) 

5. Quasi-Newton methods, i.e., Davidon–Fletcher–Powell method (Davidon 
1959; Fletcher and Powell 1963), and Broyden–Fletcher–Goldfarb–Shanno 
method (Broyden 1970; Fletcher 1970; Goldfarb 1970; Shanno 1970) 

Among the gradient search methods, the most favored are the quasi-Newton 
methods. 
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Constrained nonlinear programming problems can be solved using mainly the 

following methods: 

1. Dual methods (Castillo et al. 2002) 

2. Penalty methods (Castillo et al. 2002) 

3. Augmented Lagrangian or multipliers method (Bazaraa et al. 1993) 

4. Feasible direction methods (Bazaraa et al. 1993) 

5. Sequential quadratic programming methods (Nocedal and Wright 2006) 

Methods for solving discrete optimization problems include dynamic pro-
gramming (Bellman 1957) and branch-and-bound method (Rao 1996). The 
branch-and-bound method is also very effective in solving mixed-integer pro-
gramming problems. 

Several metaheuristic techniques have evolved in past decades that facilitate 
solving optimization problems that were previously difficult or even impossible to 
solve. Some of the best known and most widely applied metaheuristic optimiza-
tion techniques are the following: 

1. Genetic algorithms (Holland 1975; Goldberg 1989) 

2. Evolutionary computation (Fogel 2000) 

3. Evolution strategies (Schwefel and Rudolph 1995) 

4. Evolutionary programming (Fogel et al. 1966) 

5. Differential evolution (Storn and Price 1997; Price et al. 2005) 

6. Particle swarm optimization or swarm intelligence (Bonabeau et al. 1999; Ken-
nedy and Eberhart 2001) 

7. Ant colony optimization (Dorigo and Stützle 2004) 

8. Tabu search (Glover 1989; Glover 1990; Glover and Laguna 1997) 

9. Simulated annealing (Kirkpatrick et al. 1983; Cerný 1985) 

10.Guided local search (Voudouris and Tsang 1995; Voudouris 1997; Voudouris 
and Tsang 1999) 

11.Greedy randomized adaptive search procedures (Feo and Resende 1989, 1995) 
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12.Iterated local search (Lourenço et al. 2002) 

This chapter presents four optimization methods, namely, quadratic program-
ming (Sect. 5.2), sequential quadratic programming (Sect. 5.3), branch-and-bound 
(Sect. 5.4), and genetic algorithm method (Sect. 5.5). 

5.2 Quadratic Programming 

5.2.1 Methodology 

Quadratic programming concerns the optimization of a quadratic objective func-
tion that is linearly constrained. Quadratic programming is important in its own 
right, and it also arises as a subproblem in methods for general constrained opti-
mization, such as sequential quadratic programming (Sect. 5.3). 

The general quadratic programming problem is stated as: 

 1min ( ) min
2

T T

x x
f x x H x x c

⎡ ⎤
⎢= ⋅ ⋅ ⋅ + ⋅
⎢⎣ ⎦

⎥
⎥

}e

}

, (5.1) 

subject to: 

 , (5.2) {0 , 1, ...,T
i ia x b i m⋅ − = ∈Ε=

 , (5.3) {0 , 1, ...,T
i i ea x b i I m m⋅ − ≤ ∈ = +

where x  is the vector of  design parameters,  is the quadratic objective 
function,  is the number of linear equality constraints,  is the number of 
linear inequality constraints, 

n ( )f x

em em m−
H  is a symmetric  matrix called the Hessian 

matrix, and c , , and  are vectors in . If the Hessian matrix 
n n×

ia ib nℜ H  is positive 
semidefinite, then the optimization problem (5.1) to (5.3) is a convex quadratic 
program. Moreover, strictly convex quadratic programs are those in which H  is 
positive definite. Nonconvex quadratic programs, in which H  is an indefinite ma-
trix, can be difficult to solve because they can have several local minima. It should 
be noted that a symmetric matrix is positive definite if all its eigenvalues are posi-
tive, positive semidefinite if some of its eigenvalues are positive and some are 
zero, and indefinite if some eigenvalues are positive and some are negative (Rau 
2003). In this section, we focus on convex quadratic programs. 

The Lagrangian for the quadratic program (5.1) to (5.3) is: 
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1

1( , ) ( )
2

m
T T T

i i i
i

x x H x x c a x b
=

λ = ⋅ ⋅ ⋅ + ⋅ + λ ⋅ ⋅ −∑L . (5.4) 

The active set ( *)xA  is defined to consist of the indices of the active con-
straints (5.2) and (5.3), for which equality holds at *x : 

 {( *) * 0T
i ix i a x bA = ⋅ − = } . (5.5) 

Any solution *x  of the quadratic program (5.1) to (5.3) satisfies the Karush–
Kuhn–Tucker conditions (5.6) to (5.9), for some Lagrange multipliers , 

: 

*
iλ

( *)i x∈A

 , (5.6) *

( *)

* i i
i x

H x c a
A∈

⋅ + + λ ⋅ =∑ 0

*)

*)

 , (5.7) * 0 , (T
i ia x b i xA⋅ − = ∀ ∈

 , (5.8) * 0 , \ (T
i ia x b i I xA⋅ − ≤ ∀ ∈

 . (5.9) * 0 , ( *)i i I xAλ ≥ ∀ ∈ ∩

In (5.8), \ ( *)I xA  denotes the subset of inequalities of (5.3) that do not be-
long to the active set ( *)xA . 

It can be proved (Nocedal and Wright 2006) that for convex quadratic pro-
grams, i.e., when H  is positive semidefinite, the Karush–Kuhn–Tucker condi-
tions (5.6) to (5.9) are sufficient for *x  to be the unique global optimum solution 
of the quadratic program (5.1) to (5.3). 

Active set methods have been widely used and are effective for solving the 
quadratic program (5.1) to (5.3). The active set method for the solution of convex 
quadratic programs is composed of the following five steps (Nocedal and Wright 
2006): 

1. Set the iteration counter  to be zero, i.e., k 0k = . 

2. Compute a feasible starting point 0x . 

3. Set working set  to be a subset of the active constraints at 0W 0x . 

4. Formulate the equality-constrained quadratic programming subproblem (5.10) 
to (5.11): 
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 1min
2k

T T
k k kp

p H p g p
⎡ ⎤
⎢ ⋅ ⋅ ⋅ + ⋅
⎢⎣ ⎦

k ⎥⎥

k

, (5.10) 

subject to: 

 0 ,T
k i kA p a p i W⋅ = ⋅ = ∀ ∈ , (5.11) 

where: 

 k kg H x c= ⋅ + . (5.12) 

5. Solve the equality-constrained quadratic programming subproblem (5.10) to 
(5.11) by solving the following Karush–Kuhn–Tucker system of linear equa-
tions: 

 ˆ 00

T
k k

k

p gH A
A

⎡ ⎤⎡ ⎤ ⎡ ⎤−⎢ ⎥⎢ ⎥ ⎢⋅ =⎢ ⎥⎢ ⎥ ⎢λ⎢ ⎥ ⎣ ⎦⎣ ⎦ ⎣ ⎦
⎥
⎥ . (5.13) 

Let  and  be the solution of (5.13), where  denotes the  La-
grange multipliers with . 

kp ˆ
kλ ˆ

kλ ,
ˆ

k iλ

ki W∈

a. If  then: 0kp =

i. If  all the Lagrange multipliers  are nonnegative, 
then the algorithm stops because the optimal solution has been 
found, which is 

ki W∀ ∈ ,
ˆ

k iλ

* kx x= . 

ii. If one or more of the Lagrange multipliers  is negative, then 
we remove an index i  corresponding to one of the negative mul-
tipliers from the working set  and we form the new working 
set . We increase the iteration counter by 1, i.e., , 
and we proceed to step 4. 

,
ˆ

k iλ

kW

1kW + 1k k= +

b. If  then we compute the step length parameter 0kp ≠ ks  from the fol-
lowing equation: 

 
, 0

min 1, min
T

k i k

T
i i k

k Ti W a p
i k

b a x
s

a p∉ ⋅ >

⎧ ⎫⎡ ⎤⎪ ⎪− ⋅⎪ ⎪⎢ ⎥= ⎨ ⎬⎢ ⎥⎪ ⋅ ⎪⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭
. (5.14) 
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k

We call the constraints  for which the minimum in (5.14) is 
achieved the blocking constraints. If  and no new constraints 
are active at the current iteration, then there are no blocking con-
straints on this iteration . The new candidate solution is computed 
as follows: 

i
1ks =

k

 1k k kx x s p+ = + ⋅ . (5.15) 

i. If there are blocking constraints, a new working set  is con-
structed by adding one of the blocking constraints to . 

1kW +

kW
ii. If there are no blocking constraints on this iteration, the new 

working set  is the same as . 1kW + kW

The iteration counter increases by 1, i.e., , and we proceed 
to step 4. 

1k k= +

5.2.2 Applications to Power Systems 

Quadratic programming has shown its capabilities in solving real-world problems, 
as reflected by the publications on its applications to power system problems, e.g., 
Contaxis et al. 1986; Somuah and Schweppe 1987; Rogers and Rolko 1992; Wei 
et al. 1996; Momoh et al. 1999; Rau 2001; Papageorgiou and Fraga 2007, to name 
only a few. 

5.2.3 Example 5.1 

Solve the following problem: 

 2 2
1 2 1min 0.5 0.5 4 8

x 2x x x x⎡ ⋅ + ⋅ + ⋅ − ⋅⎢⎣
⎤⎥⎦

0

, (5.16) 

subject to: 

 , (5.17) 1 24 7x x⋅ + ⋅ =

 , (5.18) 1 2x− ≤

 , (5.19) 2 3.5x− ≤
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 , (5.20) 1 3x ≤

 , (5.21) 2 1.5x ≤

 , (5.22) 1 228.5 28 57x x⋅ + ⋅ ≤

using the quadratic programming technique with starting point . 0 [0 0]Tx =

Solution 
As can easily be seen, this is a quadratic programming problem of the form (5.1) 
to (5.3), i.e.: 

 1min ( ) min
2

T T

x x
f x x H x x c

⎡ ⎤
⎢= ⋅ ⋅ ⋅ + ⋅
⎢⎣ ⎦

⎥
⎥
,  

subject to: 

 , { }0 , 1T
i ia x b i⋅ − = ∈

 , { }0 , 2, ..., 6T
i ia x b i⋅ − ≤ ∈

where: 

 1

2

x
x

x
⎡ ⎤
⎢ ⎥= ⎢ ⎥⎣ ⎦

,   [ ]1 2
Tx x x= ,   

1 0
0 1

H
⎡ ⎤
⎢ ⎥= ⎢ ⎥⎣ ⎦

,   
4
8

c
⎡ ⎤
⎢ ⎥= ⎢ ⎥−⎣ ⎦

,   

 ,   and 

1

2

3

4

5

6

4 7
1 0

0 1
1 0
0 1

28.5 28

T

T

T

T

T

T

a
a
a

A
a
a
a

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

1

2

3

4

5

6

0
2

3.5
3

1.5
57

b
b
b

B
b
b
b

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

. 

Iteration 0 
We set the iteration counter  to be zero, i.e., k 0k = . 
The starting point  is a feasible point since it satisfies all the con-

straints (5.17) to (5.22). 
0 [0 0]Tx =

We refer the constraints (5.17) to (5.22), in order, by indices 1 through 6. Con-
straint 1 is the only constraint that is satisfied as equality at 0x , i.e., constraint 1 is 
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an active constraint at 0x , so the initial working set  is composed of the con-
straint 1, i.e., . 

0W

{ }0 1W =

We formulate the equality-constrained quadratic programming subproblem 
based on (5.10) to (5.11), for : 0k =

 
0

0 0 0
1min
2

T T

p
p H p g p

⎡ ⎤
⎢ ⋅ ⋅ ⋅ + ⋅
⎢⎣ ⎦

0 ⎥⎥
, (5.23) 

subject to: 

 , (5.24) { }1 0 00 , 1Ta p i W⋅ = ∀ ∈ =

where: 

 ,   ,   1
0

2

p
p

p
⎡ ⎤
⎢ ⎥= ⎢ ⎥⎣ ⎦

1 0
0 1

H
⎡ ⎤
⎢ ⎥= ⎢ ⎥⎣ ⎦

[ ]1 4 7TA a= = ,   

 

 . 0 0 0

1 0 0 4 4
0 1 0 8 8

g H x c g
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥= ⋅ + = ⋅ + ⇒ =⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

Substituting the values of , 0p H , , and 1
Ta 0g  into (5.23) and (5.24), we ob-

tain the following equality-constrained quadratic programming subproblem: 

 , (5.25) 
0

2 2
1 2 1min 0.5 0.5 4 8

p
p p p⎡ ⋅ + ⋅ + ⋅ − ⋅⎢⎣ 2p ⎤⎥⎦

0

subject to: 

 , (5.26) 1 24 7p p⋅ + ⋅ =

The solution of the quadratic programming subproblem of (5.25) and (5.26) is 
obtained by solving the following system of linear equations based on (5.13), for 

: 0k =

 0 0

0
ˆ 00

T p gH A
A

⎡ ⎤⎡ ⎤ ⎡ ⎤−⎢ ⎥⎢ ⎥ ⎢⋅ =⎢ ⎥⎢ ⎥ ⎢λ⎢ ⎥ ⎣ ⎦⎣ ⎦ ⎣ ⎦
⎥
⎥ . (5.27) 

Substituting the values of , 0p H , A , and 0g  into (5.27), we obtain the fol-
lowing system of linear equations: 
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⎤
⎥
⎥
⎥
⎥
⎦

⎤
⎥
⎥
⎥
⎥
⎦

 . (5.28) 
1

1

0

1 0 4 4
0 1 7 8

ˆ4 7 0 0

p
p

⎡ ⎤⎡ ⎤ ⎡−⎢ ⎥⎢ ⎥ ⎢⎢ ⎥⎢ ⎥ ⎢⋅ =⎢ ⎥⎢ ⎥ ⎢⎢ ⎥⎢ ⎥ ⎢⎢ ⎥λ⎣ ⎦ ⎣⎣ ⎦

The solution of the system of linear equations (5.28) is: 

 .  

1
1 1

1 1

0 0

1 0 4 4 6.4615
0 1 7 8 3.6923

ˆ ˆ4 7 0 0 0.6154

p p
p p

−⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡− −⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢= ⋅ ⇒ =⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢⎢ ⎥ ⎢ ⎥λ λ⎣ ⎦ ⎣ ⎦ ⎣⎣ ⎦ ⎣ ⎦

Since [ ] [ ]0 1 2 6.4615 3.6923 0Tp p p= = −
T
≠ , we have to compute the step 

length parameter based on (5.14), for : 0k =

 { }
0 0

0
0 0,, 0 {1} , 0

0

min 1, min min 1, min
T T
i i k

T
i i

iTi W a p i a p
i

b a x
s s

a p∉ ⋅ > ∉ ⋅ >

⎧ ⎫⎡ ⎤⎪ ⎪− ⋅⎪ ⎪⎢ ⎥= =⎨ ⎬⎢ ⎥⎪ ⎪⋅⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭
.  

We do not compute the coefficient 0, 1s  for , since . We 
also do not compute the coefficient 

1i = { }01 1i W= ∈ =

0, 3s  for , since 

. We do not compute the coefficient 

3i =

3 0 2 3.6923 0Ta p p⋅ =− =− < 0, 4s  for , 

since . We also do not compute the coefficient 

4i =

4 0 1 6.4615 0Ta p p⋅ = =− < 0, 6s  

for , since . 6i = 6 0 1 228.5 28 80.7684 0Ta p p p⋅ = ⋅ + ⋅ =− <
The coefficients 0, 2s  and 0, 5s  are computed as follows: 

 [ ] [ ]
[ ] [ ]

2 2 0
0, 2 0, 2

2 0

2 1 0 0 0 2 0.3095
6.46151 0 6.4615 3.6923

TT

T T

b a x
s s

a p
− − ⋅− ⋅

= = = ⇒ =
⋅ − ⋅ −

,  

 [ ] [ ]
[ ] [ ]

5 5 0
0, 5 0, 5

5 0

1.5 0 1 0 0 1.5 0.4063
3.69230 1 6.4615 3.6923

TT

T T

b a x
s s

a p
− ⋅− ⋅

= = = ⇒ =
⋅ ⋅ −

.  

The step length parameter is: 

 { }{ } { }{ }0 0, 2 0, 5min 1, min , min 1, min 0.3095, 0.4063s s s= = ⇒  

 . 0 0.3095s =
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2Since 0 0,s s= , the constraint 2 is a blocking constraint that is added to the 

working set of the next iteration, i.e., the new working set is { }1 1, 2W = . 
The new candidate solution is computed using (5.15) as follows: 

 1 0 0 0 1 1

0 6.4615 2
0.3095

0 3.6923 1.1429
x x s p x x

⎡ ⎤ ⎡ ⎤ ⎡− − ⎤
⎢ ⎥ ⎢ ⎥ ⎢= + ⋅ ⇒ = + ⋅ ⇒ = ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

. 

Iteration 1 
We increase the iteration counter  by 1, so we have k 1k = . 
At the end of iteration 0 we found that { }1 1, 2W =  and . [ ]1 2 1.1429 Tx = −

We formulate the equality-constrained quadratic programming subproblem 
based on (5.10) and (5.11), for : 1k =

 
1

1 1 1
1min
2

T T

P
P H P g P

⎡
⎢ ⋅ ⋅ ⋅ + ⋅
⎢⎣ ⎦

1

⎤
⎥
⎥
, (5.29) 

subject to: 

 , (5.30) { }1 10 , 1, 2T
ia P i W⋅ = ∀ ∈ =

where: 

 ,   ,  1
1

2

p
P

p
⎡ ⎤
⎢ ⎥= ⎢ ⎥⎣ ⎦

1 0
0 1

H
⎡ ⎤
⎢ ⎥= ⎢ ⎥⎣ ⎦

 [ ]1 4 7Ta = ,    [ ]2 1 0Ta = − ,    1

2

4 7
1 0

T

T

a
A

a

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎣ ⎦⎣ ⎦

, 

 

 . 1 1 1

1 0 2 4 2
0 1 1.1429 8 6.8571

g H x c g
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡−⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢= ⋅ + = ⋅ + ⇒ =⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣

⎤
⎥
⎥⎦

Substituting the values of , 1P H , , , and 1
Ta 2

Ta 1g  into (5.29) and (5.30), we 
obtain the following equality-constrained quadratic programming subproblem: 

 , (5.31) 
1

2 2
1 2 1min 0.5 0.5 2 6.8571

P
P P P⎡ ⋅ + ⋅ + ⋅ − ⋅⎢⎣ 2P ⎤⎥⎦

subject to: 



230 5 Optimization 
 

0 , (5.32) 1 24 7P P⋅ + ⋅ =

 . (5.33) 1 0P− =

The solution of the quadratic programming subproblem (5.31) to (5.33) is ob-
tained by solving the following system of linear equations based on (5.13), for 

: 1k =

 1 1

1
ˆ 00

T P gH A
A

⎡ ⎤⎡ ⎤ ⎡ ⎤−⎢ ⎥⎢ ⎥ ⎢⋅ =⎢ ⎥⎢ ⎥ ⎢λ⎢ ⎥ ⎣ ⎦⎣ ⎦ ⎣ ⎦
⎥
⎥ . (5.34) 

Substituting the values of , 1P H , A , and 1g  into (5.34), we obtain the follow-
ing system of linear equations: 

 . (5.35) 

1

2

1

2

1 0 4 1 2
0 1 7 0 6.8571

ˆ4 7 0 0 0
ˆ1 0 0 0 0

p
p
⎡ ⎤⎡ ⎤ ⎡− −⎢ ⎥⎢ ⎥ ⎢⎢ ⎥⎢ ⎥ ⎢⎢ ⎥⎢ ⎥ ⎢⋅ =⎢ ⎥⎢ ⎥ ⎢λ⎢ ⎥⎢ ⎥ ⎢⎢ ⎥⎢ ⎥ ⎢− ⎢ ⎥⎢ ⎥ ⎢λ⎣ ⎦ ⎣⎣ ⎦

⎤
⎥
⎥
⎥
⎥
⎥
⎥⎥⎦

2

ˆ

⎤
⎥
⎥
⎥
⎥
⎥
⎥⎥⎦

The solution of the system of linear (5.35) is: 

 .  

1
1 1

2

1 1

2 2

1 0 4 1 2 0
0 1 7 0 6.8571 0

ˆ 4 7 0 0 0 0.9796
ˆ ˆ1 0 0 0 0 5.9184

p p
p p

−⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡− −⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢= ⋅ ⇒ =⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢λ λ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢−⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢λ λ⎣ ⎦ ⎣ ⎦ ⎣⎣ ⎦ ⎣ ⎦

Since [ ] [ ]1 1 2 0 0 0T TP p p= = = , and because all the Lagrange multipliers 
for the constraints belonging to the working set  are nonnegative 

(  and ), the algorithm stops because the optimal 

solution has been found, this being 

1W

1
ˆ 0.9796 0λ = > 2

ˆ 5.9184 0λ = >

[ ]1* 2 1.1429 Tx x= = − . 

Since constraints 3 to 6 do not belong to the working set , their La-
grange multipliers are equal to zero. 

{ }1 1, 2W =

Consequently, the optimum solution of the quadratic programming problem 
(5.16) to (5.22) is given by: 

 , , , , , , 

, . 

*
1 2x =− *

2 1.1429x = *
1 0.9796λ = *

2 5.9184λ = *
3 0λ = *

4 0λ =
* *
5 0λ = 6 0λ =
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e

5.3 Sequential Quadratic Programming 

5.3.1 Methodology 

Sequential quadratic programming is one of the best methods for solving nonline-
arly constrained optimization problems (Boggs and Tolle 1995; Rao 1996; Noce-
dal and Wright 2006). Sequential quadratic programming is also known as itera-
tive quadratic programming, recursive quadratic programming, and constrained 
variable metric method. The basic form of sequential quadratic programming 
method dates back to Wilson (Wilson 1963) and was popularized by Han (Han 
1977) and Powell (Powell 1978). 

The nonlinear programming problem is stated as: 

 , (5.36) min ( )f
x

x

subject to: 

 ( ) 0 , 1, ...,ig ix = = m , (5.37) 

 ( ) 0 , 1, ...,i eg i m mx ≤ = + , (5.38) 

where  is the vector of  design parameters,  is the objective function,  
is the number of equality constraints, and  is the number of inequality con-
straints. The great advantage of the sequential quadratic programming method is 
its ability to solve problems with nonlinear constraints. For this reason it is as-
sumed that the nonlinear programming problem (5.36)–(5.38) contains at least one 
nonlinear constraint function. 

x n ( )f x em

em m−

The Lagrangian for the nonlinear programming problem (5.36)–(5.38) is: 

 . (5.39) 
1

( , ) ( ) ( )
m

i i
i

fx λ x
=

= + λ ⋅∑L g x

The basic idea of sequential quadratic programming is to model the nonlinear 
programming problem (5.36)–(5.38) at a given approximate solution, say , by 
a quadratic programming subproblem, and then to use the solution to this subprob-
lem to construct a better approximation . This process is iterated to create a 
sequence of approximations that will converge to the optimal solution . 

( )kx

( 1)kx +

*x
The principal idea of sequential quadratic programming is the formulation of a 

quadratic programming subproblem based on a quadratic approximation of the 
Lagrangian function  of (5.39) and by linearizing the nonlinear con-
straints of (5.37) and (5.38). It can be proved (Boggs and Tolle 1995) that at a cur-

( , )x λL
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rent approximation  the quadratic programming subproblem (5.40)–(5.42) has 
to be solved: 

( )kx

 ( )1min ( ) min ( )
2

T
kf

s s
s s H s x

⎡ ⎤
⎢= ⋅ ⋅ ⋅ +∇
⎢⎣ ⎦

k Tf s⎥⋅
⎥

e

, (5.40) 

subject to: 

 ( ) ( )( ) ( ) 0 , 1, ...,k T k
i ig g ix s x∇ ⋅ + = = m , (5.41) 

 ( ) ( )( ) ( ) 0 , 1, ...,k T k
i i eg g i mx s x∇ ⋅ + ≤ = + m

s

)kx

k

, (5.42) 

where  is a positive definite approximation of the Hessian matrix of the La-

grangian function  of (5.39) at . Initially, the matrix  is taken as 
the identity matrix and is updated in subsequent iterations by the BFGS method 
(Nocedal and Wright 2006). 

kH

( , )x λL ( )kx kH

The quadratic programming subproblem (5.40)–(5.42) is solved using the ac-
tive set method of Sect. 5.2.1. The solution s  of the quadratic programming sub-
problem of (5.40) to (5.42) is then used to form a new approximation  as fol-
lows: 

( 1)kx +

 , (5.43) ( 1) ( ) ( )k k kx x+ = +α ⋅

where  is the step length parameter, which is determined by the following 
line search procedure: 

( )kα

1. Initially it is assumed that . ( ) 1kα =

2. The new approximation  is computed using (5.43). ( 1)kx +

3. If the condition  is satisfied then go to step 5 else go to step 
4. 

( 1) ( )( ) (kf fx + <

4. The step length is halved, i.e., . Next, go to step 2. ( ) ( )0.5kα = ⋅α

5. The step length  has been found. ( )kα
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⎤⎥⎦

5.3.2 Applications to Power Systems 

Sequential quadratic programming has shown its capabilities in solving real-world 
problems, as reflected by the number of publications on its applications to power 
system problems, e.g., Lu et al. 1988; Grudinin 1998; Nejdawi et al. 2000; Abril 
and Quintero 2003; Coelho and Mariani 2006; Finardi and da Silva 2006, to name 
only a few. 

5.3.3 Example 5.2 

Solve the following problem: 

 , (5.44) 4 2
1 1 2min ( ) min 2 7f x x x

x x
x ⎡= − ⋅ ⋅ +⎢⎣

subject to: 

 , (5.45) 2 2
1 1 2( ) 16.25 0g x xx = + − =

 , (5.46) 2 1( ) 0g xx =− ≤

 , (5.47) 3 2( ) 0g xx =− ≤

 , (5.48) 4 1( ) 5 0g xx = − ≤

 , (5.49) 5 2( ) 5 0g xx = − ≤

 , (5.50) 2 2
6 1 1 2( ) 2 110 0g x x xx = + ⋅ ⋅ − ≤

using the sequential quadratic programming technique with starting point 
. (0) [2 3.5]Tx =

Solution 
The gradients of the objective and the constraint functions are: 

 
3

1 1 1 2
2
1

2

4 4
( )

2

f
x x x x

f
f x
x

x

⎡ ⎤∂⎢ ⎥
⎡ ⎤⎢ ⎥∂ ⋅ − ⋅ ⋅⎢ ⎥⎢ ⎥∇ = = ⎢ ⎥⎢ ⎥∂ − ⋅⎢ ⎥⎣ ⎦⎢ ⎥

⎢ ⎥∂⎣ ⎦

1

1 1
1

21

2

2
( )

2

g
x x

g
xg

x

x

⎡ ⎤∂⎢ ⎥
⎢ ⎥ ⎡ ⎤∂ ⋅⎢ ⎥ ⎢ ⎥=⎢ ⎥, ,  ∇ = ⎢ ⎥⋅∂ ⎣ ⎦⎢ ⎥
⎢ ⎥∂⎣ ⎦
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 , 2

1
( )

0
g x

⎡ ⎤−⎢ ⎥∇ = ⎢ ⎥⎣ ⎦
3

0
( )

1
g x

⎡ ⎤
⎢ ⎥∇ = ⎢ ⎥−⎣ ⎦

, 4

1
( )

0
g x

⎡ ⎤
⎢ ⎥∇ = ⎢ ⎥⎣ ⎦

, 5

0
( )

1
g x

⎡ ⎤
⎢ ⎥∇ = ⎢ ⎥⎣ ⎦

,  

 
2

1 2
6

1 2

2 2
( )

4
x x

g
x x

x
⎡ ⎤⋅ + ⋅⎢ ⎥∇ = ⎢ ⎥⋅ ⋅⎢ ⎥⎣ ⎦

. 

Iteration 0 
The starting point  is feasible, since it satisfies all the constraints 
(5.45)–(5.50): 

(0) [2 3.5]Tx =

 , (0) 2 2 (0)
1 1( ) 2 3.5 16.25 ( ) 0g gx x= + − ⇒ =

 , (0) (0)
2 2( ) 2 ( ) 0g gx x=− ⇒ <

 , (0) (0)
3 3( ) 3.5 ( ) 0g gx x=− ⇒ <

 , (0) (0) (0)
4 4 4( ) 2 5 ( ) 3 ( )g g gx x x= − ⇒ =− ⇒ < 0

x

0

 , (0) (0) (0)
5 5 5( ) 3.5 5 ( ) 1.5 ( ) 0g g gx x= − ⇒ =− ⇒ <

 . (0) 2 2 (0)
6 6( ) 2 2 2 3.5 110 57 ( )g gx x= + ⋅ ⋅ − =− ⇒ <

The value of the objective function at the starting point  is: (0) [2 3.5]Tx =

 . (0) 4 2 (0)( ) 2 2 2 3.5 7 ( ) 5f fx x= − ⋅ ⋅ + ⇒ =−

The gradient of the objective function and the gradient of the constraint func-
tions at the initial point  are: (0) [2 3.5]Tx =

 
3

(0)
2

44 2 4 2 3.5
( )

82 2
f x

⎡ ⎤ ⎡ ⎤⋅ − ⋅ ⋅⎢ ⎥ ⎢ ⎥∇ = =⎢ ⎥ ⎢ ⎥−− ⋅ ⎣ ⎦⎣ ⎦
,    (0)

1

2 2 4
( )

2 3.5 7
g x

⎡ ⎤ ⎡ ⎤⋅⎢ ⎥ ⎢ ⎥∇ = =⎢ ⎥ ⎢ ⎥⋅⎣ ⎦ ⎣ ⎦
,  

 ,    (0)
2

1
( )

0
g x

⎡ ⎤−⎢ ⎥∇ = ⎢ ⎥⎣ ⎦

(0)
3

0
( )

1
g x

⎡ ⎤
⎢ ⎥∇ = ⎢ ⎥−⎣ ⎦

,    (0)
4

1
( )

0
g x

⎡ ⎤
⎢ ⎥∇ = ⎢ ⎥⎣ ⎦

,  

 ,    (0)
5

0
( )

1
g x

⎡ ⎤
⎢ ⎥∇ = ⎢ ⎥⎣ ⎦

2
(0)

6

28.52 2 2 3.5
( )

284 2 3.5
g x

⎡ ⎤ ⎡ ⎤⋅ + ⋅⎢ ⎥ ⎢ ⎥∇ = =⎢ ⎥ ⎢ ⎥⋅ ⋅ ⎣ ⎦⎣ ⎦
. 

 



5.3 Sequential Quadratic Programming 235 
 

Iteration 1 
The following quadratic programming subproblem has to be formulated and 
solved: 

 (0)
0

1min ( ) min ( )
2

Tf
s s

s s H s x
⎡ ⎤
⎢= ⋅ ⋅ ⋅ +∇
⎢⎣ ⎦

Tf s⎥⋅
⎥

=

, (5.51) 

subject to: 

 , (5.52) (0) (0)
1 1( ) ( ) 0Tg gx s x∇ ⋅ +

 , (5.53) (0) (0)( ) ( ) 0 , 2, ..., 6T
i ig g ix s x∇ ⋅ + ≤ ∀ =

where  is initially taken as the identity matrix. 0H
By substituted the values of the objective function, the constraint functions, the 

gradient of the objective function, and the gradients of the constraints functions at 
the initial point  into (5.51) to (5.53) we have: (0)x

 (0)
0

1min ( ) min ( )
2

Tf f
s s

s s H s x
⎧ ⎫⎪⎪= ⋅ ⋅ ⋅ +∇ ⋅⎨⎪⎪ ⎪⎩ ⎭

T s⎪⎪=⎬⎪
  

 1 1 1

2 2 2

1 0 41min
0 1 82

T Ts s s
s s ss

⎧ ⎫⎪ ⎪⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤⎪ ⎪⎪ ⎪⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥= ⋅ ⋅ ⋅ + ⋅⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎪ ⎪−⎪ ⎪⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎪ ⎪⎩ ⎭
⇒

2s ⎤⎥⎦

⇒

 

 , (5.54) 2 2
1 2 1min ( ) min 0.5 0.5 4 8f s s s

s s
s ⎡= ⋅ + ⋅ + ⋅ − ⋅⎢⎣

subject to: 

 1(0) (0)
1 1

2

4
( ) ( ) 0 0 0

7

T
T s

g g
s

x s x
⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥∇ ⋅ + = ⇒ ⋅ + =⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

  

 , (5.55) 1 1 2( ) 4 7 0g s ss = ⋅ + ⋅ =

 1(0) (0)
2 2

2

1
( ) ( ) 0 ( 2) 0

0

T
T s

g g
s

x s x
⎡ ⎤⎡ ⎤− ⎢ ⎥⎢ ⎥∇ ⋅ + ≤ ⇒ ⋅ + − ≤⎢ ⎥⎢ ⎥ ⇒

⎣ ⎦ ⎣ ⎦
  

 , (5.56) 2 1( ) 2g ss =− ≤

 , (5.57) 3 2( ) 3.5g ss =− ≤

 , (5.58) 4 1( ) 3g ss = ≤
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(1) (1) (1)

 , (5.59) 5 2( ) 1.5g ss = ≤

 . (5.60) 6 1 2( ) 28.5 28 57g s ss = ⋅ + ⋅ ≤

The quadratic programming subproblem (5.54)–(5.60) has been solved in Ex-
ample 5.1 and the solution is: 

 , , , , , 

, , . 

(1)
1 2s =− (1)

2 1.1429s = (1)
1 0.9796λ = (1)

2 5.9184λ = (1)
3 0λ =

4 0λ = 5 0λ = 6 0λ =

The new candidate point is computed as follows: 

 
(1)

(1) (0) (1) 1
(1)
2

k k
s
s

x x
⎡ ⎤
⎢ ⎥= +α ⋅ ⎢ ⎥⎢ ⎥⎣ ⎦

, (5.61) 

so that: 

 , (5.62) (1) (0)( ) ( )kf fx x<

where  is the line search step length. (1)α
The process of finding the appropriate  starts with unitary line search step 

length, i.e., . Then the new point is computed from (5.61). If (5.62) 

is satisfied, then the current  is the desired line search step length, otherwise 
the line search step length is halved and the process is repeated until (5.62) is sat-
isfied. 

(1)α
(1) (1)

1 1kα =α =
(1)
kα

The search starts with  and . The new candidate point is com-
puted by (5.61): 

1k = (1)
1 1α =

 
(1)

(1) (0) (1) (1)1
1 1 1(1)

2

2 2 0
1

3.5 1.1429 4.6429
s
s

x x x
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡−⎢ ⎥

⎤
⎢ ⎥ ⎢ ⎥ ⎢= +α ⋅ = + ⋅ ⇒ =⎢ ⎥

⎥
⎢ ⎥ ⎢ ⎥ ⎢⎢ ⎥ ⎥⎣ ⎦ ⎣ ⎦ ⎣⎣ ⎦ ⎦

1

,  

while the value of the objective function at the new candidate point  is: (1)
1x

 . (1) 4 2 (1)
1 1( ) 0 2 0 4.6429 7 ( ) 7f fx x= − ⋅ ⋅ + ⇒ =

Since , the new candidate point  does not satisfy (5.62), so we 

proceed with  and . The new candidate point  is 
computed by  (5.61): 

(0)( ) 5f x =− (1)
1x

2k = (1) (1)
2 10.5 0.5α = ⋅α = (1)

2x

 
(1)

(1) (0) (1) (1)1
2 2 2(1)

2

2 2
0.5

3.5 1.1429 4.0714
s
s

x x x
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡−⎢ ⎥

⎤
⎢ ⎥ ⎢ ⎥ ⎢= +α ⋅ = + ⋅ ⇒ =⎢ ⎥

⎥
⎢ ⎥ ⎢ ⎥ ⎢⎢ ⎥ ⎥⎣ ⎦ ⎣ ⎦ ⎣⎣ ⎦ ⎦

,  

while the value of the objective function at the new candidate point  is: (1)
2x

 . (1) 4 2 (1)
2 2( ) 1 2 1 4.0714 7 ( ) 0.1429f fx x= − ⋅ ⋅ + ⇒ =−
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Table 5.1 Calculation of line search step length  for the Example 5.2 (1)α

k  (1)
kα  (1)

kx  (1)( )kf x  (0)( )f x  (1) (0)( ) ( )kf fx x<  

1 1 [ ]0 4.6429 T
 7 -5 No 

2 0.5 [ ]1 4.0714 T
 -0.1429 -5 No 

3 0.25 [ ]1.5 3.7857 T
 -4.9732 -5 No 

4 0.125 [ ]1.75 3.6429 T
 -5.9336 -5 Yes 

 
Since , the new candidate point  does not satisfy  (5.62), so 

we proceed with  and . The required computations for 
the calculation of line search step length are shown in Table 5.1, from which we 
can see that for , (5.62) is not satisfied, while for , (5.62) is satis-

fied, so the desired line search step length is , the new point is 

(0)( ) 5f x =− (1)
2x

3k = (1) (1)
3 20.5 0.25α = ⋅α =

1, 2, 3k = 4k =
(1) 0.125α =

[ ](1) 1.75 3.6429 Tx =  for which . (1)( ) 5.9336f x =−

The values of the constraint functions at the new point [ ](1) 1.75 3.6429 Tx =  
are: 

 , (1) 2 2 (1)
1 1( ) 1.75 3.6429 16.25 ( ) 0.0829g gx x= + − ⇒ =

 ,   , (1)
2 ( ) 1.75g x =− (1)

3 ( ) 3.6429g x =−

 , (1) (1)
4 4( ) 1.75 5 ( ) 3.25g gx x= − ⇒ =−

 , (1) (1)
5 5( ) 3.6429 5 ( ) 1.3571g gx x= − ⇒ =−

 . (1) 2 2 (1)
6 6( ) 1.75 2 1.75 3.6429 110 ( ) 60.4911g gx x= + ⋅ ⋅ − ⇒ <−

The gradient of the objective function and the gradients of the constraint func-
tions at the new point [ ](1) 1.75 3.6429 Tx =  are: 

 
3

(1)
2

4.06254 1.75 4 1.75 3.6429
( )

6.1252 1.75
f x

⎡ ⎤ ⎡ ⎤−⋅ − ⋅ ⋅⎢ ⎥ ⎢ ⎥∇ = =⎢ ⎥ ⎢ ⎥−− ⋅ ⎣ ⎦⎣ ⎦
,    

 ,    (1)
1

2 1.75 3.5
( )

2 3.6429 7.2857
g x

⎡ ⎤ ⎡ ⎤
⎥
⎥⎦

⋅⎢ ⎥ ⎢∇ = =⎢ ⎥ ⎢⋅⎣ ⎦ ⎣

(1)
2

1
( )

0
g x

⎡ ⎤−⎢ ⎥∇ = ⎢ ⎥⎣ ⎦
, 
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 ,    (1)
3

0
( )

1
g x

⎡ ⎤
⎢ ⎥∇ = ⎢ ⎥−⎣ ⎦

(1)
4

1
( )

0
g x

⎡ ⎤
⎢ ⎥∇ = ⎢ ⎥⎣ ⎦

,    (1)
5

0
( )

1
g x

⎡ ⎤
⎢ ⎥∇ = ⎢ ⎥⎣ ⎦

, 

 
2

(1)
6

30.04082 1.75 2 3.6429
( )

25.54 1.75 3.6429
g x

⎡ ⎤ ⎡ ⎤⋅ + ⋅⎢ ⎥ ⎢ ⎥∇ = =⎢ ⎥ ⎢ ⎥⋅ ⋅ ⎣ ⎦⎣ ⎦
. 

In order to calculate the optimization error, the parameters  and  
are needed. The parameter  is computed as follows: 

(1)NGL (1)NC
(1)NGL

 

6
(1) (1) (1)
1 1

1(1)

6
(1) (1) (1)
2 2

1

( ) ( ) ,

max

( ) ( )

i i
i

i i
i

f x g x

NGL

f x g x

=

=

⎧ ⎫⎪ ⎪⎪ ⎪∇ + ∇ ⋅λ⎪ ⎪⎪ ⎪⎪ ⎪⎪ ⎪= ⇒⎨ ⎬⎪ ⎪⎪ ⎪⎪ ⎪∇ + ∇ ⋅λ⎪ ⎪⎪ ⎪⎪ ⎪⎩ ⎭

∑

∑
 

 (1)
4.0625 3.5 0.9796 ( 1) 5.9184 ,

max
6.125 7.2857 0.9796 0 5.9184

NGL
⎧ ⎫⎪ ⎪− + ⋅ + − ⋅⎪ ⎪⎪ ⎪= ⇒⎨ ⎬⎪ ⎪− + ⋅ + ⋅⎪ ⎪⎪ ⎪⎩ ⎭

 

 { }(1) (1)max 6.5523 , 1.012 6.5523NGL NGL= − ⇒ = . 

The parameter  is computed as follows: (1)NC

 
(1) (1) (1) (1) (1) (1)
2 2 3 3 4 4(1)

(1) (1) (1) (1)
5 5 6 6

( ) , ( ) , ( ) ,
max

( ) , ( )

g g g
NC

g g

x x x

x x

⎧ ⎫⎪ ⎪λ ⋅ λ ⋅ λ ⋅⎪ ⎪⎪ ⎪= ⇒⎨ ⎬⎪ ⎪λ ⋅ λ ⋅⎪ ⎪⎪ ⎪⎩ ⎭

 

 { }(1) (1)max 5.9184 ( 1.75) , 0 , 0 , 0 , 0 10.3571NC NC= ⋅ − ⇒ = . 

The optimization error at the first iteration is: 

  { } { }(1) (1) (1)max , max 6.5523, 10.3571OE NGL NC= = ⇒

 . (1) 10.3571OE =

The feasibility error at the first iteration is: 

  { }(1) (1) (1) (1) (1) (1) (1)
1 2 3 4 5 6max ( ), ( ), ( ), ( ), ( ), ( )FE g g g g g gx x x x x x= ⇒

 . (1) 0.0829FE =

The iterations continue, because the following two inequalities are not satisfied: 

  and .  (1) 610OE −< (1) 610FE −<
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Table 5.2 Convergence of sequential quadratic programming for the Example 5.2 

Iteration 
 j

Objective function 
value  ( )( )jf x

Feasibility error 
( )jFE  

Optimization 
error  ( )jOE

0 -5 0  

1 -5.93359 0.08291 10.4 

2 -5.88173 0.001497 0.106 

3 -5.88059 51.306 10−⋅  0.00175 

4 -5.88058 95.929 10−⋅  66.45 10−⋅  

5 -5.88058 142.842 10−⋅  94.65 10−⋅  

 

Optimum solution 
As can be seen from Table 5.2, after five iterations the procedure converges, since: 

  and .  (5) 610OE −< (5) 610FE −<

The optimum solution after five iterations is [ ](5) 1.7823 3.6157 Tx x= =  and 

the value of the objective function is . (5)( ) ( ) 5.8806f fx x= =−

5.4 Branch-and-Bound 

5.4.1 Methodology 

The branch-and-bound method is very effective in solving mixed-integer linear 
and nonlinear programming problems (Rao 1996). The branch-and-bound method 
was originally developed by Land and Doig to solve integer linear programming 
problems (Land and Doig 1960) and was later modified by Dakin to solve mixed-
integer programming problems (Dakin 1965). Subsequently, the branch-and-
bound method was extended to solve nonlinear mixed-integer programming prob-
lems (Borchers and Mitchell 1994; Leyffer 2001). 

The mixed-integer nonlinear programming problem is stated as: 

 , (5.63) min ( )f
x

x

subject to: 

 ( ) 0 , 1, ...,i eg ix = = m , (5.64) 
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 ( ) 0 , 1, ...,i eg i m mx ≤ = + , (5.65) 

 0 0integer , 1, ..., ( )jx j n n= n≤

]

, (5.66) 

where 1 2[ ... T
nx x xx =  is the vector of  design variables among which the 

first  variables are identified as the integer variables. 
n

0n
According to the branch-and-bound method, initially, all integer restrictions of 

(5.66) are relaxed and the resulting nonlinear programming problem (5.63)–(5.65) 
is solved using an appropriate method, e.g., the sequential quadratic programming 
method of Sect. 5.3. If all integer variables take an integer value at the solution 
then this is also the solution of the mixed-integer nonlinear programming problem 
(5.63)–(5.66). However, usually, some integer variables take a non-integer value. 
The branch-and-bound method then selects one of those integer variables that take 
a non-integer value, say ix , with value ˆix , and branches on it. Branching gener-
ates two new nonlinear programming problems: 

1. The first nonlinear programming problem is composed of (5.63)–(5.65) plus 
the simple bound constraint [ ]ˆi ix x≤ , where [ ]ˆix  is the largest integer not 
greater than ˆix . 

2. The second nonlinear programming problem is composed of (5.63)–(5.65) plus 
the simple bound constraint [ ]ˆ 1i ix x≥ + . 

One of the above two nonlinear programming problems is selected and solved 
next using an appropriate method, e.g., the sequential quadratic programming 
method of Sect. 5.3. If the integer variables take non-integer values then branching 
is repeated, thus generating a branch-and-bound tree whose nodes correspond to 
nonlinear programming problems and where an edge indicates the addition of a 
branching bound. If one of the following three fathoming rules is satisfied, then no 
branching is required; the corresponding node has been fully fathomed (explored) 
and can be abandoned. The fathoming rules are the following: 

1. An infeasible node is detected. In this case the whole sub-tree starting at this 
node is infeasible and the node has been fathomed. 

2. An integer feasible node is detected. This provides an upper bound on the op-
timum of the mixed-integer nonlinear programming problem; no branching is 
possible and the node has been fathomed. 

3. A lower bound on the nonlinear programming solution of a node is greater than 
or equal to the current upper bound. In this case the node is fathomed, since this 
nonlinear programming solution provides a lower bound for all problems in the 
corresponding sub-tree. 
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⎤⎥⎦

Once a node has been fathomed the branch-and-bound method backtracks to 
another node that has not been fathomed until all nodes are fathomed. 

5.4.2 Applications to Power Systems 

Branch-and-bound has been shown capable of solving real-world problems, as re-
flected by the growing number of publications on its application to power system 
problems, e.g., Thompson and Wall 1981; Lauer et al. 1982; Cohen and Yoshi-
mura 1983; Boardman and Meckiff 1985; Haffner et al. 2001; Choi et al. 2005; 
Amoiralis et al. 2008; Rider et al. 2008; Amoiralis et al. 2009, to name only a few.  

5.4.3 Example 5.3 

Solve the following mixed-integer nonlinear programming problem: 

 , (5.67) 4 2
1 1 2min ( ) min 2 7f x x x

x x
x ⎡= − ⋅ ⋅ +⎢⎣

subject to: 

 , (5.68) 2 2
1 1 2( ) 16.25 0g x xx = + − =

 , (5.69) 2 1( ) 0g xx =− ≤

 , (5.70) 3 2( ) 0g xx =− ≤

 , (5.71) 4 1( ) 5 0g xx = − ≤

 , (5.72) 5 2( ) 5 0g xx = − ≤

 , (5.73) 2 2
6 1 1 2( ) 2 110 0g x x xx = + ⋅ ⋅ − ≤

 2x  integer, (5.74) 

using the branch-and-bound technique with starting point . (0) [2 3.5]Tx =

Solution 
The various steps of the branch-and-bound method are presented in the following. 

Step 1 
First the problem is solved as a continuous variable problem, i.e., without (5.74). 
This problem has been solved in Example 5.2 and its optimum solution is: 
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 , , .  1 1.7823x = 2 3.6157x = ( ) 5.8806f x =−

Step 2 
It was found in Step 1 that the optimum value of 2x  is . However, 2 3.6157x = 2x  
has to be an integer, as can be seen from (5.74). Based on branch-and-bound 
method, two nonlinear programming problems have to be solved: 

1. The first nonlinear programming problem is composed of (5.67)–(5.73) plus 
the simple bound constraint [ ]2 3.6157 3x ≤ ⇒ 2x ≤ . This first problem is 
solved in Step 3. 

2. The second nonlinear programming problem is composed of (5.67)–(5.73) plus 
the simple bound constraint [ ]2 3.6157 1 4x ≥ + ⇒ 2x ≥

⎤⎥⎦

. This second problem is 
solved in Step 4. 

Step 3 
The following problem has to be solved: 

 , (5.75) 4 2
1 1 2min ( ) min 2 7f x x x

x x
x ⎡= − ⋅ ⋅ +⎢⎣

subject to: 

 , (5.76) 2 2
1 1 2( ) 16.25 0g x xx = + − =

 , (5.77) 2 1( ) 0g xx =− ≤

 , (5.78) 3 2( ) 0g xx =− ≤

 , (5.79) 4 1( ) 5 0g xx = − ≤

 , (5.80) 5 2( ) 5 0g xx = − ≤

 , (5.81) 2 2
6 1 1 2( ) 2 110 0g x x xx = + ⋅ ⋅ − ≤

 . (5.82) 7 2( ) 3 0g xx = − ≤

The optimization problem (5.75)–(5.82) is solved using the sequential quadratic 
programming method (Sect. 5.3) and its optimum solution is: 

 , , .  ( )
1 2.6926Lx = ( )

2 3Lx = ( )( ) 16.0625Lf x =

Step 4 
The following problem has to be solved: 
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x2 = 3

Continuous solution
x = [1.7823 , 3.6157]T  ,   f = -5.8806

x = [2.6926 , 3]T  ,   f = 16.0625 x = [0.5 , 4]T  ,   f = 5.0625

x2 = 4

Optimum solution  

Fig. 5.1 Solution of Example 5.3 using the branch-and-bound method 

 , (5.83) 4 2
1 1 2min ( ) min 2 7f x x x

x x
x ⎡= − ⋅ ⋅ +⎢⎣

⎤⎥⎦

subject to: 

 , (5.84) 2 2
1 1 2( ) 16.25 0g x xx = + − =

 , (5.85) 2 1( ) 0g xx =− ≤

 , (5.86) 3 2( ) 0g xx =− ≤

 , (5.87) 4 1( ) 5 0g xx = − ≤

 , (5.88) 5 2( ) 5 0g xx = − ≤

 , (5.89) 2 2
6 1 1 2( ) 2 110 0g x x xx = + ⋅ ⋅ − ≤

 . (5.90) 7 2( ) 4 0g xx =− + ≤

The optimization problem (5.83)–(5.90) is solved using the sequential quadratic 
programming method and its optimum solution is: 

 , , .  ( )
1 0.5Rx = ( )

2 4Rx = ( )( ) 5.0625Rf x =

Step 5 
The left branch problem, solved in Step 3, and the right branch problem, solved in 
Step 4, give feasible solutions. However, since the problem under consideration is 
a minimization problem, and because: 
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L ,  ( ) ( )5.0625 16.0625 ( ) ( )Rf fx x< ⇒ <

the optimum solution to the initial mixed-integer nonlinear programming problem  
(5.67)–(5.74) is the following: 

 , , .  1 0.5x = 2 4x = ( ) 5.0625f x =

The results are shown in Fig. 5.1. 

5.5 Genetic Algorithms 

5.5.1 Methodology 

 
Genetic algorithms are general-purpose optimization algorithms based on the me-
chanics of natural selection and genetics. The genetic algorithm method was de-
veloped by Holland (Holland 1975) and popularized by Goldberg (Goldberg 
1989). 

Genetic algorithms operate on string structures (chromosomes), typically a 
concatenated list of binary digits representing a coding of the control parameters 
(phenotype) of a given problem. Chromosomes themselves are composed of 
genes. The real value of a control parameter, encoded in a gene, is called an allele. 

Genetic algorithms are an attractive alternative to other optimization methods 
because of their robustness. The three major advantages of genetic algorithms in 
comparison with conventional optimization algorithms are the following: 

1. Genetic algorithms operate on the encoded string of the problem parameters 
rather than the actual parameters of the problem. Each string can be thought of 
as a chromosome that completely describes one candidate solution to the prob-
lem. 

2. Genetic algorithms use a population of points rather than a single point in their 
search. This allows the genetic algorithm to explore several areas of the search 
space simultaneously, reducing the probability of finding local optima. 

3. Genetic algorithms do not require any prior knowledge, space limitations, or 
special properties of the function to be optimized, such as smoothness, convex-
ity, unimodality, or existence of derivatives. They only require the evaluation 
of the so-called fitness function to assign a quality value to every solution pro-
duced. 
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Fig. 5.2 Simple genetic algorithm 

Chromosome   =  1 0 0 0 0 1 0 0      0 0 1 1 1 0 1 1

gene 1 gene 2

x1 = 0.70588 x2 = -10.745

} ENCODING

} DECODING
 

Fig. 5.3 Example of a chromosome representation with two genes and 8 bits per gene 

 
A simple genetic algorithm process is illustrated in Fig. 5.2. After an initial 

population is randomly or heuristically produced, the fitness function of the popu-
lation is evaluated and the genetic algorithm evolves the population through se-
quential and iterative application of three genetic operators: parent selection, 
crossover, and mutation. A new generation is formed at the end of each iteration. 
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5.5.1.1 Encoding and Decoding 

The problem to be solved by a genetic algorithm is encoded as two distinct parts: 
the genotype called the chromosome and the phenotype called the fitness function. 
In computing terms the fitness function is a subroutine representing the given 
problem or the problem domain knowledge, while the chromosome refers to the 
parameters of this fitness function. 

Traditionally the genotype is coded using a programming language vector, ar-
ray, or record-like chromosome consisting of the problem parameters. Binary, in-
teger, and real (floating point) codings are the most frequently used basic data 
types to represent genes in this immediate coding approach. In the case of binary 
representation of genes, the algorithm is called a binary genetic algorithm. On the 
other hand, a continuous genetic algorithm uses real coding of genes within chro-
mosomes. 

As an example, let us assume that an optimization problem has two variables, 
1x  and 2x , and these variables are bounded as follows: 120 20x− ≤ ≤  and 

. Let us also assume that binary representation is selected with 8 
bits per variable. Figure 5.3 shows an example of such a chromosome with two 
genes: the first gene corresponds to variable 

220 20x− ≤ ≤

1x  and the second gene corresponds 
to variable 2x . The binary representation of the first gene is 10000100 (encoding), 
which corresponds to  (decoding), as can be seen in Example 5.4, 
solved in Sect. 5.5.3. The binary representation of the second gene is 00111011 
(encoding), which corresponds to 

1 0.70588x =

2 10.745x = −  (decoding), as can be seen in Ex-
ample 5.4.  

5.5.1.2 Fitness Function 

Each chromosome is evaluated and assigned a fitness value after the creation of a 
population of chromosomes. It is useful to distinguish between the objective func-
tion and the fitness function used by a genetic algorithm. The objective function 
provides a performance measure with respect to a particular set of gene values, in-
dependently of any other chromosome. The fitness function transforms that per-
formance measure into an allocation of reproductive opportunities, i.e., the fitness 
of a chromosome is defined with respect to other members of the current popula-
tion. In brief, the fitness function is a measure of the quality of each chromosome 
(candidate solution) of the current population. The fitness function may be a 
mathematical function, a simulator program, an experiment, or a human expert 
that decides the quality of a chromosome. 

The determination of an appropriate fitness function is crucial for the correct 
operation of a genetic algorithm. As an optimization tool, genetic algorithms face 
the task of dealing with problem constraints. Crossover and mutation, i.e., the 
variation mechanism of genetic algorithms, are operators that do not take into ac-
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p

count the feasibility region. Consequently, infeasible offspring appear quite fre-
quently. One technique that is commonly used for handling constraints when using 
genetic algorithms is to incorporate a penalty function within the fitness function. 

5.5.1.3 Natural Selection 

Natural selection, i.e., survival of the fittest translates into discarding the chromo-
somes with the lowest fitness values. The number of chromosomes that are kept 
for mating, , is computed as follows: kN

 , (5.91) kN fr N= ⋅

where pN  is the number of chromosomes in the population and  is the fraction 
of 

fr

pN  that survives for mating. At the end of natural selection,  chromosomes 
are in the mating pool.  

kN

For example, if the fraction of chromosomes that survive for mating is 50%, 
then for a population that is composed of 12 chromosomes, only the six chromo-
somes with the highest fitness values survive for mating. 

5.5.1.4 Parent Selection 

At the end of natural selection,  chromosomes are in the mating pool. Two 
chromosomes are selected from the mating pool of  chromosomes to produce 
two new offspring. Pairing takes place in the mating pool until 

kN

kN

p kN N−  offspring 
are born to replace the chromosomes that were discarded during natural selection. 

Many parent selection schemes are currently in use for pairing chromosomes in 
a genetic algorithm. They can be classified in two groups: proportionate selection 
and ordinal selection. Proportionate methods select chromosomes on their fitness 
values relative to the fitness of the other chromosomes in the population. Ordinal 
methods select chromosomes not based on their fitness but based on their rank 
within the population. The rank weighting method that is used for the solution of 
Example 5.4 in Sect. 5.5.3 is an ordinal selection method. 

5.5.1.5 Crossover 

Crossover is an extremely important operator for the genetic algorithm. It is re-
sponsible for the information exchange between mating chromosomes and the 
convergence speed of the genetic algorithm. The crossover is usually applied with 
high crossover probability (0.6 to 0.9). The chromosomes of the two parents se-
lected are combined to form new chromosomes that inherit segments of informa-
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tion stored in parent chromosomes. The most common crossover types are one-
point, two-point, and uniform crossovers. 

An example of one-point crossover is shown in Fig. 5.4. The parent (mother 
and father) chromosomes are composed of 16 bits each. A crossover point is ran-
domly selected between the first and the last (16th) bit of the parent chromosomes. 
Let us suppose that the 12th crossover point has been selected. Then, offspring 1 is 
composed of the first 12 bits of mother chromosome plus the last 4 bits of father 
chromosome. Similarly, offspring 2 is composed of the first 12 bits of father 
chromosome plus the last 4 bits of mother chromosome, as Fig. 5.4 shows. 

5.5.1.6 Mutation 

Mutation is the operator responsible for the injection of new information. With a 
small mutation probability, random bits of the offspring chromosomes flip from 0 
to 1 and vice versa and give new characteristics that do not exist in the parent 
population. 

5.5.2 Applications to Power Systems 

Genetic algorithms have been shown capable of solving real-world problems, as 
reflected by the growing number of publications on their applications to the fol-
lowing power system problems: 

1. Power system planning: Iba 1994; Lee and Park 1995; Fukuyama and Chiang 
1996; Gallego et al. 1998; Lee 1998; Urdaneta el al. 1999; da Silva et al. 2000; 
Delfanti et al. 2000; Park et al. 2000. 

2. Power system operation: Dasgupta and McGregor 1994; Chen and Chang 
1995; Sheblé and Brittig 1995; Chen and Chang 1996; Kazarlis et al. 1996; 
Maifeld and Sheblé 1996; Orero and Irving 1996; Chang and Chen 1998; Orero 
and Irving 1998; Rudolf and Bayrleithner 1999; Richter and Sheblé 2000; 
Sinha et al. 2003. 

3. Power system control: Taranto and Falcão 1998; Abdel-Magid et al. 1999; 
Abido and Abdel-Magid 1999; do Bomfim et al. 2000; Zhang and Coonick 
2000; Rerkpreedapong et al. 2003; Malachi and Singer 2006. 

Genetic algorithms have been also applied to solve transformer design prob-
lems (Bai et al. 1995; Nims et al. 1996; Galdi et al. 2001; Georgilakis et al. 2001; 
Doulamis et al. 2002; Tutkun and Moses 2004a, 2004b; Pan et al. 2008; Georgi-
lakis 2009). 
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5.5.3 Example 5.4 

Solve the following problem: 

 
1 2 1 2

1 1 2

1 2, ,
2 2 1

sin ( 9)
min ( , ) min

( 9) sin 0.5 9x x x x

x x x
f x x

x x x

⎧ ⎫⎡ ⎤⎪ ⎪⋅ − +⎪ ⎪⎢ ⎥⎪ ⎪⎣ ⎦⎪ ⎪= ⎨ ⎬⎪ ⎪⎡ ⎤⎪ ⎪− + ⋅ + ⋅ +⎢ ⎥⎪ ⎪⎣ ⎦⎪ ⎪⎩ ⎭

, (5.92) 

subject to: 

 , (5.93) 120 20x− ≤ ≤

 , (5.94) 220 20x− ≤ ≤

using the binary genetic algorithm technique. 

Solution 
The various steps of the binary genetic algorithm method are presented in the fol-
lowing. 

Step 1 Initialization 
First the genetic algorithm parameters are selected as follows: 

1. Population size = 12 

2. Mutation probability = 0.15 

3. Number of bits per design variable = 8 

4. Maximum number of generations = 100 

5. Fraction of chromosomes that survive for mating = 50% 

The optimization problem has two variables ( 1x  and 2x ) and each variable is 
coded using 8 bits, so the total number of bits per chromosome is 2 8 16⋅ = , where 
the first 8 bits correspond to variable 1x  and the next 8 bits correspond to variable 

2x . 
The maximum value that can de coded with 8 bits is: 

   max
(2)(11111111)p = ⇒

  max 0 1 2 3 4 5 6 71 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2p = ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ ⇒

 . max 255p =
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p =

(2) ⇒

(2) ⇒

The minimum value that can de coded with 8 bits is: 

 .  min min
(2)(00000000) 0p = ⇒

The design variables are constrained according to (5.93) and (5.94), from 
where we can see that the minimum and maximum parameter values are: 

  and .  min 20x =− max 20x =

The initial population of 12 chromosomes is created randomly. These binary 
chromosomes are shown in the second column of Table 5.3. For example, the first 
chromosome of Table 5.3 is the binary string , which cor-
responds to: 

(2)(1000010000111011)

   1 (10000100)dx =

  0 1 2 3 4 5 6 7
1 0 2 0 2 1 2 0 2 0 2 0 2 0 2 1 2dx = ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ ⇒

 , 1 132dx =

and 

   2 (00111011)dx =

  0 1 2 3 4 5 6 7
2 1 2 1 2 0 2 1 2 1 2 1 2 0 2 0 2dx = ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ ⇒

 . 2 59dx =

Next, the binary chromosomes are decoded to continuous values corresponding 
to the design variables 1x  and 2x . For example, for the first chromosome of Table 

5.3, the 1
dx  is decoded to continuous value 1x  as follows: 

 
max min

min min
1 1 max min

( )( )
( )

d x xx x x p
p p

−
= + − ⋅ ⇒

−
 

 1 1
(20 20)20 (132 0) 0.70588
(255 0)

x x+
=− + − ⋅ ⇒ =

−
. 

Similarly, for the first chromosome of Table 5.3, the 2
dx  is decoded to continu-

ous value 2x  as follows: 
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Table 5.3 Initial population of the binary genetic algorithm for the Example 5.4 

Code Chromosome 1x  2x  1 2( , )f x x  

1 1000010000111011 0.70588 -10.745 2.3193 
2 1110011001010111 16.078 -6.3529 -7.6986 
3 0001111000100101 -15.294 -14.196 -1.6705 
4 0010010100100110 -14.196 -14.039 -3.3281 
5 0110001000111000 -4.6275 -11.216 -2.7465 
6 1101100111001010 14.039 11.686 25.12 
7 0100100010010010 -8.7059 2.902 4.0067 
8 1110001000111101 15.451 -10.431 -11.874 
9 0010110001101000 -13.098 -3.6863 7.1888 
10 1111011100011011 18.745 -15.765 -10.924 
11 1111111010000110 19.843 1.0196 9.8616 
12 1100000001101111 10.118 -2.5882 11.046 

 

Table 5.4 Initial population sorted by cost function  1 2( , )f x x

Code Chromosome 1x  2x  1 2( , )f x x  

8 1110001000111101 15.451 -10.431 -11.874 
10 1111011100011011 18.745 -15.765 -10.924 
2 1110011001010111 16.078 -6.3529 -7.6986 
4 0010010100100110 -14.196 -14.039 -3.3281 
5 0110001000111000 -4.6275 -11.216 -2.7465 
3 0001111000100101 -15.294 -14.196 -1.6705 
1 1000010000111011 0.70588 -10.745 2.3193 
7 0100100010010010 -8.7059 2.902 4.0067 
9 0010110001101000 -13.098 -3.6863 7.1888 
11 1111111010000110 19.843 1.0196 9.8616 
12 1100000001101111 10.118 -2.5882 11.046 
6 1101100111001010 14.039 11.686 25.12 

 

 
max min

min min
2 2 max min

( )( )
( )

d x xx x x p
p p

−
= + − ⋅ ⇒

−
 

 2 2
(20 20)20 (59 0) 10.745
(255 0)

x x+
=− + − ⋅ ⇒ =−

−
. 

The fitness value is equal to the value of the cost function . For ex-
ample, for the first chromosome of Table 5.3, the fitness value is: 

1 2( , )f x x
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Table 5.5 Rank weighting of the chromosomes of the mating pool 

Code Rank  r Chromosome rP  
1

r

r
i

P
=
∑  

8 1 1110001000111101 0.28571 0.28571 
10 2 1111011100011011 0.2381 0.52381 
2 3 1110011001010111 0.19048 0.71429 
4 4 0010010100100110 0.14286 0.85714 
5 5 0110001000111000 0.095238 0.95238 
3 6 0001111000100101 0.047619 1.00000 

 

 
1 2( , ) 0.70588 sin 0.70588 ( 10.745 9)

( 10.745 9) sin 10.745 0.5 0.70588 9

f x x ⎡ ⎤= ⋅ − − +⎢ ⎥⎣ ⎦
⎡ ⎤− − + ⋅ − + ⋅ + ⇒⎢ ⎥⎣ ⎦

 

 . 1 2( , ) 2.3193f x x =

Next the chromosomes of Table 5.3 are sorted according to their fitness value 
and the results are shown in Table 5.4. 

Step 2 Generation 1 
The fraction of chromosomes that survive for mating is 50%, which means that six 
out of 12 chromosomes survive. In particular: 

1. The chromosomes of Table 5.4 with codes 8, 10, 2, 4, 5, 3 survive for mating, 
since they have the lowest cost values, i.e., the highest fitness values. These 
chromosomes (a) are copied to the population of the next generation, and (b) 
are also copied to the mating pool. 

2. The chromosomes of Table 5.4 with codes 1, 7, 9, 11, 12, 6 are deleted, since 
they have the highest cost values, i.e., the lowest fitness values. 

The chromosomes that have been selected for mating are shown in the third 
column of Table 5.5 and their rank is shown in the second column of Table 5.5. 
The probability  of chromosome with rank  being selected for mating is: rP r
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where  is the number of chromosomes that survive for mating. 6kN =
For example, the probability  of chromosome with rank 1 being selected for 

mating is: 
1P
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The cumulative probabilities, shown in the last column of Table 5.5, are used to  
select the pairs of chromosomes from the mating pool to produce the new off-
spring according to roulette wheel weighting as follows: 

1. A random number between zero and one is generated. 

2. Starting from the chromosome with rank 1, the first chromosome with a cumu-
lative probability that is greater than the random number is selected for the mat-
ing pool. 

Applying the above algorithm we have: 

1. The random numbers [ ]0.87131    0.60613    0.16366  were generated to select 
the mother chromosomes. The chromosome of Table 5.5 with rank 5 is the first 
chromosome that has cumulative probability that is greater than the random 
number 0.87131, so the chromosome of Table 5.5 with rank 5 is selected as the 
first mother chromosome of the mating pool. Similarly, the rest mother chro-
mosomes are the chromosomes of Table 5.5 with ranks 3 and 1. Consequently: 

 [ ]Ranks of mother chromosomes 5 3 1= . 

2. The random numbers [ ]0.86312 0.30487 0.028166  were generated for se-
lecting the father chromosomes. Consequently: 

 [ ]Ranks of father chromosomes 5 2 1= . 

One-point crossover is selected. The crossover points, that are produced ran-
domly, are the following: 13, 12, 4. This means that: 

1. Mother chromosome with rank 5 mates with father chromosome with rank 5 
and the crossover is at point 13. Since mother and father chromosomes are the 
same (rank 5), they produce two identical offspring. 

2. Mother chromosome with rank 3 mates with father chromosome with rank 2 
and the crossover is at point 12 and they produce the two offspring of Fig. 5.4. 

3. Mother chromosome with rank 1 mates with father chromosome with rank 1 
and the crossover is at point 4. Since mother and father chromosomes are the 
same (rank 1), they produce two identical offspring. 
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Mother : 1 1 1 0 0 1 1 0 0 1 0 1 0 1 1 1

Father : 1 1 1 1 0 1 1 1 0 0 0 1 1 0 1 1

Crossover
point

⇒ Offspring 1 : 1 1 1 0 0 1 1 0 0 1 0 1 1 0 1 1

Offspring 2 : 1 1 1 1 0 1 1 1 0 0 0 1 0 1 1 1
 

Fig. 5.4 Mother and father mate to produce two offspring using one-point crossover 

Table 5.6 Population after mating 

New code Chromosome Remark 
1 1110001000111101 A copy of chromosome with rank 1 of Table 5.5 
2 1111011100011011 A copy of chromosome with rank 2 of Table 5.5 
3 1110011001010111 A copy of chromosome with rank 3 of Table 5.5 
4 0010010100100110 A copy of chromosome with rank 4 of Table 5.5 
5 0110001000111000 A copy of chromosome with rank 5 of Table 5.5 
6 0001111000100101 A copy of chromosome with rank 6 of Table 5.5 
7 0110001000111000 Offspring 1 by mating chromosomes with rank 5 & 5 
8 0110001000111000 Offspring 2 by mating chromosomes with rank 5 & 5 
9 1110011001011011 Offspring 1 by mating chromosomes with rank 3 & 2 

10 1111011100010111 Offspring 2 by mating chromosomes with rank 3 & 2 
11 1110001000111101 Offspring 1 by mating chromosomes with rank 1 & 1 
12 1110001000111101 Offspring 2 by mating chromosomes with rank 1 & 1 

 

Table 5.7 Mutation pairs 

Mutation pair Mutation pair Mutation pair 
Row Column Row Column Row Column 
11 3 4 9 12 3 
12 10 7 6 10 1 
4 8 11 4 2 15 
8 10 6 9 5 10 
2 10 2 12 7 2 
5 11 4 4 10 5 
6 15 2 16 12 9 

11 10 12 12 4 10 
3 15 8 3 11 4 

 
 
The new population after crossover is shown in Table 5.6. 
Next, mutation is applied with 15% mutation probability, which means that the 

total number of mutations, , is: nm
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Table 5.8 Population at the end of the first generation 

New code Chromosome after mutation 1x  2x  1 2( , )f x x  

1 1110001000111101 15.451 -10.431 -11.874 
2 1111011101001000 18.745 -8.7059 -17.149 
3 1110011001010101 16.078 -6.6667 -8.4359 
4 0011010011100110 -11.843 16.078 26.113 
5 0110001001011000 -4.6275 -6.1961 -3.6747 
6 0001111010100111 -15.294 6.1961 4.7177 
7 0010011000111000 -14.039 -11.216 4.3349 
8 0100001001111000 -9.6471 -1.176 0.58878 
9 1110011001011011 16.078 -5.7255 -6.0789 
10 0111111100010111 -0.078431 -16.392 2.9509 
11 1100001001111101 10.431 -0.39216 14.87 
12 1100001011101101 10.431 17.176 8.7936 

 

Table 5.9 Population at the end of the first generation sorted by cost function  1 2( , )f x x

New code Chromosome after mutation 1x  2x  1 2( , )f x x  

2 1111011101001000 18.745 -8.7059 -17.149 
1 1110001000111101 15.451 -10.431 -11.874 
3 1110011001010101 16.078 -6.6667 -8.4359 
9 1110011001011011 16.078 -5.7255 -6.0789 
5 0110001001011000 -4.6275 -6.1961 -3.6747 
8 0100001001111000 -9.6471 -1.176 0.58878 
10 0111111100010111 -0.078431 -16.392 2.9509 
7 0010011000111000 -14.039 -11.216 4.3349 
6 0001111010100111 -15.294 6.1961 4.7177 
12 1100001011101101 10.431 17.176 8.7936 
11 1100001001111101 10.431 -0.39216 14.87 
4 0011010011100110 -11.843 16.078 26.113 

 

 , ( 1) (12 1) 16 0.15 26.4 27pnm N NT m nm= − ⋅ ⋅ = − ⋅ ⋅ = ⇒ ≈

where pN  is the population size,  is the total number of bits in a chromo-
some, and m  is the mutation probability. It should be noted that the best chromo-
some, i.e., the chromosome with code 1 in Table 5.6, is not mutated. 

NT

The bits that will be mutated are selected randomly and the selected mating 
pairs are shown in Table 5.7. For example, the first random pair is [1 , which 
means that the bit in the 11th row and the 3rd column of the chromosomes appear-
ing in the second column of Table 5.6 has to be mutated, which is the third bit of 

1, 3]
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the chromosome with code 11. This particular bit is 1, so it has to be mutated to 0. 
The chromosomes after mutation are shown in the second column of Table 5.8. 

Next the chromosomes of Table 5.8 are sorted according to their fitness value 
and the results are shown in Table 5.9. At the initialization of the genetic algo-
rithm, the best solution had a cost of –11.874, as Table 5.4 shows. After the end of 
generation 1, the best solution has a cost of –17.149, as Table 5.9 shows. This 
means that after only one generation (iteration) the genetic algorithm improved its 
best solution by: 

 17.149 ( 11.874) 100% 44.4%
11.874

Impr
⎡ ⎤− − −⎢ ⎥= ⋅
⎢ ⎥−⎣ ⎦

= . 

Optimum solution 
After 71 generations (iterations), the optimum solution is found, which is: 

 1 14.5098x = − , , . 2 20x = − 1 2( , ) 23.8035f x x =−
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6 Evaluation of Transformer Technical 
Characteristics 

Abstract   This chapter is devoted to the evaluation of transformer technical char-
acteristics. Decision trees and artificial neural networks are used to solve the no-
load loss classification problem. Artificial neural networks are used to solve the 
no-load loss prediction problem. Impedance voltage evaluation is implemented us-
ing a particular finite element model with detailed representation of winding ge-
ometry. 

6.1 Introduction 

In the light of the twenty-first century energy market, where competition continues 
to accelerate in the electricity supply industry, utilities will try to further improve 
system reliability and quality, while simultaneously being cost effective. The 
transformer manufacturing industry must improve transformer efficiency and reli-
ability while reducing cost, since high quality, low cost products have become the 
key to survival (Georgilakis et al. 1999a, 2001a). Transformer efficiency is im-
proved by reducing load and no-load losses. Transformer reliability is improved 
mainly by the accurate evaluation of the leakage field, the short-circuit impedance 
and the resulting forces on transformer windings under short-circuit, since these 
enable the avoidance of mechanical damage and failures during short-circuit tests 
and power system faults.  

Variability in the design process, material, and production process cause sig-
nificant variability in measured transformer performance parameters, especially 
transformer no-load losses (teNyenhuis and Girgis 2006). That is why design mar-
gins are considered during transformer design. Moreover, there is an ever-
increasing need in today’s transformer market to minimize design margins without 
increasing the risk of violating guaranteed values of transformer performance pa-
rameters. Consequently, it should not come as a surprise that the evaluation of 
transformer technical characteristics is a subject of permanent research effort (Oli-
vares et al. 2002, 2003a, 2003b, 2004a, 2004b; Kulkarni et al. 2004; Escarela-
Perez et al. 2007; Amoiralis et al. 2008; Olivares-Galván et al. 2009). 

This chapter is focused on the evaluation of transformer no-load losses and im-
pedance voltage (short-circuit impedance). In particular: 

1. Artificial intelligence based methods, namely decision trees and artificial neu-
ral networks, for no-load loss classification and prediction are presented and 
compared. The no-load loss classification and prediction is implemented for in-
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dividual cores as well as for assembled transformers. The classification and 
prediction is based on actual industrial measurements on individual cores taken 
at the early stages of their construction. Decision trees are used to select the 
most relevant attributes among a large set of candidates and to produce if-then-
else decision rules. These rules are applicable at the early stages of core pro-
duction and allow possible corrective actions during the manufacturing process. 
Artificial neural networks are used to predict no-load losses at the early stages 
of transformer manufacturing. The attributes selected by the decision trees are 
used as inputs to the neural networks. Results from the application of these 
methods to the transformer manufacturing industry demonstrate their effective-
ness and practicality. 

2. An efficient three-dimensional (3D) finite element method (FEM) model of 
power transformers for the leakage field and short-circuit impedance evalua-
tion, suitable for design office use, has been developed and applied in the trans-
former manufacturing industry. Detailed representation of the transformer (fo-
cusing on the winding geometry and cooling ducts) and the particular reduced 
scalar potential technique adopted are the main advantages of the model, with 
respect to standard FEM codes. It has been validated through local field meas-
urements and short-circuit impedance calculations for several three-phase, 
wound core, single and dual voltage, power transformers. The computed results 
compared favorable with measured values and the mean deviation in the im-
pedance value was less than 3%. The method is very cost effective, as high ac-
curacy is obtained for low mesh densities, requiring little computational time. 
This ability, along with the development of an automated, user-oriented, trans-
former short-circuit impedance calculation program based on the FEM model 
overcome the main deficiencies of the method and enable its use during trans-
former design. 

6.2 No-Load Loss Classification with Decision Trees and 
Artificial Neural Networks 

6.2.1 Introduction 

No-load loss classification aims at classifying the no-load losses into two classes: 
acceptable and non-acceptable. In this chapter, artificial intelligence based no-load 
loss classification techniques will be presented and applied for both the individual 
core and the transformer (Hatziargyriou et al. 1998a; Georgilakis et al. 1998b; 
Georgilakis 2000). 

It is very important to have an efficient no-load loss classification tool, i.e., tool 
with high classification accuracy, since it offers the ability to know in advance if 
an individual  core or  transformer  will be of acceptable quality or not. It is neces- 
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Fig. 6.1 Assembled active part of wound core distribution transformer 

sary to determine the values of the attributes (input parameters) that are known at 
the early stages of individual core or transformer manufacturing and afterwards to 
use the classification tool. Thus, the existence of an efficient no-load loss classifi-
cation tool aims at predicting the quality of individual cores and transformers as 
well as at investigating the impact that variation of the attribute values will have 
on no-load loss quality (Georgilakis 2000). 

6.2.2 Individual Core 

6.2.2.1 Production Process 

The wound core shell type distribution transformer is composed of two small indi-
vidual cores and two large individual cores as shown in Fig. 6.1. We denote with 
“11” the left small individual core, with “12” the left large individual core, and 
with “13” and “14” the other two individual cores, so the arrangement of individ-
ual cores from left to right is “11”–“12”–“13”–“14”, as Fig. 6.1 shows. 

The production of individual cores includes, at the first stage, the slitting of 
magnetic material into bands of standard width. Then, the slit sheets are cut to pre-
determined lengths and are wound on a circular mandrel. After that, a suitable 
press gives a rectangular shape to the circular core. However, the previously de-
scribed process significantly deteriorates core characteristics and especially its 
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physical and electrical properties. To restore these properties, annealing follows at 
temperatures in the range 760–860°C in a protective environment containing pure 
dry nitrogen mixed with up to 2% hydrogen (Georgilakis et al. 1998b). 

The annealing cycle adopted is divided into four phases: 

1. Starting and heating up phase, to avoid oxidation and to normally achieve a 
temperature of 825°C. 

2. Soaking phase, to achieve homogeneous temperature distribution for all cores. 

3. Slow cooling phase, to slowly cool the load to avoid the development of inter-
nal stresses in the cores. 

4. Fast cooling phase, with reduction of the temperature to 380°C to avoid oxida-
tion of cores when they are exposed to the natural environment. 

In contrast to production of stacked cores, wound cores present the following 
additional difficulties: 

1. Air gaps may diverge due to tolerances of the machine performing the cutting 
and winding of sheets and due to difficulties in processing the magnetic mate-
rial (slide). 

2. The desirable dimensions of wound cores cannot be obtained accurately as in 
stacked cores. 

3. Core formation may deteriorate the magnetic material insulation. 

4. Homogeneous temperature distribution is hard to obtain during the annealing 
procedure. 

6.2.2.2 Parameters Affecting No-load Losses of Individual Cores 

The no-load losses of individual cores are affected by magnetic material properties 
(Moses 1992; Georgilakis et al. 2001b; Kalokiris et al. 2007), and by design and 
production factors (Godec 1977; Valkovic 1982; Moses 1984; Valkovic 1984; 
Nakata et al. 1984; Fecich and Balmer 1985; Ling et al. 1992; Basak and Bonyar 
1992; Valkovic and Rezic 1992; Ilo et al. 1996; Girgis et al. 1998; Mechler and 
Girgis 2000; Soda and Enokizono 2000; teNyenhuis et al. 2001). 

In the case of wound core shell type distribution transformers, the following 
three categories of parameters influence the no-load losses of the individual core 
(Hatziargyriou et al. 1998a): 

1. Magnetic material parameters, e.g.: 

– Supplier of magnetic material 
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– Thickness of magnetic material (e.g., 0.23, 0.27, 0.30 mm) 

– Type of magnetic material (e.g., M3, M4, M5, Hi-B) 

– Specific no-load loss (W/kg) of magnetic material 

– Resistivity of surface insulation of magnetic material 

– Hardness of magnetic material 

2. Design parameters, e.g.: 

– Rated magnetic induction 

– Thickness of core leg 

– Width of core leg 

– Height of core window 

– Width of core window 

3. Production parameters, e.g.: 

– Parameters of the annealing process 

– Grade of destruction of magnetic material insulation 

– Mechanical stresses during the formation of core 

– Actual weight of core 

– Cutting quality of magnetic material 

6.2.2.3 Database 

The first step in the application of artificial intelligence to the classification of in-
dividual core no-load losses is to create a database with all the attributes (input pa-
rameters) that affect the no-load losses of individual cores. 

In the case of individual cores, eight attributes have been selected and used as 
the input vector for the artificial intelligence techniques. The selection of these at-
tributes was based on extensive research and transformer designers’ experience. 
These attributes correspond to parameters that actually affect the no-load losses of 
individual cores. In particular, the impact of the annealing cycle, the divergence of 
the actual core weight from its theoretical value, and the quality of core magnetic 
material are taken into consideration as elements of the network input vector. Six 
attributes (ATTR1 to ATTR6) have been investigated corresponding to the anneal-
ing process, depicted in Table 6.1. The other two attributes are: 
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Table 6.1 Attributes for the annealing process 

Symbol Attribute name Low value (L) High value (H) 

ATTR1 Annealing final temperature 825 0C 855 0C 

ATTR2 Temperature rise time 3 hours 4 hours 

ATTR3 Furnace opening temperature 250 0C 350 0C 

ATTR4 Duration of constant temperature 2 hours 3 hours 

ATTR5 Position of core in the furnace Down Up 

ATTR6 Protective atmosphere  100% N2 98% N2  and 2% H2 

Table 6.2 Conditions of the eight annealing experiments according to OA8 orthogonal array 

Experiment ATTR1 ATTR2 ATTR3 ATTR4 ATTR5 ATTR6 

1 L L L L H H 

2 H L H L L H 

3 H H H H H H 

4 L H L H L H 

5 L H H L H L 

6 H H L L L L 

7 H L L H H L 

8 L L H H L L 

Table 6.3 Percentage of acceptable individual cores per annealing experiment 

 Annealing experiment 

 1 2 3 4 5 6 7 8 

Acceptable cores (%) 94 95 93 69 94 98 98 93 

 

1. The ratio of actual core weight to theoretical core weight (ATTR7). This attrib-
ute represents the divergence between the actual and the theoretical weight of 
the individual core. 

2. The specific no-load losses (W/kg at 15000 Gauss) of the magnetic material 
used for the construction of the individual core (ATTR8). This attribute reflects 
the quality of the magnetic material of the individual core as it is expressed 
from the specific no-load losses of the magnetic material measured at a mag-
netic induction of 15000 Gauss. 
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In order to take into account all combinations of the six attributes of the anneal-

ing process (Table 6.1) with two values (Low and High value), 64 experiments are 
required (i.e.,  experiments). However, these experiments are time consuming 
and costly, therefore reduction of the implemented experiments is achieved 
through the statistical design of experiments method (SDE) proposed by Taguchi 
(Taguchi and Konishi 1987). According to SDE (Taguchi and Konishi 1987, Lo-
gothetis 1992), the parameters are varied at the same time in a systematic way, us-
ing orthogonal arrays, assuring the reliable and independent study of the impact 
and interaction of all main parameters in the production procedure. This means 
that a small number of representative experiments can characterize the process. 
Among the various orthogonal arrays, the orthogonal array OA8 is selected, which 
requires only eight experiments instead of 64 experiments. The parameters charac-
terizing each of the eight experiments of the OA8 array are shown in Table 6.2. It 
can be seen that, due to the symmetric property, four experiments are carried out 
with low value (L) of each attribute, and the other four with high value (H). 

62

All annealing experiments of Table 6.2 were done in a real industrial environ-
ment using the same 160 kVA transformer design and the same supplier of cores 
magnetic material. The magnetic steel was of grade M3, according to USA AISI, 
1983, with thickness 0.23 mm. For every one of the eight annealing experiments, 
96 individual cores (48 small and 48 large) were constructed. It should be noticed 
that all cores were annealed in the same furnace. 768 measurement sets (i.e., 

) were collected in a database for the creation of the learning and test sets. 
576 measurement sets were used as the learning set and the rest 192 as the test set. 
8 96⋅

6.2.2.4 Classification Criterion 

It is required to classify the no-load losses of each individual core into two classes: 
acceptable and non-acceptable no-load losses. The classification criterion is the 
following: one individual core belongs to the non-acceptable class if its actual 
specific no-load losses are greater than 10% of its theoretical specific no-load 
losses. Otherwise, the individual core belongs to the acceptable class. 

Table 6.3 presents the percentage of acceptable individual cores per annealing 
experiment using the above described classification criterion. It can be seen from 
Table 6.3 that the individual cores annealed under the conditions of experiments 6 
and 7 have the best quality (98% acceptable cores), while the worst results are ob-
tained for the annealing experiment 4 (only 69% acceptable cores). 

6.2.2.5 Decision Trees 

Many decision trees were developed using the learning set of the 576 measure-
ment sets and the eight candidate attributes (ATTR1 to ATTR8) of Sect. 6.2.2.3 
and the  test of Sect. 4.5.6 with risk  levels from 0.001% to 10%. The minimum  2χ
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Fig. 6.2 Variation of decision tree size (number of nodes) with risk level 
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Fig. 6.3 Variation of decision tree accuracy with risk level 
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Fig. 6.4 Variation of decision tree accuracy with decision tree size 
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classification entropy (i.e., the entropy below which the node is declared a leaf), 
minH , was set to 0.1. All decision trees were tested using the independent test set 

of 192 measurement sets of Sect. 6.2.2.3. The results are presented in Figs. 6.2 to 
6.4. 

In Fig. 6.2, the decision tree size (total number of nodes) is plotted against the 
risk level. A first conclusion readily derived is that reduced risk levels result in 
decision trees of smaller size. This is expected, since higher risks permit easier  
expansion of the lower nodes of the decision trees (the question of the statistical 
significance of the test outcome is treated more leniently). 

Figures 6.3 and 6.4 present the classification accuracy results of the decision 
trees when tested with the independent test set of 192 measurement sets of Sect. 
6.2.2.3. The classification accuracy or classification success rate on the test set, 
expressed as a percentage (%), is defined as the ratio of correctly classified meas-
urement sets (MS) of the test set to the total number of MS of the test set. In par-
ticular, Fig. 6.3 plots decision tree accuracy against risk level, while Fig. 6.4 pre-
sents decision tree accuracy versus decision tree size. 

Figure 6.3 shows that as the risk level is increased from 0.001% to 0.75% the 
classification accuracy is increased, while when the risk level is increased from 
0.75% to 10% the classification accuracy is decreased. Figure 6.3 shows that the 
minimum classification success rate (CSR) on the test set is 91.1%, while the 
maximum CSR is 94.3%, corresponding to 181 correct classifications out of the 
192 measurement sets of the test set. This result (i.e., 3.2% difference between the 
minimum and maximum CSR) is very important, since it shows that the CSR on 
the test set can be increased by up to 3.2% in this particular example if many deci-
sion trees are constructed with different risk levels. The maximum CSR is valid 
for all risk levels in the range 0.2% to 0.75%, as Fig. 6.3 shows. In general, the 
value (or the range of values) of the risk level that corresponds to the maximum 
CSR on the test set is not known in advance and it requires many decision trees to 
be built. 

Figure 6.4 shows that as the number of nodes is increased from 5 to 7, the CSR 
is increased, reaching its maximum value (94.3%) for seven nodes, while when 
the number of nodes becomes greater than seven, the CSR is decreased. The rea-
son that the CSR is reduced for decision trees having 11 or 15 nodes is that in 
these decision trees the lower nodes are composed of few measurement sets (on 
average 15 to 20), so the lower nodes are not representative. 

Figure 6.5 shows a decision tree that corresponds to 0.5% risk level, composed 
of seven nodes, and having 94.3% classification success rate on the test set (Hat-
ziargyriou et al. 1998a). Based on the previous analysis regarding the variation of  
classification accuracy in relation to the risk level and the number of nodes, the 
decision tree of Fig. 6.5 is considered as an optimum decision tree since it has the 
maximum classification accuracy while its complexity (number of nodes) is low. 

Table 6.4 presents calculations of the CSR for each of the four terminal nodes 
of the decision tree of Fig. 6.5 as well as the total CSR of the whole decision tree. 
Table 6.4 shows that the most  successful  terminal nodes are nodes 4 and 7, which  
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Fig. 6.5 Optimum decision tree with 0.5% risk level for the classification of no-load losses 
of individual cores 

Table 6.4 Calculation of the classification success rate of the decision tree of Fig. 6.5 

Node 
number Node type Acceptability 

index 
Tested 
MS 

Correctly 
classified MS 

Classification 
success rate (%) 

4 LEAF 0.9861 48 48 100.0 

5 DEADEND 0.7586 48 39 81.3 

6 DEADEND 0.4444 3 1 33.3 

7 LEAF 0.9820 93 93 100.0 

Total   192 181 94.3 

Table 6.5 Calculation of the information of attributes of the decision tree of Fig. 6.5 

Node Attribute CH  T
CH  T

CI  N  ⋅ T
CN I  ⋅ T

CN I  (%) 

1 ATTR8 0.408 0.386 0.022 576 12.8 21.7 

2 ATTR2 0.552 0.453 0.099 289 28.7 48.6 

3 ATTR7 0.218 0.157 0.061 287 17.5 29.7 

    Total 59.0 100.0 
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have CSR equal to 100%, while it should also be noted that both nodes 4 and 7 are 
of leaf type. As can be seen from Table 6.4, the total classification success rate of 
the whole decision tree is 94.3%, since it correctly classifies the 181 of the 192 
measurement sets of the test set. 

Table 6.5 presents calculations of the information of the attributes of the deci-
sion tree of Fig. 6.5. The notation used for the columns of Table 6.5 is as follows: 

CH  is the prior classification entropy, T
CH  is the posterior classification entropy, 

T
CI  is the information,  is the number of measurement sets of the learning set 

that fall into the node under consideration, and 

N

⋅ T
CN I  is the total information of 

each test node. Table 6.5 shows that the total information of the decision tree is 
59.0. Among the three test attributes, ATTR2 has the highest information, i.e., 
28.7, corresponding to 48.6% of the total information of the decision tree. 

The decision tree of Fig. 6.5 is composed of three test nodes and four terminal 
nodes and has automatically selected only three of the eight candidate attributes of 
Sect. 6.2.2.3. These three attributes, appearing at the test nodes of Fig. 6.5, are 
ATTR8, ATTR2, and ATTR7. Parameter ATTR8 reflects the quality of the mate-
rial, as it is equal to the specific no-load losses (W/kg at 15000 Gauss) of core 
magnetic material. Parameter ATTR2 represents the temperature rise time of the 
annealing cycle, while parameter ATTR7 expresses the ratio of actual core weight 
to theoretical core weight. 

The selection of these attributes by the decision tree of Fig. 6.5 is reasonable 
and expected, since they are all related to the quality of the individual core. It is 
notable that the only variable relevant to the annealing cycle that appears in the 
node splitting tests of the decision tree is ATTR2. This is due to the fact that 
ATTR2, ATTR4, and also the duration of the slow and fast cooling stages are 
strongly correlated, since the total annealing time is considered constant. On the 
other hand, ATTR5, which denotes the position of core in the furnace, is not im-
portant. 

Based on the decision tree of Fig. 6.5, four rules are derived, one per decision 
tree terminal node. These rules are useful, since they will help the transformer 
production engineers to maximize the number of individual cores with no-load 
losses belonging to the acceptable class. In particular, it is desirable to construct 
individual cores leading to nodes 4 and 7 of the decision tree of Fig. 6.5, if it is 
technically and economically feasible, since these nodes have acceptability index 
greater than 98%. 

Figure 6.5 shows that the measurement sets following the rule ATTR8>0.7 and 
ATTR7≤0.98 lead to node 6 and are characterized as non-acceptable. In order to 
avoid this, the transformer production engineers must increase ATTR7. This is 
equivalent to increasing the actual weight of the individual core by adding more 
magnetic material, so that the ratio of actual core weight to theoretical core weight 
(ATTR7) is greater than 0.98. This is also equivalent to monitoring the weight of 
each individual core and taking care that the actual weight of each individual core 
is at least equal to 98% of its theoretical weight (Hatziargyriou et al. 1998a). 
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Given the quality of the magnetic material (ATTR8), the most suitable anneal-

ing experiment can be selected as follows (Georgilakis et al. 1998a): 

1. If ATTR8≤0.7, the annealing experiment 7 of Table 6.2 must be selected. The 
reason is that, since ATTR8≤0.7, it is desirable to lead to node 4, since it has 
higher acceptability index than terminal node 5. From the splitting rule of node 
2 it can be derived that ATTR2 must be set to its Low value. Additionally, from 
Table 6.3 it can be seen that the best annealing cycles are those of experiments 
6 and 7, which lead to 98% acceptable cores. From these two experiments, only 
experiment 7 has the ATTR2 equal to Low (see Table 6.2). At first sight, this 
result seems unexpected. However, this can easily be explained given that the 
duration of the total annealing cycle is considered constant for all the annealing 
experiments. The total annealing cycle includes not only the temperature rise 
time, but also the duration of constant temperature and the slow and fast cool-
ing stages. 

2. If ATTR8>0.7, the standard annealing cycle must be selected. The reason is 
that the splitting rule of node 3 does not depend on annealing variables 
(ATTR1 to ATTR6). 

Taking into account that the transformer manufacturer follows only one anneal-
ing cycle, the above analysis leads to the conclusion that the best annealing cycle 
is the one of experiment 7. 

 

6.2.2.6 Multi-layer Perceptrons 

This section studies the classification of no-load losses of individual cores using a 
fully-connected multi-layer perceptron (MLP) with one input layer, one or two 
hidden layers, and one output layer. The input layer is composed of eight neurons 
corresponding to the eight attributes (ATTR1 to ATTR8) of Sect. 6.2.2.3. The 
output layer has two neurons: one corresponds to the acceptable and the other to 
the non-acceptable class. 

The determination of the optimum number of hidden layers as well as the opti-
mum number of hidden neurons was done by trial and error. In particular, we 
started with a small number of hidden neurons and this number was progressively 
increased (Georgilakis et al. 1999b). For each one of the different neural network 
architectures, the neural network was trained and afterwards was tested by meas-
uring its classification success rate on the unknown test set of 192 measurement 
sets. Table 6.6 shows the CSR on the test set for 12 trials. It is concluded from Ta-
ble 6.6 that the optimum MLP architecture is 8-6-2, i.e., eight input neurons, six 
hidden neurons and two output neurons, because this architecture presents the 
highest CSR on the test set, i.e., 96.9%. 

As activation function for the hidden and output neurons, the following form of 
the sigmoid function was used: 
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Table 6.6 CSR on test set versus MLP architecture 

Trial MLP architecture CSR (%) 

1 8-3-2 94.8 
2 8-4-2 95.8 
3 8-6-2 96.9 
4 8-7-2 95.3 
5 8-8-2 93.2 
6 8-9-2 91.7 
7 8-10-2 90.6 
8 8-4-2-2 95.3 
9 8-6-3-2 94.8 
10 8-8-4-2 93.8 
11 8-8-6-2 91.1 
12 8-10-5-2 90.1 
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Fig. 6.6 Sigmoid functions for different values of the sigmoid slope s  

 1( )
1 − ⋅=
+ s xf x

e
, (6.1) 

where s  is the sigmoid slope, i.e., the slope of the sigmoid function. It should be 
noted that if we set  in (6.1), we obtain the sigmoid function of (4.37). Sig-
moid functions for different values of the sigmoid slope 

1=s
s  are plotted in Fig. 6.6. 
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Table 6.7 CSR on test set for 8-6-2 MLP architecture versus sigmoid slope  

Sigmoid slope s  CSR (%) 

20 93.8 

10 95.3 

5 95.8 

2 96.4 

1 96.9 

0.1 95.8 

 

Table 6.8 Configuration and classification results of the optimum MLP for the 
classification of no-load losses of individual cores  

Parameter Value 

Input neurons 8 

Hidden neurons 6 

Output neurons 2 

Slope of sigmoid function 1 

Learning rate 0.3 

Momentum 0.5 

Result Value 

Classification success rate on test set (%) 96.9 

 
 
Table 6.7 presents the impact of the value of the sigmoid slope on test set clas-

sification success rate provided by a trained MLP with architecture 8-6-2, i.e., the 
optimum architecture of Table 6.6. It can be seen from Table 6.7 that the best CSR 
corresponds to . 1=s

Finally, the impact of the learning rate ( lr ) and momentum ( ) on the CSR 
was studied, while keeping the remaining MLP parameters at their optimal values, 
i.e., network architecture 8-6-2 and 

m

1=s . The conclusion was that the optimum 
CSR, i.e., 96.9%, was obtained for 0.3=lr and 0.5m = . 

Table 6.8 presents the configuration and the classification results of the optimal 
MLP for the classification of no-load losses of individual cores. 
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6.2.2.7 Entropy Networks 

Starting from the decision tree of Fig. 6.5 designed for solution of the individual 
core no-load loss classification problem, and using the rules presented in Sect. 4.7, 
we obtain the entropy network of Fig. 6.7, designed for the solution of the same 
classification problem (Georgilakis and Hatziargyriou 2002). 

Decision tree

Correspondence between decision tree nodes
and entropy network neurons
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Fig. 6.7 Entropy network for the solution of individual core no-load loss classification 
problem 
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Table 6.9 Comparison of methods for the classification of no-load losses of individual 
cores based on the classification success rate on the test set 

Method Architecture CSR on test set (%) 

Decision tree  94.3 

Multi-layer perceptron 1 8-6-2 96.9 

Entropy network 3-3-4-2 94.8 

Hybrid decision tree-neural network classifier 3-3-4-1 95.8 

Multi-layer perceptron 2 3-6-2 94.8 

 
It can be seen from Fig. 6.7 that the entropy network has three input neurons, 

three neurons in the first hidden layer, four neurons in the second hidden layer and 
two output neurons. The entropy network of Fig. 6.7 has only 15 connections, 
while the corresponding fully connected MLP with architecture 3-3-4-2 has 29 
connections . Moreover, the fully connected MLP of Sect. 
6.2.2.6 with architecture 8-6-2 has 60 connections, in comparison with only 15 
connections of the entropy network. 

(3 3 3 4 4 2 29)⋅ + ⋅ + ⋅ =

It is interesting to train the entropy network with different values of the sigmoid 
slope s . If a high value of s  is selected, e.g., 20=s , the entropy network copies 
the discrete information of the decision tree, since for 20=s  the majority of out-
put values are either near to zero (for negative input values) or near to one (for 
positive input values), as Fig. 6.6 shows. Similarly, an output value close to one is 
interpreted as acceptable by the decision tree, while an output value close to zero 
is of non-acceptable class. Having selected 20=s , we train the entropy network 
and next we test the trained entropy network on the unknown test set and find that 
the CSR is 94.3%. If we repeat the same procedure for 5s = , we find that the 
CSR is 94.8%. 

We also test the hybrid decision tree-neural network classifier (HDTNNC), 
which is created from the entropy network if its two output neurons are substituted 
by one output neuron that is fully connected with all the neurons of the second 
hidden layer. The trained HDTNNC with architecture 3-3-4-1 provides 95.8% 
CSR. 

6.2.2.8 Synthesis 

Table 6.9 compares all methods tested for the classification of no-load losses of 
individual cores based on the CSR on the test set. The last row of Table 6.9 pre-
sents the CSR obtained from a fully connected MLP with three input neurons cor-
responding to the three attributes selected by the decision tree of Fig. 6.5 and with 
architecture 3-6-2 computed by trial and error, according to the methodology pre-
sented in Sect. 6.2.2.6. Table 6.9 shows that the best performing method is the 
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fully connected MLP with architecture 8-6-2, which provided 96.9% CSR on the 
unknown test set. It is also important to mention that the decision tree is the only 
method that provides if-then-else rules, which are very useful for transformer de-
sign engineers. Moreover, the decision tree automatically selected the three most 
important attributes among the eight candidates. 

6.2.3 Transformer 

6.2.3.1 Database 

The no-load losses of the assembled transformer are affected by magnetic material 
properties (Moses 1992; Georgilakis et al. 2001b; Kalokiris et al. 2007), as well as 
by design and production factors (Godec 1977; Valkovic 1982; Moses 1984; 
Valkovic 1984; Nakata et al. 1984; Fecich and Balmer 1985; Ling et al. 1992; 
Basak and Bonyar 1992; Valkovic and Rezic 1992; Ilo et al. 1996; Girgis et al. 
1998; Mechler and Girgis 2000; Soda and Enokizono 2000; teNyenhuis et al. 
2001). 

After sufficient experimentation on the selection of candidate attributes, con-
struction of many decision trees for different risk levels, and selection of the opti-
mum decision trees, the following conclusions can be drawn (Georgilakis 2000): 

1. If the supplier, grade and thickness of magnetic material are considered as can-
didate attributes, then the resulting decision trees have very low classification 
success rate. On the other hand, if we construct one decision tree per different 
supplier, grade and thickness of magnetic material, then the CSR results are 
significantly improved. 

2. If, except for the above grouping per supplier, grade and thickness of magnetic 
material, the measurement sets are also grouped per transformer rated power 
(kVA), then the CSR of the decision tree is reduced. 

Based on the above, it was decided that the best solution is the construction of 
one decision tree per different supplier, grade and thickness of magnetic material 
that define a different environment (Georgilakis 2000). Table 6.10 presents the 
three different environments considered (Georgilakis 2000). For example, envi-
ronment 1 is characterized by magnetic material of grade M3, according to USA 
AISI 1983, thickness 0.23 mm, while the supplier of material was A. Decision 
trees were constructed using many different lists of candidate attributes. Two of 
the most representative attribute lists are presented in Tables 6.11 and 6.12 (Hat-
ziargyriou et al. 1998b; Georgilakis and Hatziargyriou 1999, 2002; Georgilakis et 
al. 1999b, 1999c, 1999d). 
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Table 6.10 Environments considered 

 Environment 

Characteristic 1 2 3 

Supplier A B A 
Steel grade M3 M4 Hi-B 
Thickness (mm) 0.23 0.27 0.23 

 

Table 6.11 List of nine candidate attributes 

Parameter Description 

ATTR1 ASFLTF/DSFLTF 

ATTR2 AKgTF/DKgTF 

ATTR3 (WPK“11”,mat,a+WPK“12”,mat,a+WPK“13”,mat,a+WPK“14”,mat,a)/4 

ATTR4 Rated magnetic induction 

ATTR5 Thickness of core leg 

ATTR6 Width of core leg 

ATTR7 Height of core window 

ATTR8 Width of core window 

ATTR9 Transformer volts per turn 
 
 
In Table 6.11, the attribute ATTR1 represents the ratio of actual (ASFLTF) to 

theoretical (DSFLTF) total no-load losses of the four individual cores. The attribute 
ATTR2 represents the ratio of actual (AKgTF) to theoretical (DKgTF) total weight 
of the four individual cores. Finally, the attribute ATTR3 represents the average 
specific no-load losses of the magnetic material of the four individual cores, where 
WPK“11”,mat,a denotes the specific no-load losses (W/kg) at 15000 Gauss of the 
magnetic material of the individual core that is placed at position “11” shown in 
Fig. 6.1. 

In addition to the variables used in Table 6.11 and defined previously, Table 
6.12 uses some more variables. In particular, the parameter WPK“11”,mat,b denotes 
the specific no-load losses (W/kg) at 17000 Gauss of the magnetic material of the 
individual core that is placed at position “11” shown in Fig. 6.1. The variable 
AWPK“11” represents the actual specific no-load losses (W/kg) of the individual 
core at place “11”, i.e., the ratio of actual no-load losses of the individual core at 
place “11” to its actual weight. The variable DWPK“11” represents the theoretical 
specific no-load losses of the individual core at place “11” calculated from the no-
load loss curve of the individual core. The parameter AKg“11” represents the actual 
weight of the individual core at place “11”, while the variable DKg“11” represents 
the theoretical weight of the individual core at place “11”. 
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Table 6.12 List of 19 candidate attributes 

Parameter Description 

ATTR1 Rated magnetic induction 

ATTR2 (WPK“11”,mat,a+WPK“12”,mat,a+WPK“13”,mat,a+WPK“14”,mat,a)/4 

ATTR3 (WPK“11”,mat,b+WPK“12”,mat,b+WPK“13”,mat,b+WPK“14”,mat,b)/4 

ATTR4 AKgTF/DKgTF 

ATTR5 ASFLTF/DSFLTF 

ATTR6 AWPK“11”/DWPK“11” 

ATTR7 AWPK“12”/DWPK“12” 

ATTR8 AWPK“13”/DWPK“13” 

ATTR9 AWPK“14”/DWPK“14” 

ATTR10 AKg“11”/DKg“11” 

ATTR11 AKg“12”/DKg“12” 

ATTR12 AKg“13”/DKg“13” 

ATTR13 AKg“14”/DKg“14” 

ATTR14 (AWPK“11”+AWPK“12”)/(DWPK“11”+DWPK“12”) 

ATTR15 (AWPK“12”+AWPK“13”)/(DWPK“12”+DWPK“13”) 

ATTR16 (AWPK“13”+AWPK“14”)/(DWPK“13”+DWPK“14”) 

ATTR17 (AWPK“11”+AWPK“12”)/(AWPK“12”+AWPK“13”) 

ATTR18 (AWPK“12”+AWPK“13”)/(AWPK“13”+AWPK“14”) 

ATTR19 (AWPK“12”+AWPK“13”)/(AWPK“11”+AWPK“14”) 

 
In total, 2595, 2225, and 2385 measurement sets were collected for the envi-

ronments 1, 2, 3, respectively (the environments are defined in Table 6.10). The 
measurement sets of each environment were split into two independent sets: the 
learning set and the test set. More specifically, the learning sets for the environ-
ments 1, 2, 3 are composed of 1730, 1485, and 1590 measurement sets, respec-
tively, and the test sets are composed of the remaining 865, 740, and 795 meas-
urement sets, respectively. 

6.2.3.2 Classification Criterion 

It is required to classify the no-load losses of the assembled transformer into two 
classes: acceptable and non-acceptable no-load losses. The classification criterion 
is the following: one assembled transformer belongs to the non-acceptable class if 
its actual specific no-load losses are greater than 10% of its theoretical specific no-
load losses. Otherwise, the assembled transformer belongs to the acceptable class.  
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Fig. 6.8 Variation of decision tree size (number of nodes) with risk level 
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Fig. 6.9 Variation of decision tree accuracy with risk level 
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Fig. 6.10 Variation of decision tree accuracy with number of nodes 
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Fig. 6.11 Optimim decision tree with 0.25% risk level for the classification of no-load 
losses of assembled transformers for environment 1 using the nine-attribute list of Table 
6.11 

6.2.3.3 Decision Trees 

Based on the learning set of 1730 measurement sets for the environment 1 (Table 
6.10) and the list of nine candidate attributes (Table 6.11) many decision trees 
were constructed for risk levels from 0.001% to 10%. The accuracy of these deci-
sion trees was evaluated using the independent test set of 865 measurement sets. 
Figure 6.8 shows the variation of the number of decision tree nodes as a function 
of the risk level. Figures 6.9 and 6.10 present the classification accuracy results of 
the decision trees as a function of the risk level and the number of nodes, respec-
tively. Applying the methodology presented in Sect. 6.2.2.5 for the analysis of 
Figs. 6.8 to 6.10 we conclude that the optimal decision trees for environment 1 
have nine nodes and are built with risk levels from 0.2% to 0.75%. Such a deci-
sion tree is shown in Fig. 6.11, built with 0.25% risk level (Georgilakis et al. 1997; 
Georgilakis and Hatziargyriou 1999). 
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Table 6.13 Calculation of the classification success rate of the decision tree of Fig. 6.11 

Node 
number Node type Acceptability 

index 
Tested 
MS 

Correctly 
classified MS 

Classification 
success rate (%) 

4 DEADEND 0.9315 123 113 91.9 

5 DEADEND 0.3455 14 7 50.0 

7 LEAF 1.0000 414 405 97.8 

8 LEAF 0.9952 106 103 97.2 

9 DEADEND 0.9147 208 187 89.9 

Total   865 815 94.2 

 
 
The decision tree of Fig. 6.11 consists of four test and five terminal nodes, and 

has automatically selected only three attributes among the nine candidates of Ta-
ble 6.11. These attributes are ATTR9, ATTR1 and ATTR4. ATTR9 corresponds 
to transformer volts per turn, ATTR1 is the ratio of actual to theoretical total no-
load losses of the four individual cores, and ATTR4 represents the rated magnetic 
induction. The selection of these attributes is reasonable and expected, since they 
are all related to transformer no-load losses. 

Each terminal node of the decision tree of Fig. 6.11 produces one decision rule, 
on the basis of its acceptability index. For example, from terminal node 7 the fol-
lowing rule is derived: if ATTR9>4.3568 and ATTR4>13802, then transformer 
specific no-load losses are of acceptable quality. Consequently, based on the deci-
sion tree of Fig. 6.11, rules useful for the design (parameters ATTR4 and ATTR9) 
and also for core production (parameter ATTR1) can be derived. In particular 
(Georgilakis and Hatziargyriou 1999): 

1. It is desirable to construct transformers leading to nodes 7, 8, and 4, if it techni-
cally and economically feasible. These nodes have acceptability indices greater 
than 93%. 

2. The measurement sets following the rule ATTR9≤4.3568 and ATTR1>1.0862 
lead to node 5, and are characterized as non-acceptable. In order to avoid this, 
ATTR1 must be reduced during transformer construction. The method is to re-
duce the actual total no-load losses of the four individual cores of the trans-
former by removing from the transformer cores set one or more individual 
cores with high no-load losses and adding individual cores with lower no-load 
losses. 

3. The measurement sets following the rule ATTR9>4.3568 and ATTR4>13802 
lead to node 7, and are characterized as acceptable. This is equivalent to in-
creasing the volts per turn (ATTR9), and also increasing the rated magnetic in-
duction (ATTR4). Transformer design engineers determine both these parame-
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ters. In fact, the rated magnetic induction offers enough flexibility, therefore it 
is desirable to design transformers leading to this node, if it is technically and 
economically feasible. 

Table 6.13 presents the classification success rate of each terminal node of the 
decision tree of Fig. 6.11. It can be seen from Table 6.13 that the total CSR of the 
decision tree of Fig. 6.11 is 94.2%. In order to increase the CSR of the decision 
tree methodology, alternative attributes were selected and tested, and finally the 
19-attribute list of Table 6.12 was selected. 

Many decision trees were built for environment 1 using the 19-attribute list of 
Table 6.12 and various risk levels and the optimum decision tree is shown in Fig. 
6.12. Table 6.14 shows that the decision tree of Fig. 6.12 provides 95.3% CSR on 
the test set, i.e., for the classification of no-load losses of assembled transformers 
for the environment 1, the decision tree of Fig. 6.12 that was built with the 19-
attribute list provides 1.1% higher accuracy (CSR) in comparison with the accu-
racy of the decision tree of Fig. 6.11 that was built with the nine-attribute list. 
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Fig. 6.12 Optimum decision tree for the classification of no-load losses of assembled 
transformers for environment 1 using the 19-attribute list of Table 6.12 
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Table 6.14 Calculation of the classification success rate of the decision tree of Fig. 6.12 

Node 
number Node type Acceptability 

index 
Tested 
MS 

Correctly 
classified MS 

Classification 
success rate (%) 

6 LEAF 0.9933 74 70 94.6 

7 DEADEND 0.9412 127 118 92.9 

8 LEAF 0.9983 294 287 97.6 

9 DEADEND 0.9225 68 64 94.1 

10 DEADEND 0.9449 64 61 95.3 

12 DEADEND 0.9659 215 208 96.7 

13 LEAF 0.0000 23 16 69.6 

Total   865 824 95.3 
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Fig. 6.13 Optimum decision tree with 95.7% CSR on the test set designed for the 
classification of no-load losses of assembled transformers for the environment 2 using the 
19-attribute list of Table 6.12 
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Fig. 6.14 Optimum decision tree with 96.1% CSR on the test set designed for the 
classification of no-load losses of assembled transformers for environment 3 using the 19-
attribute list of Table 6.12 

 
 
Using the same method, decision trees were also built for environments 2 and 3 

of Table 6.10 using the nine-attribute list of Table 6.11 as well as the 19-attribute 
list of Table 6.12. In both environments, the decision trees with the best accuracy 
were built on the basis of the 19-attribute list. Figures 6.13 and 6.14 show the op-
timum decision trees for environments 2 and 3, respectively. The decision tree of 
Fig. 6.13 provides 95.7% CSR on the test set. The decision tree of Fig. 6.14 pro-
vides 96.1% CSR on the test set. 
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6.2.3.4 Multi-layer Perceptrons 

Applying the methodology presented in Sect. 6.2.2.6, several MLP architectures 
(one and two hidden layers, and various neurons per hidden layer) as well as vari-
ous configuration parameters (sigmoid slope, learning rate, momentum) were 
tested using the nine-attribute and the 19-attribute lists so as to determine the op-
timal MLP configuration for each of the three environments of Table 6.10. Table 
6.15 presents the results of this investigation, i.e., the optimal MLP configuration 
for the classification of no-load losses of assembled transformers for all the envi-
ronments (Georgilakis et al. 1999c, 1999d). Table 6.15 shows that in all cases the 
19-attribute list gave the highest CSR on the test set. In all cases, one hidden layer 
was enough. 

6.2.3.5 Entropy Networks 

Applying the methodology presented in Sect. 6.2.2.7, entropy networks were 
trained for the classification of no-load losses of assembled transformers for all the 
environments (Georgilakis et al. 1999c; Georgilakis and Hatziargyriou 2002). Ta-
ble 6.16 presents the architecture and the classification results of the optimum en-
tropy networks for the three environments. 

Table 6.15 Configuration and classification results of the optimum MLP for the 
classification of no-load losses of assembled transformers  

Environment 1 2 3 

    

Parameter    

Input neurons 19 19 19 

Hidden neurons 5 6 4 

Output neurons 2 2 2 

Slope of the sigmoid function 1 1 1 

Learning rate 0.1 0.3 0.3 

Momentum 0.5 0.5 0.4 

    

Result    

Classification success rate on test set (%) 97.5 97.6 97.9 
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Table 6.16 Architecture and classification results of the optimum entropy networks for the 
classification of no-load losses of assembled transformers 

Environment 1 2 3 

    

Architecture    

Entropy network 5-6-7-2 5-5-6-2 6-6-7-2 

Hybrid decision tree-neural network classifier 5-6-7-1 5-5-6-1 6-6-7-1 

    

Classification success rate on test set (%)    

Entropy network 95.8 96.1 96.6 

Hybrid decision tree-neural network classifier 96.6 96.8 97.4 

  

6.2.3.6 Synthesis 

Table 6.17 compares all methods tested for the classification of no-load losses of 
assembled transformers based on the CSR on the test set. 

The last row of Table 6.17 presents the CSR obtained from a fully connected 
MLP with number of inputs equal to the number of attributes selected by the deci-
sion tree and with number of hidden neurons computed by trial and error, accord-
ing to the methodology presented in Sect. 6.2.2.6. In particular, this MLP (denoted 
multi-layer perceptron 2 in Table 6.17) has: 

1. Five input neurons for environment 1, corresponding to the five attributes 
automatically selected by the decision tree of Fig. 6.12 

2. Five input neurons for environment 2, corresponding to the five attributes 
automatically selected by the decision tree of Fig. 6.13 

3. Six input neurons for environment 3, corresponding to the six attributes auto-
matically selected by the decision tree of Fig. 6.14 

Table 6.17 shows that the best performing method is the fully connected MLP 
(denoted multi-layer perceptron 1 in Table 6.17) with 19 input neurons corre-
sponding to the 19 attributes of Table 6.12. It is also important to mention that the 
decision tree is the only method that provides if-then-else rules, which are very 
useful for transformer design engineers. Moreover, the decision tree automatically 
selected the most important attributes among the candidate ones. 
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Table 6.17 Comparison of methods for the classification of no-load losses of assembled 
transformers based on the classification success rate on the test set 

Environment 1 2 3 

    

Architecture    

Decision tree    

Multi-layer perceptron 1 19-5-2 19-6-2 19-4-2 

Entropy network 5-6-7-2 5-5-6-2 6-6-7-2 

Hybrid decision tree-neural network classifier 5-6-7-1 5-5-6-1 6-6-7-1 

Multi-layer perceptron 2 5-5-2 5-6-2 6-4-2 

    

Classification success rate on test set (%)    

Decision tree 95.3 95.7 96.1 

Multi-layer perceptron 1 97.5 97.6 97.9 

Entropy network 95.8 96.1 96.6 

Hybrid decision tree-neural network classifier 96.6 96.8 97.4 

Multi-layer perceptron 2 96.0 96.2 96.9 

6.3 No-Load Loss Forecasting with Artificial Neural Networks 

6.3.1 Introduction 

No-load loss forecasting aims at predicting the no-load losses. In this chapter, arti-
ficial neural network based no-load loss forecasting techniques will be presented 
and applied for both the individual core and the transformer. 

It is very important to have an efficient no-load loss forecasting tool, i.e., tool 
with high forecasting accuracy, since it offers the ability to know in advance the 
no-load loss value of an individual core or transformer. It is necessary to deter-
mine the values of the attributes (input parameters) that are known at the early 
stages of individual core or transformer manufacturing and then to use the fore-
casting tool. Thus, the existence of an efficient no-load loss forecasting tool aims 
at predicting the no-load losses of individual cores and transformers as well as at 
investigating the impact that variation of the attribute values will have on no-load 
losses. Moreover, if an efficient no-load loss forecasting tool is combined with an 
optimization tool, transformers with actual no-load losses very close to the desired 
no-load losses can be constructed (Georgilakis et al. 1999a, 2001a). Thus, in a 
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production batch with, say, 50 transformers of the same design, the application of 
an efficient no-load loss forecasting tool minimizes the possibility of paying no-
load loss penalties. Moreover, if the forecasting tool is combined with an optimi-
zation tool, then the no-load losses of the 50 transformers will be minimum 
(Georgilakis et al. 1999a, 2001a). 

Several methods have been proposed in the literature for the estimation of 
transformer no-load losses during the design phase. These approaches can be 
grouped into four main categories: 

1. Empirical methods (Moses 2003). These methods are based on experimental 
observations. Experimental curves are usually extracted using a large number 
of measurements to investigate the effect of several transformer parameters on 
no-load losses. However, due to the continuous evolution both of technical 
characteristics of the magnetic materials and the design of cores, the experi-
mental curves should be systematically reconstructed when data change. 

2. Analytical methods (Jiles and Atherton 1986; Bertotti 1988; Semlyen and Ra-
jakovic 1989; Rajakovic and Semlyen 1989a, 1989b; Sato and Sakaki 1990; 
Fiorello and Novikov 1990; Hatziargyriou et al. 1993; Elleuch and Poloujadoff 
1996; Mork 1999; Annakkage et al. 2000; Proussalidis et al. 2001; Elleuch and 
Poloujadoff 2003). These methods model three-phase transformers based on 
the equivalent magnetic circuit of the transformer cores. These methods are 
based on semiempirical description of various components of no-load losses 
(hysteresis losses, classical eddy-current losses, and excess losses) that are 
functions of frequency and maximum flux density. No-load losses result in the 
definition of a resistance that is added to the general model of the transformer. 

3. Numerical methods (Basak et al. 1994; Enokizono et al. 1995; Kanada et al. 
1996; Enokizono and Soda 1997; Mechler and Girgis 1998; Moses 1998; 
Enokizono and Soda 1998; Enokizono and Soda 1999; teNyenhuis et al. 2000; 
Im et al. 2001; Tatis et al. 2004; Kaimori et al. 2007; Rovolis et al. 2007; Kefa-
las et al. 2008). These methods are based on the arithmetic analysis of the elec-
tromagnetic field of the transformer cores. Finite elements and finite difference 
methods are mainly used. The potentials of the electromagnetic fields are cal-
culated by creating mesh models of the transformer geometry and using several 
field parameters, such as the magnetic flux distribution. This analysis is very 
important during the transformer design phase, when the manufacturer needs to 
check the correctness of the transformer drawings. 

4. Artificial intelligence methods (Nussbaum et al. 1996; Georgilakis et al. 1998b,  
1999a, 2001a; Nussbaum et al. 2000; Miti et al. 2003). Artificial neural net-
works are used to predict no-load losses as a function of core design parame-
ters. These models can be successful only in case that representative and accu-
rate data are used for training artificial neural networks. 
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6.3.2 Forecasting Accuracy 

6.3.2.1 Individual Core 

In the individual core problem, various neural networks are trained to predict the 
specific no-load losses of the individual core. After training the neural network, its 
forecasting accuracy is evaluated based on the average absolute relative error 
(AARE) on the test set, which is defined as follows: 

 
1

100%
a pN
i i

a
i i

S S
AARE

S=

−
= ⋅∑ , (6.2) 

where  are the actual specific no-load losses of the ith individual core, a
iS p

iS  are 
the forecasted specific no-load losses of the ith individual core, and  is the 
number of measurement sets of the test set. 

N

6.3.2.2 Transformer 

In the transformer problem, various neural networks are trained to predict the spe-
cific no-load losses of the transformer. After training the neural network, its fore-
casting accuracy is evaluated based on the average absolute relative error on the 
test set defined by (6.2), where  are the actual specific no-load losses of the ith  

transformer, 

a
iS

p
iS  are the forecasted specific no-load losses of the ith transformer, 

and  is the number of measurement sets of the test set. N

6.3.3 Individual Core 

6.3.3.1 Multi-layer Perceptrons 

Applying the methodology presented in Sect. 6.2.2.6, several MLP architectures 
(one and two hidden layers, and various neurons per hidden layer) as well as vari-
ous configuration parameters (sigmoid slope, learning rate, momentum) were 
tested using the eight-attribute list of Sect. 6.2.2.3 to determine the optimal MLP 
configuration, i.e., the MLP with the minimum average absolute relative error on 
the test set. Table 6.18 presents the results of this investigation, i.e., the optimal 
MLP configuration for the prediction of no-load losses of individual cores (Geor-
gilakis et al. 1999b). The optimal MLP of Table 6.18 provides 2.32% average ab-
solute relative error on the unknown test set. 
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Table 6.18 Configuration and forecasting accuracy of the optimum MLP for the prediction 
of no-load losses of individual cores  

Parameter Value 

Input neurons 8 

Hidden neurons 7 

Output neurons 1 

Slope of the sigmoid function 1 

Learning rate 0.1 

Momentum 0.5 

  

Result Value 

AARE on test set (%) 2.32 

 
 
 
Figure 6.15 presents the fractile diagram or the Q–Q plot (quantile–quantile) 

(Kobayashi 1981) of the specific no-load losses. According to this method, the 
data of actual specific no-load losses are plotted against the predicted values. Per-
fect prediction lies on a line of 45° slope. It is observed that prediction of the indi-
vidual core specific no-load losses, based only on rated magnetic induction and 
ignoring all other parameters (current practice), provides a constant (equal to 0.78 
W/kg) estimate for all measurement sets belonging to the test set. This occurs 
since, as mentioned in Sect. 6.2.2.3, all the individual cores have been constructed 
from the same design (i.e., same magnetic induction) and the same magnetic mate-
rial (i.e., same no-load loss curve), so the specific no-load losses obtained by the 
no-load loss curve are the same for all the individual cores of the database (learn-
ing set and test set). Therefore, the estimate of the current practice significantly 
diverges from the optimal line of 45°, providing an erroneous prediction, espe-
cially at large or small actual W/kg values in the range 0.5925 to 0.9433 W/kg. On 
the contrary, the MLP method is able to accurately estimate the no-load losses of 
individual cores for all the test samples, due to the neural network learning capa-
bilities. The maximum absolute relative error is 23.7% for the current practice (no-
load loss curve), while the respective error for the MLP method is 4.9%. The av-
erage absolute relative error is 7.8% for the current practice and 2.32% for the 
MLP method. It is observed that the MLP architecture gives much better results as 
far as the average absolute relative error and the maximum absolute relative error 
(worst case error) are concerned. 
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Fig. 6.15 Prediction of specific no-load losses of the individual core using the typical no-
load loss curve (current practice) and the MLP of Table 6.18 

6.3.3.2 Hybrid Multi-layer Perceptrons 

Two different hybrid multi-layer perceptrons will be used to predict the no-load 
losses of the individual core: 

1. The hybrid entropy network. This network results from the entropy network of 
Fig. 6.7 with architecture 3-3-4-2 by substituting the two output neurons with 
one single neuron that will predict the specific no-load losses of the individual 
core. Moreover, the single output neuron of the hybrid entropy network is fully 
connected with all neurons of the second hidden layer. It is concluded from the 
above that the architecture of the hybrid entropy network is 3-3-4-1. When 
trained, this network presents 2.36% AARE on the test set. 

2. The hybrid decision tree network. This network has as inputs only the three at-
tributes selected by the decision tree of Fig. 6.5. The number of hidden layers 
and the number of neurons per hidden layer are calculated by trial and error to 
minimize the AARE on the test set. When trained, this network has 2.39% 
AARE on the test set. 
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Table 6.19 Comparison of methods for the prediction of no-load losses of individual cores 
based on the AARE on the test set 

Method Architecture AARE on test set (%) 

Multi-layer perceptron 8-7-1 2.32 

Hybrid entropy network 3-3-4-1 2.36 

Hybrid decision tree network 3-8-1 2.39 

Table 6.20 Configuration and forecasting accuracy results of the optimum MLP for the 
prediction of no-load losses of assembled transformers  

Environment 1 2 3 

    

Parameter    

Input neurons 19 19 19 

Hidden neurons 5 6 4 

Output neurons 1 1 1 

Slope of the sigmoid function 1 1 1 

Learning rate 0.1 0.3 0.3 

Momentum 0.5 0.5 0.4 

    

Result    

AARE on test set (%) 1.63 1.52 1.74 

6.3.3.3 Synthesis 

Table 6.19 compares all methods tested for the prediction of no-load losses of in-
dividual cores based on the AARE on the test set. Table 6.19 shows that the best 
performing method is the fully connected MLP with architecture 8-7-1, which 
provided 2.32% AARE on the unknown test set. This is a significant improvement 
in comparison with the current practice (no-load loss curve), which presents 7.8% 
AARE on the test set. 
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Fig. 6.16 Prediction of specific no-load losses of the assembled transformer for 
environment 1 using the typical no-load loss curve (current practice) and the 19-5-1 MLP 
of Table 6.20 

6.3.4 Transformer 

6.3.4.1 Multi-layer Perceptrons 

Applying the methodology presented in Sect. 6.2.2.6, several MLP architectures 
(one and two hidden layers, and various neurons per hidden layer) as well as vari-
ous configuration parameters (sigmoid slope, learning rate, momentum) were 
tested using the nine-attribute (Table 6.11) and the 19-attribute (Table 6.12) lists 
to determine the optimal MLP configuration for each of the three environments of 
Table 6.10. Table 6.20 presents the results of this investigation, i.e., the optimal 
MLP configuration for the prediction of no-load losses of assembled transformers 
for all the environments (Georgilakis et al. 1999e; Doulamis et al. 2002). Table 
6.20 shows that in all cases the 19-attribute list gave the lowest AARE on the test 
set. In all cases, one hidden layer was enough. 

Figure 6.16 presents prediction of the specific no-load losses of the assembled 
transformer for environment 1 using the typical no-load loss curve (current prac-
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tice) and the 19-5-1 MLP of Table 6.20. The maximum absolute relative error is 
11.4% for the current practice (no-load loss curve), while the respective error for 
the MLP method is 4.5%. The average absolute relative error is 3.1% for the cur-
rent practice and 1.6% for the MLP method. It is observed that the MLP architec-
ture gives much better results as far as the average absolute relative error and the 
maximum absolute relative error (worst case error) are concerned. 

6.3.4.2 Hybrid Multi-layer Perceptrons 

Similar to Sect. 6.3.3.2, two hybrid multi-layer perceptrons will be used to predict 
the no-load losses of the assembled transformer: (1) the hybrid entropy network; 
and (2) the hybrid decision tree network. The results are shown in Table 6.21. 

6.3.4.3 Synthesis 

Table 6.22 compares all methods tested for the prediction of no-load losses of as-
sembled transformers based on the AARE on the test set. Table 6.22 shows that 
the best performing method (lowest AARE on the test set) is the fully connected 
MLP for all the environments. 

 
 

Table 6.21 Architecture and forecasting accuracy results of the optimum hybrid multi-layer 
perceptrons for the prediction of no-load losses of assembled transformers 

Environment 1 2 3 

    

Architecture    

Hybrid entropy network 5-6-7-1 5-5-6-1 6-6-7-1 

Hybrid decision tree network 5-5-1 5-6-1 6-4-1 

    

AARE on test set (%)    

Hybrid entropy network 1.66 1.56 1.78 

Hybrid decision tree network 1.68 1.59 1.80 
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Table 6.22 Comparison of methods for the prediction of no-load losses of assembled 
transformers based on the AARE on the test set 

Environment 1 2 3 

    

Architecture    

Multi-layer perceptron 19-5-1 19-6-1 19-4-1 

Hybrid entropy network 5-6-7-1 5-5-6-1 6-6-7-1 

Hybrid decision tree network 5-5-1 5-6-1 6-4-1 

    

AARE on test set (%)    

Multi-layer perceptron 1.63 1.52 1.74 

Hybrid entropy network 1.66 1.56 1.78 

Hybrid decision tree network 1.68 1.59 1.80 

6.3.4.4 Retraining Neural Networks 

Despite the good performance of the neural network in predicting no-load losses 
of assembled transformers, there are some cases after the completion of the trans-
former construction, where the prediction error is not acceptable. It should be 
mentioned that the error is calculated based on the difference between the pre-
dicted value, provided by the neural network output, and the actual value of the 
specific no-load losses, which is available after the completion of the transformer 
construction. In the case of not acceptable performance, the neural network is re-
trained using additional measurement sets. The retrained neural network will have 
improved performance (lower AARE) on future measurement sets. 

In the experiments considered, we suppose that an AARE 10% above the aver-
age is the upper tolerance limit. That is, for environment 2 where the AARE for 
the initial test set (TS) is equal to 1.52% (Table 6.20), the acceptance limit (upper 
limit, UL) is 1.67%. 

Figure 6.17 illustrates the AARE for 19 production batches during transformer 
construction. It is observed that at the 19th production batch, the AARE violates 
the defined threshold UL and the neural network is retrained. After retraining the 
neural network, the AARE on the TS is 1.14% and the new upper limit is set to 
1.25% (i.e., 10% above the AARE). Figure 6.18 depicts the neural network predic-
tion results (denoted NN-New on Fig. 6.18) obtained after retraining the neural 
network for the following 11 production batches. In all cases, the AARE was 
within the tolerance interval (Georgilakis et al. 1999e). 
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Fig. 6.17 Prediction error (AARE) provided by the 19-6-1 MLP of Table 6.20 for 19 
production batches of environment 2 
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Fig. 6.18 Prediction error (AARE) provided by the retrained 19-6-1 MLP of Table 6.20 for 
11 production batches of environment 2 

6.4 Impedance Voltage Evaluation with Numerical Models 

6.4.1 Introduction 

The transformer impedance voltage or short-circuit impedance or leakage imped-
ance is one of the most important technical characteristics of transformer. The im-
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pedance voltage consists of resistive component and reactive component (leakage 
reactance). Accurate estimation of transformer impedance voltage (short-circuit 
impedance) during the transformer design phase is crucial, since (1) it increases 
transformer reliability and manufacturer credibility, and (2) it reduces the material 
cost, since smaller impedance voltage design margin is used. 

However, some of the existing design methodologies used by manufacturers 
still rely on leakage field and impedance voltage calculations that include gross 
approximations and assumptions and incorporate empirical factors in the trans-
former magnetic field simulation (Dymkov 1975; Mittle and Mittal 1996; Raitsios 
2001). This approach is likely to result in significant deviations from the measured 
impedance voltage values, augmenting the risk of transformer failure and over-
stepping of the respective guaranteed values. It is therefore necessary to develop 
improved methods of leakage field evaluation, incorporable to the transformer de-
sign process. For this purpose, research efforts in this field focus on the use of ad-
vanced power transformer modeling techniques that take into account the con-
structional details of these devices. That is why numerical methods, mainly finite 
element models, have attracted the attention of researchers (Andersen 1973; Dju-
rovic and Carpenter 1975; Tomczuk 1988; Zakrzewski and Kukaniszyn 1992; 
Kladas et al. 1994; Zakrzewski and Tomczuk 1996; Xiang et al. 1997; Kulkarni 
and Khaparde 2004; Tsili et al. 2004; Tsili 2005; Tsili et al. 2005, 2006). Other 
techniques that have been developed for evaluation of the impedance voltage in-
clude the reluctance network method (Turowski et al. 1990) and the surface mag-
netic charge method (Lu et al. 1998). 

6.4.2 Finite Element Model 

6.4.2.1 Field Equations 

The finite element method is a numerical technique for the solution of problems 
described by partial differential equations. The governing equation in the case of a 
magnetostatic field is the Laplace equation: 

 , (6.3) 0m
2 =Φ∇

where  is the scalar magnetic potential. The field considered is represented by 
a group of finite elements. The space discretization is realized by triangles or tet-
rahedra if the problem is two- or three-dimensional, respectively. Therefore, a 
continuous physical problem is converted into a discrete problem of finite ele-
ments with unknown field values in their vertices nodes. The solution of such a 
problem reduces to a system of algebraic equations and the field values inside the 
elements can be retrieved with the use of calculated values in their indices. 

mΦ
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Fig. 6.19 Perspective view of the transformer one phase part modeled (simplified winding 
geometry with orthogonal approximation of winding corners) 

 
Many scalar potential formulations have been developed for 3D magnetostat-

ics, but they usually necessitate a prior source field calculation using Biot-Savart’s 
law. This has the drawback of considerable computational effort. 

In the case of impedance voltage evaluation, a particular scalar potential formu-
lation has been developed, enabling 3D magnetostatic field analysis. According to 
this method, the magnetic field strength  is conveniently partitioned to a rota-
tional and an irrotational part as follows: 

H

 Φ∇= -KH , (6.4) 

where  is a scalar potential extended all over the solution domain, while  is a 
vector quantity (fictitious field distribution), that satisfies the following conditions 
(Kladas and Tegopoulos 1992): 

Φ K

1.  is limited in a simply connected subdomain comprising the conductor K
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Fig. 6.20 Winding arrangement (yz-plane) for the production of dual primary voltage levels 
20 kV and 15 kV 

 

2.  in the conductor and ∇× =K J 0∇× =K outside it 

3.  is perpendicular on the subdomain boundary K

The above formulation satisfies Ampere’s law for an arbitrary contour in the 
subdomain. 

6.4.2.2 Transformer Representation 

The transformer under consideration is a 630 kVA, rated primary voltage 20 kV 
and 15 kV delta connected (dual primary voltage 20 and 15 kV), rated secondary 
voltage 400 V star connected, three-phase, wound core, oil-immersed, power 
transformer. The transformer magnetic circuit is of shell type and is assembled 
from two small and two large iron wound cores shown in Fig. 6.1. Figure 6.19 il-
lustrates the perspective view of the transformer one phase part modeled. 

The model of Fig. 6.19 comprises the low voltage (LV) and high voltage (HV) 
windings of one phase, as well as the small and large iron core that surrounds 
them. An air box, whose dimensions are equal to the transformer tank dimensions, 
surrounds the active part, therefore confining the field calculation to this domain. 
The xy-plane of the Cartesian coordinate system used is the transformer symmetry 
plane, and the z-axis crosses the cores symmetry plane. Due to the symmetries of 
the problem, the solution domain is reduced to one fourth of the device. These 
symmetries were taken into account by the imposition of Dirichlet boundary con-

dition ( ) along the xy-plane and Neumann boundary condition (0Φ = 0
n
=

∂
Φ∂ ) 

along the yz-plane, xz-plane and the three outer faces of the air box. 
The use of this one-phase model instead of the whole three-phase transformer 

model was implemented for the following reasons: 

1. The smaller model size enables the construction of a denser tetrahedral finite 
element mesh without great computational cost (given that the exact represen-
tation of the transformer magnetic field requires great accuracy which is de-
pendent on the mesh density and the total execution time of the finite element 
calculations). 
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2. The representation of one phase of the active part does not affect the accuracy 
of the calculation of the equivalent circuit parameters. 

The HV winding is divided into four subcoils. This division models the wind-
ing arrangement that produces the second primary voltage level, shown in Fig. 
6.20. The second one of the four HV subcoils consists of two sections (HV2a, 
HV2b) with the same number of turns. When these sections are connected in par-
allel and then in series with the rest of the HV subcoils, the lower voltage level (15 
kV) is obtained. For the production of the higher voltage rating (20 kV), the two 
sections (HV2a, HV2b) are connected in series and then in series with the rest of 
the HV subcoils. Hence, in the case of the first primary voltage level (20 kV) the 
nominal current is considered to flow through all the subcoils, while in the second 
one (15 kV), the current of subcoil HV2 (whose sections HV2a and HV2b are 
connected in parallel) is half of the current flowing through subcoils HV1, HV3 
and HV4. 

In the FEM model presented in the next sections, the magnetic nonlinearity as 
well as the magnetic anisotropy of the iron cores are ignored. This assumption is 
justified on the basis that flux densities during short-circuit are very low, therefore 
confining the transformer operation below the saturation region of the magnetiza-
tion curve. 

6.4.2.3 Simplified Modeling of Transformer Windings 

The representation of the magnetic field sources, i.e., the winding currents in the 
case of the transformer magnetic field, is carried out with the use of a fictitious 
field distribution , which must satisfy the conditions described in Sect. 6.4.2.1. 
For the calculation of K , a simply connected subdomain must be defined for each 
winding, comprising its conductors. Figure 6.21 shows the bottom view of the 
subdomain corresponding to the LV winding of Fig. 6.19. This subdomain is di-
vided into four regions ( , , and ), in order to facilitate the calcula-
tion. The symbols shown in Fig. 6.21 are described in the following: 

K

1Ω 2Ω 3Ω 4Ω

W11MIN W11MAXX , X  : boundaries of the coil area along the x-axis inside the 
small core window 

W1MIN W1MAXX , X  : boundaries of the coil area along the x-axis inside the 
large core window 

W1MIN W1MAXY , Y  : boundaries of the coil area along the y-axis 

,x yJ J  : x, y components of winding current density 

CX  : x-coordinate of the winding center 



306 6 Evaluation of Transformer Technical Characteristics 
 

small
core

large
core

X
W

11
M

A
X

X
W

1M
IN

YWIMIN

YWIMAX

X
W

11
M

IN

X
W

1M
A

XXc

1Ω 2Ω

3Ω

4Ω

Jy Jy

Jx

x

y

 

Fig. 6.21 Regions (xy-plane) of the subdomain used in the calculation of the fictitious field 
distribution Kz corresponding to the LV winding (orthogonal approximation of the winding 
corners) 

The calculation of K  is quite straightforward, given the winding dimensions 
along the x-, y- and z-axis: 

1. Region : In this region, 1Ω 0= =x zJ J . The current density yJ  is given by: 

 
W11MAX W11MIN

ZNI
X X
⎡ ⎤

= ⋅ ⎢ −⎣ ⎦
yJ ⎥ , (6.5) 

where NI  are the ampere turns of  the LV winding. The distribution K  must be 
perpendicular to the  boundary (third condition described in Sect. 6.4.2.1). 
Therefore,  consists of component 

1Ω
K zK  only, while 0= =x yK K . The second 

condition described in Sect. 6.4.2.1 yields: 

   
1

dx
Ω

∇× = ⇒ = − ⇒∫K J z yK J

 W11MIN

W11MIN W11MAX

X X
NI Z

X X
⎡ ⎤−

= ⋅ ⋅ ⎢ −⎣ ⎦
zK ⎥ . (6.6) 

2. Region : In this region, 2Ω 0= =x zJ J  and 
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W1MAX W1MIN

ZNI
X X
⎡ ⎤

= − ⋅ ⎢ −⎣ ⎦
yJ ⎥ , (6.7) 

while zK  is derived from: 

 
2

W1MAX

W1MAX W1MIN

X X
dx NI Z

X XΩ

⎡ ⎤−
= − = ⋅ ⋅ ⎢ ⎥−⎣ ⎦
∫z yK J . (6.8) 

3. Region : In this region, 3Ω 0= =y zJ J  and 

 
W1MAX W1MIN

ZNI
Y Y
⎡ ⎤

= ⋅ ⎢ −⎣ ⎦
xJ ⎥ , (6.9) 

while zK  derives from: 

 
3

W1MAX

W1MAX W1MIN

Y Y
dy NI Z

Y YΩ

⎡ ⎤−
= = ⋅ ⋅ ⎢ ⎥−⎣ ⎦
∫z xK J . (6.10) 

4. Region : The application of the continuity boundary condition for 4Ω zK  be-
tween regions  and  yields: 3Ω 4Ω

   W1MIN W1MIN(Y Y ) (Y Y )−= = =z zK K + ⇒

⋅ . (6.11) W1MIN(Y Y ) NI Z−= =zK

The application of the continuity boundary condition between regions and 
 or  and  results in the same equation for 

1Ω

4Ω 2Ω 4Ω zK  in region . 4Ω

Consequently, the overall equation describing the fictitious field distribution 
corresponding to the LV winding is of the form: 
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Fig. 6.22 3D graphical representation of the fictitious field distribution corresponding to the 
LV winding of Fig. 6.19 (orthogonal approximation of the winding corners) 
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Z , region

X X

Y Y
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Y Y
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⎧ ⎡ ⎤−
ΝΙ ⋅ ⋅ Ω⎪ ⎢ ⎥−⎪ ⎣ ⎦
⎪ ⎡ ⎤−⎪ ΝΙ ⋅ ⋅ Ω⎪ ⎢ ⎥= −⎨ ⎣ ⎦
⎪
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⎪ ΝΙ ⋅ Ω⎩

zK

region

. (6.12) 

Figure 6.22 gives the 3D graphical representation of the zK  component corre-
sponding to LV winding. The symbol  appearing in Fig. 6.22 denotes the 
boundary of the coil area along the z-axis. Figure 6.23 shows the 

W1MAXZ

zK  distribution 
along a plane parallel to the y-axis, crossing the center  of the winding. CX

Derivation of the distribution  for the HV winding is similar, resulting in an 
equation identical to (6.12), with the respective boundaries of the winding along 
the x-, y- and z-axis. The representation of current sources through distribution K  
has the advantage of being compatible with the discrete scheme of first order tet-
rahedral elements so that it does not suffer from cancellation errors, present when 
using the Biot-Savart law to determine source field distribution. 

K
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Fig. 6.23 Fictitious field distribution corresponding to the LV winding along the plane 
 of Fig. 6.21 CX X=

6.4.2.4 Detailed Modeling of Transformer Windings 

The construction of the transformer model with detailed winding geometry is real-
ized in two steps: first, an elliptical approximation of the winding corners is con-
sidered, and, afterwards, the winding cooling ducts are inserted into the model. 

The simplicity of the calculation of the fictitious field distribution presented in 
Sect. 6.4.2.3 relies on the orthogonal approximation of the winding corners. The 
orthogonal approximation of the winding corners, which are in fact curved, is 
likely to result in significant overestimation of the current density and thus the de-
rived magnetic field density. 

For a more detailed representation of the winding geometry, their corners were 
considered to be part of ellipses with known center coordinates. Under this con-
sideration, the fictitious field distribution corresponding to the LV winding is the 
one shown in Fig. 6.24. 

The calculation of the zK  component shown in Fig. 6.24 is more complicated: 
the subdomain comprising the LV winding has to be divided into six regions, 
whose bottom view is shown in Fig. 6.25: regions , ,  and  (used in 
the calculation described in Sect. 6.4.2.3) and regions  and , which corre-
spond to the winding corners and are bounded by inner ellipses 

1Ω 2Ω 3Ω 4Ω

5Ω 6Ω
)( 2ε ,  and 

outer ellipses , . 
2( )′ε

)( 1ε 1( )′ε
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Fig. 6.24 3D graphical representation of the fictitious field distribution corresponding to the 
LV winding (elliptical approximation of the winding corners) 
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Fig. 6.25 Regions (xy-plane) of the subdomain used in the calculation of the fictitious field 
distribution zK  corresponding to the LV winding (elliptical approximation of the winding 
corners) 
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In Fig. 6.25, point ( οο ΥΧ , ) is the center of )( 1ε  and )( 2ε  while point 

( ) is the center of 0 , ο′Χ Υ 1( )′ε  and 2( )′ε . The coordinates 0, Xο ′Χ  and  are de-
rived from the transformer dimensions and can easily be calculated. The equations 
of the ellipses are: 

οΥ

 
2 2

o o
1 2

W11MIN o W1MAX o

(X X ) (Y Y )
( ) : 1

(X X ) (Y Y )
− + −

ε
− + − 2 = , (6.13) 

 
2 2

o o
2 2

W11MAX o W1MIN o

(X X ) (Y Y )
( ) : 1

(X X ) (Y Y )
− + −

ε
− + − 2 = , (6.14) 

 
2 2

o o
1 2

W1MAX o W1MAX o

(X X ) (Y Y )
( ) : 1

(X X ) (Y Y )
′− + −′ε
′− + − 2 = , (6.15) 

 
2 2

o o
2 2

W1MIN o W1MIN o

(X X ) (Y Y )( ) : 1
(X X ) (Y Y )

′− + −′ε
′− + − 2 = . (6.16) 

The equation describing zK  is of the form (6.17). The ellipse symbols appear-
ing in (6.17) refer to the left hand side of (6.13)–(6.16), an expression that was 
chosen for the sake of simplicity. 

 

W11MIN
1

W11MIN W11MAX

W1MAX
2

W1MAX W1MIN
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3
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4

1
5

1 2

1

1 2

X X
Z ,

X X

X X
Z , region

X X

Y Y
Z , region

Y Y
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( ) 1
Z ,

( ) ( )

( ) 1
Z

( ) ( )

⎡ ⎤−
ΝΙ ⋅ ⋅ Ω⎢ ⎥−⎣ ⎦

⎡ ⎤−
ΝΙ ⋅ ⋅ Ω⎢ ⎥−⎣ ⎦

⎡ ⎤−
ΝΙ ⋅ ⋅ Ω⎢ ⎥= −⎣ ⎦
ΝΙ ⋅ Ω

⎡ ⎤ε −
ΝΙ ⋅ ⋅ Ω⎢ ⎥ε − ε⎣ ⎦

′ε −
ΝΙ ⋅ ⋅

′ ′ε − ε

zK

6, region

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎪

⎡ ⎤⎪

region

region

Ω⎢ ⎥⎪
⎣ ⎦⎩

. (6.17) 

Note that (6.17) is derived under the assumption that the current flows through 
the whole area of the considered winding. This assumption does not take into ac-
count the existence of cooling ducts in the winding area outside the core windows, 
where the current density is in fact equal to zero, because of the oil flowing 
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through them. This approximation is another factor contributing to magnetic field 
overestimation, as it increases the magnetic field source area. Therefore, the exis-
tence of cooling ducts must be considered in the analysis in order to obtain more 
reliable results. 

 

Fig. 6.26 Perspective view of the active part of the transformer, one phase part modeled 
(detailed winding geometry) 

 

Fig. 6.27 Tetrahedral finite element mesh representing the transformer active part (detailed 
winding geometry) 
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Fig. 6.28 Division of the windings used in the representation of cooling ducts (xy-plane). 

 
Figure 6.26 shows the perspective view of the transformer model with detailed 

representation of the transformer windings, including the cooling ducts. The mod-
eling of cooling ducts affects the calculation of the fictitious field distribution zK  
as well as the construction of the finite element mesh of the transformer active 
part, shown in Fig. 6.27. 

With respect to Fig. 6.25, the ducts are located in the region  of the wind-
ing; thus, the distribution must be recalculated in this region only. The new bottom 
view of both LV and HV windings is shown in Fig. 6.28. The LV winding com-
prises four cooling ducts while each one of the HV subcoils comprises one cooling 
duct. All the ducts have the same thickness, equal to . 

3Ω

DUCTW
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Fig. 6.29 Fictitious field distribution corresponding to the LV winding along the plane 
 of Fig. 6.28 (similar to Fig. 6.23, but with consideration of cooling ducts) CX X=

 
The region  of the LV winding is divided into nine sub-regions: five wind-

ing sub-regions and four duct sub-regions. The distribution 
3Ω

zK  of the region  
corresponding to the LV winding has the form of Fig. 6.29, which shows the 

3Ω

zK  
distribution along a plane parallel to the y-axis, crossing the center  of the 
winding (similar to Fig. 6.23). 

CX

The following equation gives the distribution zK  for region  of LV wind-
ing (Fig. 6.29). The first branch refers to the winding sub-regions, while the sec-
ond branch refers to the duct sub-regions. 

3Ω

 W1MIN 1 DUCT
1

1 |Y Y j W (j 1) W , j = 1,...,5
5 W 5

NI Z | j 5 | , j = 1,..., 4
5

[ ] −⎧− + + ⋅ + − ⋅ +⎪ ⋅⎪= ⎨⋅ −⎪
⎪⎩

zK
j 5 |

, (6.18) 

where  is the width of each winding sub-region, given by: 1W

 
5

WidthLV
W1 = , (6.19) 

where  is the width of the LV winding inside the core windows. LV Width
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Similarly, the region  of the first HV subcoil is divided into three sub-

regions: two winding sub-regions and one duct sub-region. The respective equa-
tion for 

3Ω

zK  is: 

 
W2MIN 2 DUCT

2

1 |Y Y j W ( j 1) W , j = 1,...,3
3 W 3

NI Z | j 3 | , j = 1
3

[ ] −⎧− + + ⋅ + − ⋅ +⎪ ⋅⎪= ⎨
⋅ −⎪

⎪⎩

zK
j 3 |

, (6.20) 

where  is the width of each winding sub-region, given by: 2W

 
3

1HVWidthW2 = , (6.21) 

where  is the width  of the first HV subcoil inside the core win-
dows.The first branch of (6.20) refers to winding sub-regions, while the second 
one corresponds to the duct sub-region.  The form of the equations for 

HVWidth1

zK  of the 
next three HV subcoils are identical to (6.20) with the respective boundaries along 
the x-, y- and z-axis. 

6.4.2.5 Impedance Voltage Evaluation Using FEM 

Impedance voltage evaluation is based on the magnetic field energy of the finite 
element model. In particular, having calculated the total magnetic field energy, 

, of the finite element model, the total leakage inductance, , of the wind-
ings is calculated as follows: 

mW totL

 2

2
(NI)

m
tot

W
L

⋅
= , (6.22) 

where NI  are the ampere turns of the secondary winding (LV winding). 
Having calculated the total leakage inductance from (6.22), the percentage 

leakage reactance (referred to the secondary winding), IX , is calculated from the 
equation: 

 
2

2 2

2

2
100totI f N L

IX
V

⋅ ⋅ π ⋅ ⋅ ⋅
= ⋅ , (6.23) 
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Fig. 6.30 Dimensions (mm) of 630 kVA transformer model 

 
where 2I  is the current in the secondary winding,  is the number of turns of 
the secondary winding,  is the voltage of the secondary winding, and  is the 
frequency. 

2N

2V f

Finally, the impedance voltage, , is calculated as follows: kU

 2
kU ( ) ( )2IX IR= + , (6.24) 
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Fig. 6.31 Comparison of measured and computed field values along the line AB during 
short-circuit at 20 kV. 

 
where IR  is the percentage resistive component of the impedance voltage, which 
is calculated by dividing the transformer load losses by the transformer rated 
power. 

6.4.3 Results and Discussion 

6.4.3.1 Transformer Model Dimensions 

As already mention in Sect. 6.4.2.2, the transformer under consideration is a 630 
kVA, 20-15/0.4 kV, three-phase transformer. The secondary winding comprises 
16 layers (per phase) of copper sheet, while the primary consists of 1385 turns 
(per phase) of insulated copper wire. Figure 6.30 shows the dimensions of this 630 
kVA transformer model. 

6.4.3.2 Local Field Values 

The field values computed by the 3D FEM model (detailed winding geometry) 
have been compared to those measured by a Hall effect probe during short-circuit 
test. Figures 6.31 and 6.32 give the variation of the perpendicular flux density 
component  along the line AB, positioned as shown in Fig. 6.27, in the case of nB
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short-circuit, with the high voltage winding connections corresponding to 20 kV 
and 15 kV voltage supply, respectively. These figures illustrate the good correla-
tion of the simulated results with the local leakage field measured by Hall effect 
probes. 

Bn along line AB during short-circuit at 15 kV
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Fig. 6.32 Comparison of measured and computed field values along the line AB during 
short-circuit at 15 kV 
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Fig. 6.33 Short-circuit impedance results (primary voltage 20 kV) for the 630 kVA 
transformer (simplified and detailed winding geometry) 
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Fig. 6.34 Short-circuit impedance results (primary voltage 15 kV) for the 630 kVA 
transformer (simplified and detailed winding geometry) 

6.4.3.3 Short-circuit Impedance 

The finite element method results were used to calculate the transformer short-
circuit impedance. Both models with simplified and detailed winding geometry 
were used. 

The results were compared with the short-circuit impedance measured after the 
transformer construction. Figures 6.33 and 6.34 show the deviation of the calcu-
lated short-circuit impedance from the measured value for different mesh densities 
of the two models used in the case of the first (20 kV) and second (15 kV) primary 
voltage level, respectively. 

The results of Figs. 6.33 and 6.34 are tabulated in Tables 6.23 and 6.24.  The 
deviation appearing in these tables is defined by: 

 %100
U

|UU|
(%)deviation

measured
k

measured
k

calculated
k ⋅

−
= , (6.25) 

where  is the short-circuit impedance calculated using the FEM model, 

while  is the measured short-circuit impedance value. 

calculated
kU

measured
kU

Comparison of the curves shown in Figs. 6.33 and 6.34 leads to the following 
conclusions: 
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1. The error in the calculation of the short-circuit impedance using the detailed 
winding geometry model begins from a very small value for a sparse mesh (in-
stead of the great error given by the simplified geometry model) and rises with 
increase in the number of mesh nodes. This may be attributed to the fact that 
detailed geometry representation using a small number of unknowns leads to 
some kind of compensating errors for the source field representation. 

2. At an intermediate mesh density (30,000 nodes approximately) the error of the 
detailed model approaches that of the simplified model. 

3. The two models converge to the same error at high mesh densities (beyond 
90,000 nodes). 

4. The variation of the error is similar for the two high voltage levels. 

5. The minimum deviation appearing in Tables 6.23 and 6.24 is less than 1.5%, 
obtained using the detailed winding model, for both first (lowest) and last 
(highest) mesh density and when using the simplified winding model with the 
larger number of nodes. 

Table 6.23 Short-circuit impedance results using simplified winding geometry for the 630 
kVA transformer 

Primary voltage 
level (kV) 

Number of 
mesh nodes 

calculated
kU  

(%) 

measured
kU  
(%) 

Deviation 
(%) 

20 2613 5.97 5.61 6.42 

 23696 5.95  6.06 

 31818 5.77  2.85 

 47044 5.73  2.14 

 100999 5.67  1.07 

     

15 2613 5.82 5.50 5.82 

 23696 5.75  4.55 

 31818 5.63  2.36 

 47044 5.62  2.18 

 100999 5.57  1.27 

 



6.4 Impedance Voltage Evaluation with Numerical Models 321 
 

Table 6.24 Short-circuit impedance results using detailed winding geometry for the 630 
kVA transformer 

Primary voltage 
level (kV) 

Number of 
mesh nodes 

calculated
kU  

(%) 

measured
kU  
(%) 

Deviation 
(%) 

20 3260 5.69 5.61 1.43 

 24862 5.77  2.85 

 32555 5.77  2.85 

 44660 5.90  3.39 

 99567 5.67  1.07 

     

15 3260 5.56 5.50 1.09 

 24862 5.65  2.73 

 32555 5.63  2.36 

 44660 5.68  3.27 

 99567 5.57  1.27 
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Fig. 6.35 Short-circuit impedance results (primary voltage 20 kV) for the 1000 kVA 
transformer (simplified and detailed winding geometry) 
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Short-circuit impedance of 400 kVA transformer at 20 kV
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Fig. 6.36 Short-circuit impedance results (primary voltage 20 kV) for the 400 kVA 
transformer (simplified and detailed winding geometry) 

In order to validate the above conclusions, the same analysis was conducted for 
two more cases of transformers of rated primary voltage 20 and 15 kV, rated sec-
ondary voltage 400 V and rated power 400 and 1000 kVA. Figures 6.35 and 6.36 
give the respective error curves in the short-circuit impedance calculation, using 
both the simplified and the detailed model, at 20 kV. The shape of the error curves 
is similar to those of Figs. 6.33 and 6.34, as the greater accuracy is achieved in the 
lowest mesh density for the detailed model in both cases. 

The detailed model of the winding geometry is therefore appropriate for very 
accurate calculation of the short-circuit impedance using a sparse mesh. This abil-
ity is quite important for the finite element method as it overcomes one of its main 
drawbacks, namely the computation time required to obtain reliable results. 

6.4.3.4 Generalization of Results 

The FEM methodology has proven to be cost effective and quite accurate in the 
prediction of the leakage field and the short-circuit impedance of the transformer 
examined in Sect. 6.4.2.2. However, further work was necessary to enable its im-
plementation in several three-phase dual voltage wound core transformers. The 
design of dual voltage transformers is of special interest, as their windings are ar-
ranged in specific ways and their characteristics may vary widely with the change 
in connection, depending on winding arrangement (Ebert 1995). Therefore, accu-
rate calculation techniques such as the finite element analysis for both connections 
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must be conducted to ensure reliable performance and to maintain design margins 
during short-circuit and other transient phenomena (Digby and Sim 2002). 

For the above purpose, a computer code was developed, performing the finite 
element calculations that provide the value of the short-circuit impedance (Tsili et 
al. 2008). A process of mesh parameterization was adopted, which modifies the 
coordinates of initial tetrahedral meshes of various densities in accordance with 
the geometric data of the examined transformers. In this way, the program user 
does not interfere with 3D model construction, a time-consuming procedure that 
demands specific computer aided design knowledge. This interface has overbal-
anced another major deficiency that has so far restrained the proliferation of the 
use of 3D FEM techniques in the transformer manufacturing industry. 

The use of the detailed geometry model of the transformer, described in Sect. 
6.4.2.4, enables the representation of transformers of different power ratings and 
voltage levels in the primary winding. Single or dual primary voltage transformers 
can be modeled. The windings connection (delta, star or zig-zag) does not affect 
the model characteristics. The initial division of the HV winding area into four 
sub-regions was selected, as it can also model other possible winding arrange-
ments for dual primary voltage production, apart from the one described in Fig. 
6.20. 

An alternative way of obtaining dual primary voltage 20-15 kV is shown in 
Fig. 6.37. In this case, the two intermediate HV subcoils (HV2, HV3) are con-
nected in parallel and then in series with the remaining two subcoils (HV1, HV4), 
in order to obtain the second HV level (15 kV). Therefore, to model this connec-
tion, one needs to consider that the current flowing through HV2 and HV3 is half 
of the current flowing through HV1 and HV4. 

Figure 6.38 illustrates a HV winding arrangement that gives dual primary volt-
age 20-10 kV. In this case, the HV winding is divided into two subcoils only 
(HV1 and HV2), which consist of two sections (HV1a-HV1b and HV2a-HV2b), 
connected in parallel for the production of the lower HV level (10 kV). Conse-
quently, at primary voltage level equal to 10 kV, subcoils HV1 and HV2 carry half 
of the nominal current. In order to model the connection described above, the four 
HV winding sub-regions of the FEM model of Fig. 6.26 are arranged as follows: 
the first two sub-regions represent subcoil HV1, while the two last sub-regions 
represent subcoil HV2. 

LV HV1 HV2 HV3 HV4Core

 

Fig. 6.37 Alternative winding arrangement (yz-plane) for the production of dual primary 
voltage levels 20 kV and 15 kV 
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LV
HV1a HV2a

Core
HV1b HV2b

 
Fig. 6.38 Winding arrangement (yz-plane) for the production of dual primary voltage levels 
20 kV and 10 kV 

LV

HV1a HV2a

Core

HV1c HV2c

HV1b HV2b

 
Fig. 6.39 Winding arrangement (yz-plane) for the production of dual primary voltage levels 
20 kV and 6.6 kV 

Table 6.25 Application of  FEM to several transformer cases 

 Rating 
(kVA) 

Primary voltage 
level (kV) 

calculated
kU  (%) measured

kU  (%) Deviation 
(%) 

1 1000 20 6.26 6.27 0.16 

  15 6.30 6.17 2.06 

2 630 20 3.83 3.77 1.57 

  6.6 3.81 3.75 1.57 

3 400 20 6.37 6.22 2.35 

  15 6.08 5.95 2.14 

4 100 33 4.14 4.09 1.21 

5 100 20 4.27 4.16 2.58 

  15 4.19 4.17 0.48 

 
In Fig. 6.39, an arrangement that produces dual primary voltage levels 20-6.6 

kV is shown. This arrangement resembles that of Fig. 6.38, except for the fact that 
HV1 and HV2 are divided into three sections. Thus, at primary voltage level equal 
to 6.6 kV, one third of the nominal current flows through HV1 and HV2. 

Table 6.25 summarizes the results of the calculated short-circuit impedance 
values in five cases along with values measured after construction of the trans-
formers. The secondary voltage levels of the transformers are equal to 400 V, ex-
cept for transformer 4, whose nominal secondary voltage is equal to 433 V. The 
computed results compare favorably with the measured values, as the difference 



References 325 
 

between them is less than 2.5% in most cases. The maximum deviation is 2.64%, 
while the minimum deviation is less than 0.5%. The calculations were conducted 
with the detailed transformer model and a sparse mesh of approximately 3,500 
nodes, requiring less than 2.5 minutes execution time on an average performance 
personal computer (Pentium, 133 MHz, 64 MB RAM). 
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7 Transformer Design Optimization 

Abstract   This chapter deals with modern design optimization of wound core 
type transformers. Four methods are presented that solve important transformer 
design problems. First, genetic algorithms are combined with artificial neural net-
works to optimally group 4 N⋅  available individual cores into N transformers so 
as to minimize the total no-load loss of N transformers. This method significantly 
reduces the no-load loss design margin as well as the cost of transformer main ma-
terials. Second, decision trees and artificial neural networks successfully solve the 
winding material selection problem, thus avoiding the need to optimize the trans-
former twice, once with copper and once with aluminum windings. Third, a mixed 
integer programming–finite element method (MIP-FEM) technique is developed 
for the solution of the transformer design optimization (TDO) problem. Finally, a 
recursive genetic algorithm–finite element method technique is developed to solve 
the TDO problem and is compared with MIP-FEM. The recursive genetic algo-
rithm approach can be also very useful for the solution of other optimization prob-
lems in electric machines and power systems. 

7.1 Introduction 

This chapter solves three very important design problems of wound core type 
transformers: 

1. No-load loss reduction problem or optimal individual core grouping problem. 
After the completion of core manufacturing and before assembly of the trans-
former active part,  small individual cores and 2 N⋅ 2 N⋅  large individual 
cores are available that have to be optimally combined into N transformers so 
as to minimize the total no-load loss of N transformers. This problem is solved 
using genetic algorithms in combination with artificial neural networks (Sect. 
7.2). 

2. Winding material selection problem. The transformer windings material can be 
copper or aluminum. Since copper and aluminum are stock exchange com-
modities, their prices can change significantly through time. Thus, in some 
transformer designs, it is more economical to use copper instead of aluminum 
windings, and in others the opposite is true. The winding material selection 
problem is solved using decision trees and artificial neural networks (Sect. 7.3). 

3. Transformer design optimization problem. The objective of transformer design 
optimization (TDO) is to design the transformer so as to optimize an objective 
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function subject to constraints imposed by international standards and trans-
former specifications. The most commonly used objective functions are: (a) the 
minimization of transformer manufacturing cost; and (b) the minimization of 
transformer total owning cost. This chapter solves the TDO problem using a 
mixed integer programming–finite element method (Sect. 7.4) as well as a re-
cursive genetic algorithm–finite element method (Sect. 7.5). 

7.2 No-Load Loss Reduction with Genetic Algorithms 

7.2.1 Introduction 

Construction of distribution transformers of high quality at minimum possible cost 
is crucial for any transformer manufacturing industry facing market competition. 
A critical measure of transformer quality is transformer no-load loss. The less the 
transformer no-load loss, the higher the transformer quality and efficiency be-
come. The transformer designer can reduce no-load loss by using lower loss core 
materials or reducing core flux density or flux path length (Kennedy 1998). 

Electric utilities use more generating capacity to produce additional electrical 
energy to compensate for transformer energy losses. The production of this addi-
tional electrical energy increases electrical energy cost as well as greenhouse gas 
emissions. Although distribution transformers inherently have high energy transfer 
efficiencies, the accumulated transformer energy losses in an electric utility distri-
bution network are high since a large number of distribution transformers is in-
stalled. In addition, transformer no-load loss appears 24 hours per day, every day, 
for a continuously energized transformer. Thus, it is in general preferable to de-
sign a transformer for minimum no-load loss (Heathcote 2007). 

Transformer actual (measured) no-load loss deviates from designed no-load 
loss due to variability in the production process (teNyenhuis and Girgis 2006). 
Reduction of transformer actual no-load loss is a very important task for any 
manufacturing industry, since (1) it helps the manufacturer not to pay no-load loss 
penalties, and (2) it reduces the material cost (since a smaller no-load loss design 
margin is used). 

7.2.2 Conventional Core Grouping Process 

The three-phase wound core distribution transformer is composed of two small 
and two large individual cores (Fig. 7.1a). Industrial experiments have shown that 
if the position of one core within the transformer changes, then the transformer no-
load loss also changes (Georgilakis et al. 1999, 2001; Georgilakis 2000), e.g., the 
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2

1

transformer with core arrangement  has different transformer no-
load loss in comparison with the transformer with core arrangement 

 (Fig. 7.1b). The small cores  and  theoretically have the 
same technical characteristics (e.g., individual core no-load loss), however, in 
practice their characteristics are different (due to the variability in production 
process), so the above two mentioned core arrangements have different trans-
former no-load loss due to the non homogeneous electromagnetic field of the indi-
vidual cores (Georgilakis 2000, Georgilakis et al. 2001). 

1 1 2S L L S− − −

2 1 2S L L S− − − 1S 2S

Figure 7.1a shows that one transformer requires two small individual cores and 
two large individual cores. Assuming that 2 N⋅  small individual cores and  
large individual cores are available, then  transformers can be assembled. Each 
small (resp. large) individual core can be put to any of the two outer (resp. middle) 
positions and to any of  transformers. From all possible combinations of group-
ing  transformers, only one combination, providing the optimum (minimum) to-
tal no-load loss, should be selected. In brief, the transformer no-load loss reduc-
tion (TNLLR) problem seeks the optimum arrangement of the four individual 
cores in each one of  transformers so as to minimize the total no-load loss of 

 transformers. 

2 N⋅
N

N
N

N
N

The current industrial practice to solve the TNLLR problem is to pre-measure 
and assign a grade (quality category) to each individual core and then combine 
higher and lower graded individual cores to achieve an “average” value for the en-
tire transformer (Georgilakis et al. 2001). This is referred to as the conventional 
core grouping process (CGP). 

 

(a)

S1 L1 L2 S2 ⇒ NLL1

S2 L1 L2 S1 ⇒

1 2NLL NLL≠

NLL2

(b)

S1, S2: small cores

L1, L2: large cores

NLL1: NLL of core arrangement S1-L1-L2-S2

NLL2: NLL of core arrangement S2-L1-L2-S1

 

Fig. 7.1 Three-phase wound core distribution transformer: (a) assembled active part, (b) 
impact of core position on transformer no-load loss (NLL) 
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7.2.3 Genetic Algorithm Solution to the TNLLR Problem 

7.2.3.1 Formulation of the TNLLR Problem 

N  three-phase transformers are constructed from 2 N⋅  small individual cores and 
 large individual cores. Let us denote as 2 N⋅ sV ( ) the set of all  small 

(large) cores. A transformer is represented by a vector , the elements of which 
correspond to the four individual cores that assemble the transformer: 

lV 2 N⋅

it

 
Tl l r r

i i i i is l l st ⎡= ⎢⎣
⎤⎥⎦ . (7.1) 

Variables ,l r
i i ss s V∈  represent the left and right small core of transformer , 

while 
it

,l r
i i ll l V∈  the left and right large core, respectively. Since only one core 

(small or large) can be assigned to one transformer and one position (left or right), 
the following restrictions hold: 

 ,l r l
i i i

r
is s l l≠ ≠ , (7.2) 

 { , } { , } { , } { , }, , withl r l r l r l r
k i k is s l l k≠ ≠ i≠ , (7.3) 

where { , }l r
is ( ) indicates the small (large) core in the left or right position for 

transformer . 

{ , }l r
il

it
Let us denote as c  a vector containing one possible combination of  three-

phase transformers , , that can be constructed by 
N

it 1, 2, ...,i = N 2 N⋅  small indi-
vidual cores and  large individual cores: 2 N⋅

 1 2 ...
TT T T

Nc t t t⎡ ⎤= ⎢ ⎥⎣ ⎦ , (7.4) 

where T  indicates the transpose of a vector. 
Vector c  is of  dimensions since each transformer  is represented by a 

 vector as (7.1) indicates. A specific arrangement (combination) of all small 
and large cores for constructing the  three-phase transformers corresponds to a 
given value of vector c . Therefore, any reordering of the elements of vector c  re-
sults in different arrangement of individual cores, i.e., different three-phase trans-
formers. Figure 7.2 presents an example of vector  in the case that six small and 
six large cores are available. The serial numbers 1 to 6 correspond to small cores, 
while the numbers from 7 to 12 to large cores. A randomly selected arrangement 
of these cores is also presented in Fig. 7.2 for constructing three different trans-
formers. For example, the first transformer consists of the small cores 5 and 1 and 

4N ×1 it
4 1×

N

c
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large cores 10 and 12. This is represented by the vector [ ]5 10 12 1 T  in accor-
dance with (7.1). Then, vector  is constructed by concatenating the vectors of the 
three transformers. The core arrangement for the other two transformers is gener-
ated accordingly and depicted in Fig. 7.2. 

c

It is clear that the estimation of  transformers with optimal quality (mini-
mum total no-load loss) is equivalent to the estimation of vector , which mini-
mizes the following: 

N
c

 , (7.5) 
1

arg min
i

N

opt
i

NLLt
c

c
=

⎧ ⎫⎪ ⎪⎪= ⎨⎪⎪ ⎪⎩ ⎭
∑ ⎪⎬⎪

where  is the actual no-load loss of transformer  and  is a vector that 

contains the optimal arrangement of all available small and large cores so that the 
actual total no-load loss over all  transformers is minimized. 

i
NLLt it optc

N
The actual no-load loss of each transformer  is computed as follows: it

 , (7.6) , , 1, 2, ...,
i i i iNLL w SNLL i Nt t t t= ⋅ ∀ =

where  is the actual (measured) weight of the four individual cores of trans-

former  and is the specific no-load loss (W/kg) of transformer  esti-

mated by the multi-layer perceptron (MLP) architecture of Sect. 6.3.4.1. 

i
wt

it
i

SNLLt it

The actual no-load loss of each transformer must be smaller than a maximum 
no-load loss, : 

it

maxNLL

Transformer Encoding Scheme
L=6

Small Cores

One possible arrangement of cores
L=6

Large Cores

10 9 75 2 612 8 111 3 4

1st T/F 2nd T/F 3rd T/F

7 8 9

1 2

54

10 11 12

3

6

GA Individual

792 6112 8 1110 3 45

 

Fig. 7.2 Example of adopted encoding scheme in the case of six small and six large cores 
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 . (7.7) max , , 1, 2, ...,
i iNLL NLL i Nt t< ∀ =

In brief, the transformer no-load loss reduction problem is mathematically for-
mulated as follows: minimize the objective function (7.5) subject to the constraints 
(7.2), (7.3), and (7.7). 

As observed from (7.5), estimation of the optimal core arrangement results in a 
combinatorial optimization problem. For a typical number of small/large cores, di-
rect minimization of (7.5) is practically infeasible since the computational com-
plexity for an exhaustive search is very high. For example, assuming that 100 
small and 100 large individual cores are available, about  combinations 
of core arrangements should be considered (Doulamis et al. 2002). For this reason, 
the TNLLR problem is solved using the genetic algorithm method (Goldberg 
1989; Michalewicz 1994). 

225.35 10×

7.2.3.2 Genetic Algorithm Solution 

In the genetic algorithm (GA) approach, possible solutions of the optimization 
problem are represented by chromosomes whose “genetic material” corresponds 
to a specific arrangement of individual cores. This means that the vector  of 
(7.4) is represented by a chromosome, while the serial numbers of individual cores 
are considered as the genetic material of the chromosome. An integer number 
scheme is adopted for encoding the chromosome elements (genes) as is illustrated 
in Fig. 7.2. 

c

Initially, M  different chromosomes, say 1 2, , ..., Mc c c , are created to form a 
population. In our case, M  possible solutions of the grouping method used in the 
conventional core grouping process are selected for the initial population. This is 
performed so that the genetic material of the initial chromosomes is of good qual-
ity and thus fast convergence of the GA is achieved. The performance of each 
chromosome representing a particular core arrangement is evaluated by the sum of 
the predicted actual no-load loss of all transformers corresponding to this chromo-
some. The neural network model is used as no-load loss predictor. For each chro-
mosome, a fitness function is used to map its performance to a fitness value, fol-
lowing a rank-based normalization scheme. In particular, all 
chromosomes  are ranked in ascending order according to their 
performance, i.e., the sum of the predicted transformer no-load loss. Let 

 be the rank of chromosome  (

, 1, 2, ...,i i =c M

}{( ) 1, 2, ...,irank M∈c ic 1rank =  corresponds to 
the best chromosome and rank M=  to the worst). Defining an arbitrary fitness 
value 0F  for the best chromosome, the fitness  of the ith chromosome is 
given by the function: 

( )iF c

 [ ]0( ) ( ) 1 , 1, 2, ...,i iF F rank i Nc c= − − ⋅µ = , (7.8) 
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where  is a decrement rate and is computed in such a way that the fitness func-
tion  always takes positive values, that is . The major advan-
tage of the rank-based normalization is that it prevents the generation of super 
chromosomes, avoiding premature convergence to local minima, since fitness val-
ues are uniformly distributed (Goldberg 1989; Fonseca and Fleming 1993). 

µ
( )iF c 0 /( 1)F Mµ < −

The parent selection mechanism then begins by selecting appropriate chromo-
somes (parents) from the current population. The roulette wheel (Michalewicz 
1994) is used as the parent selection procedure. This is accomplished by assigning 
to each chromosome a selection probability equal to the ratio of the fitness value 
of the respective chromosome to the sum of fitness values of all chromosomes, 
i.e.: 

 

1

( )( )
( )

i
p i M

i
i

Fp
F

cc
c

=

=

∑
, (7.9) 

where ( )p ip c  is the probability of the chromosome  being selected as parent. 
The equation (7.9) means that chromosomes of high quality have a higher chance 
of survival in the next generation. Using this scheme, 

ic

M  chromosomes are se-
lected as candidate parents to generate the next population. Obviously, some 
chromosomes would be selected more than once, which is in accordance with the 
Schema Theorem (Michalewicz 1994); the best chromosomes have more copies, 
the “average” stay even, while the worst die off. Consequently, each chromosome 
has a growth rate proportional to its fitness value. 

In the following step of the algorithm, couples of chromosomes (two parents) 
are randomly selected from the set of candidates, obtained from the parent selec-
tion mechanism. Then, their genetic material is mated to generate new chromo-
somes (offspring). The number of couples selected depends on a crossover rate. A 
crossover mechanism is also used to define how the genes should be exchanged to 
produce the next generation. Several crossover mechanisms have been reported in 
the literature. In the TNLLR problem, a modification of the uniform crossover op-
erator (Goldberg 1989; Michalewicz 1994) has been adopted. As is explained in 
Sect. 7.2.3.3, this modification does not spoil the GA convergence. In this case, 
each parent gene, i.e., an individual core, is considered as a potential crossover 
point. In particular, a gene is exchanged (undergoes crossover), if a random vari-
able, uniformly distributed in the interval [ ]0 1 , is smaller than a pre-determined 
threshold. Otherwise, the gene remains unchanged. It is possible however for an 
individual core to appear more than once in the genetic material of the generated 
chromosome. This means that one individual core is placed in more than one posi-
tion of the same transformer or in more than one transformer, which corresponds 
to an unacceptable core arrangement that violates the constraint (7.2) or (7.3), re-
spectively. For this reason, the following modification of the uniform crossover 
operator is adopted. After the exchange of one gene between the two parents, it is 
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highly possible that the gene appears twice in the chromosome. In this case the 
gene coinciding with the new gene is replaced with the gene before the exchange. 
Figure 7.3 illustrates an example of the adopted crossover mechanism in the case 
that six small and six large cores are assembled to generate three transformers. In 
this example, the two parents exchange their genes only between the crossover 
points 2, 3 and 4 for simplicity. As observed, the genes { }10,12,1  of the 1st par-

ent are exchanged with the genes { }8,12, 3  of the 2nd parent. By applying this 
exchange of genes, in the 1st chromosome the genes 8 and 3 appear twice, while 
genes 10 and 1 disappear. An equivalent problem occurs in the 2nd chromosome. 
For this reason, in the 1st chromosome the genes { }10,1  are one-by-one ex-

changed with genes {  as Fig. 7.3 depicts. The same happens for the 2nd chro-
mosome. 

}8, 3

The next step is to apply mutation to the newly created population, introducing 
random gene variations that are useful for restoring lost genetic material, or for 
producing new material that corresponds to new search areas (Michalewicz 1994). 
Uniform mutation is the most common mutation operator and is selected for the 
TNLLR problem. In particular, for each gene a uniform number is generated in the 
interval [ ]0 1  and if this number is smaller than the mutation rate the respective 
gene is swapped for other randomly selected gene of the same category, i.e., small 
or large core. Otherwise, the gene remains unchanged. In the TNLLR problem, the 
mutation rate is selected to be 5%.  Swapping genes of the same category is neces-
sary to create a valid core arrangement. 

55

Parents Offspring

Crossover Points

5

4 4

10 8

8 10

12 12

12 12

1 3

3 1

2 2

2 2

9 9

10 8

8 10

11 11

3 1

6 6

6 6

1 3

7 7

7 7

11 11

9 9

4 4

5 5

Crossover Operator

 

Fig. 7.3 Example of the modification of the crossover operator 
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Table 7.1 Summary of the main steps in the GA method to solve the TNLLR problem 

Step 1: Based on customer requirements and several techno-economical criteria, design 
the transformers of a specific production batch. From the transformer design, the 
environment type (i.e., supplier, thickness and grade of magnetic material) is 
defined. 

Step 2: Based on transformer design, construct the small and large individual cores and 
measure all necessary parameters (i.e., the actual no-load loss and weight) so 
that the 19 attributes of Table 6.12 for a specific core arrangement can be 
calculated. 

Step 3: Use the GA to minimize the total no-load loss for all transformers of the 
production batch (7.5). At each GA cycle, the neural network architecture of 
Sect. 6.3.4.1 is used to estimate transformer specific no-load loss. The attributes 
of Table 6.12 are used as input to the neural network,  

Step 4: Assemble the transformers using the optimal core arrangement  that has 
been computed by the GA. 

optc

Step 5: Measure the actual no-load loss for all constructed transformers of the 
production batch. Then, compare them with the predicted no-load losses, which 
are provided by the neural network structure. 

Step 6: In the case of large differences between the measured and predicted no-load loss, 
retrain the artificial neural network (Sect. 6.3.4.4). Then, store the new estimated 
weights in the neural network database to be used for the following production 
batches. Otherwise, retain the same neural network weights. 

 
At each iteration, a new population is created by inserting the new chromo-

somes, generated by the crossover mechanism, and deleting their respective par-
ents, so that each population always consists of M chromosomes. Several GA cy-
cles including fitness evaluation, parent selection, crossover and mutation are 
repeated, until the population converges to an optimal solution. The GA termi-
nates when the best chromosome fitness remains constant for a large number of 
generations, indicating that further optimization is unlikely. 

Table 7.1 summarizes the main steps of the GA method for solution of the 
TNLLR problem. 

7.2.3.3 Genetic Algorithm Convergence 

The modifications of the crossover and mutation operators of Sect. 7.2.3.2 do not 
affect the convergence property of the GA. To show this, an analysis is presented 
in the following, by modeling the GA as a Markov Chain. In particular, each state 
of the Markov state corresponds to a possible solution of the GA, i.e., a specific 
vector . Let us denote as  a set that contains all possible Markov states. Then, 
for two arbitrary states, say, 

c D
,i j D∈ , we denote as  the transition probability 

from state i  to state . Gathering transition probabilities for all states in , the 
i jp

j D
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transition matrix of the chain is formed as ( )i jp=P . Since in the GA, transition 
from one state to another is obtained by applying the crossover and mutation op-
erator, matrix  can be decomposed as follows (Rudolph 1994): P

 , (7.10) P C M= ⋅

where matrix C  indicates the effect of the crossover operator and matrix  the 
effect of the mutation operator. 

M

Let us denote as  the elements of matrix i jc ( )i jc=C .  expresses the transi-
tion probability from state  to state 

i jc
i D∈ j D∈ , if only the effect of the crossover 

operator is taken into consideration. Since the crossover operator probabilistically 
maps any state of  to any other state of , matrix  is a stochastic matrix. 
More specifically, a matrix is said to be stochastic if its elements  satisfy the 
following property: 

D D C
i jc

 . (7.11) 1 Matrix ( ) is stochasticij ij
j

c cC= ⇒ =∑

The previous equation means that from a valid solution (i.e., a state of ), the 
crossover operator produces another valid solution (i.e., another state of ). This 
exactly happens with the proposed modification of the crossover operator, since 
only valid solutions are permitted. 

D
D

On the other hand, matrix M  is positive. This is due to the fact that the muta-
tion operator is applied independently to each gene of a chromosome. Further-
more, each gene can potentially undergo mutation. Consequently, the elements 

 of matrix , which express the transition probabilities from state  to 
state  taking into account only the effect of the mutation operator, are 
strictly positive: 

i jm M i D∈
j D∈

 . (7.12) 0 Matrix ( ) is positiveij ijm mM> ⇒ =

It has been proven (Rudolph 1994) that if matrix  is stochastic and matrix 
 is positive, the transition matrix 

C
M = ⋅P C M  [see (7.10)] of the Markov chain is 
primitive (i.e., there exists ). In this case, it has been shown 
(Rudolph 1994) that the GA converges to the optimum solution if the best solution 
is maintained over time. This means that, starting from any arbitrary state (valid 
solution), the algorithm visits any other state (valid solution) within a finite num-
ber of transitions. 

0 : is positivekk > P
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Table 7.2 Optimization results for grouping 100 small and 100 large cores of the same 
transformer design with 100 kVA rated power 

Method Total no-load 
loss (W) 

Reduction of total no-
load loss (% of CGP) 

Execution time 
(min) 

CGP 11221 0.00 0.23 
GA 10846 3.34 2.45 

7.2.4 Results 

7.2.4.1 No-Load Loss Prediction 

The MLP based no-load loss prediction technique has been extensively tested in 
the transformer industry, the results have been presented in Sect. 6.3.4.1, and the 
conclusion is that the MLP method improves the no-load loss prediction accuracy 
by more than 65% in comparison with the no-load loss curve method (current 
practice). 

7.2.4.2 No-Load Loss Reduction 

Table 7.2 presents results from the application of the GA technique of Sect. 
7.2.3.2 in order to group 100 small and 100 large cores of the same production 
batch of 50 transformers, 100 kVA, 50 Hz. Table 7.2 shows that the GA method 
finds the global optimum (minimum) no-load loss as it combines the cores in such 
a way that the 50 transformers have total no-load loss equal to 10846 W, i.e., the 
GA method reduces the total no-load loss by 3.34% in comparison with the con-
ventional core grouping process (CGP). As can be seen from Table 7.2, the execu-
tion time of both methods (CGP and GA) is very low, so both methods are appli-
cable in an actual industrial environment, however, the GA method is better, since 
it finds the global optimum no-load loss. It should be noted that the superiority of 
the GA method has been verified on numerous transformer production batches of 
several power and voltage ratings (Georgilakis 2000; Georgilakis et al. 2001). 

7.2.4.3 Exploitation of Results 

It was found in Sect. 7.2.4.2 that the best technique for solution of the TNLLR 
problem is the GA method. That is why several core production batches of various 
power and voltage ratings have been grouped using the GA method and the aver-
age absolute relative error (AARE) of these batches is 1.63%, as Table 7.3 shows. 
This is compared with 5.22% AARE for the CGP, as Table 7.3 shows. It should be 
noted that the low AARE is due to the accuracy of the MLP used to estimate trans-
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former no-load loss during the GA based grouping process. On the other hand, in 
case of the CGP, the AARE derives from the accuracy of the no-load loss curve 
(e.g., Fig. 2.8) used to estimate transformer no-load loss. The AARE is computed 
using (6.2). The transformer designer can use a no-load loss design margin, e.g., 
15% higher than the respective AARE value, so no-load loss design margins of 
1.87% and 6.00% have been used when the core grouping process is based on GA 
and CGP, respectively, as can be seen from Table 7.3. 

The significant reduction of no-load loss design margin due to the effectiveness 
of the GA method in solving the TNLLR problem yields significant reduction in 
the cost of transformer main materials. As an example, the design of the same 
transformer (same specification) with 160 kVA rated power and 315 W no-load 
loss is implemented twice. The first design, denoted Design 1, uses 6.00% no-load 
loss design margin (the core grouping is based on CGP), so the designed no-load 
loss is 315 (1 0.06)× − , i.e., 296 W. The second design, denoted Design 2, uses 
1.87% no-load loss design margin (the core grouping is based on GA), so the de-
signed no-load loss is , i.e., 309 W. With the help of appropriate 
software that is based on a parallel mixed integer programming–finite element 
method (Amoiralis et al. 2008), the above two transformer designs are optimized, 
i.e., their main materials cost is minimized and the results are shown in Table 7.4. 
Using the cost data of Table 7.4, Fig. 7.4 is created to compare the cost of materi-
als of the two different designs of Table 7.4. Figure 7.4 shows that a 100 , 
i.e., 7.7% cost saving on the four main materials is obtained due to the reduced no-
load loss design margin, made possible by the use of a GA based grouping 
method. It can also be seen from Fig. 7.4 that the cost saving of magnetic material 
is 12%, while the cost saving of winding material (copper) is 3.3%. 

315 (1 0.0187)× −

92.3−

Table 7.3 Accuracy of TNLLR methods and no-load loss design margin 

Method AARE (%) No-load loss design margin (%) 
CGP 5.22 6.00 
GA 1.63 1.87 

Table 7.4 Comparison of the cost of main materials of two different designs for the same 
160 kVA transformer specification 

Description Design 1 (CGP) Design 2 (GA) 
Rated power (kVA) 160 160 
Specified no-load loss (W) 315 315 
No-load loss design margin (%) 6.00 1.87 
Designed no-load loss (W) 296 309 
Magnetic material cost ($) 1825.18 1606.14 
Winding material cost ($) 1626.32 1573.16 
Insulating material cost ($) 194.01 171.98 
Oil cost ($) 298.45 289.21 
Main materials cost ($) 3943.96 3640.49 
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Fig. 7.4 Comparison of the cost of main materials of the two different designs of Table 7.4 
for the same 160 kVA transformer specification 

7.3 Winding Material Selection with Decision Trees and 
Artificial Neural Networks 

7.3.1 Introduction 

The variation in the cost of the materials used in transformer manufacturing has a 
direct impact on the design of the technically and economically optimum trans-
former. The material of transformer windings can be copper (Cu) or aluminum 
(Al). Since copper and aluminum are stock exchange commodities, their price can 
significantly change through time (Tilton 2002; Sullivan 2008). Thus, in some 
transformer designs, it is more economical to use copper instead of aluminum 
windings, and in others the opposite is true (Amoiralis et al. 2007; Georgilakis and 
Amoiralis 2007; Georgilakis et al. 2007a). In addition, both materials have differ-
ent technical characteristics. The choice of copper or aluminum has not only been 
of interest to transformer designers, but the advantages and disadvantages of se-
lecting copper versus aluminum have been investigated for induction motors 
(Craggs 1976; Poloujadoff et al. 1995; Finley and Hodowanec 2001) and trans-
mission lines (Wheeler 1980; Mohtar et al. 2004). 

In order to check which winding material results in a more economical solu-
tion, there is a need to optimize the transformer twice (once with copper and once 
with aluminum windings) and afterwards to select the most economical design. 
Solution of the winding material selection problem can be implemented using arti-
ficial intelligence, since artificial intelligence has been proven very efficient in 
solving problems in the transformer industry. In this section, decision trees and 
adaptive trained neural networks (ATNNs) are combined with the aim of auto-
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matically selecting the appropriate winding material to design an optimum distri-
bution transformer (Georgilakis and Amoiralis 2007). 

7.3.2 Creation of Knowledge Base 

One of the most crucial steps in artificial intelligence methodologies is undoubt-
edly the creation of a knowledge base, which is composed of the learning, valida-
tion (in the case of the ATNN), and test set. In order to generate these sets, six 
transformer power ratings (250, 400, 630, 800, 1000 and 1600 kVA) are consid-
ered. For each transformer, nine categories of losses are taken into account, 
namely AA′, AB′, AC′, BA′, BB′, BC′, CA′, CB′, CC′ (CENELEC 1992). For ex-
ample, a 250 kVA transformer with AC′ category losses has 3250 W of load 
losses and 425 W of no-load losses.  Seven different unit costs ($/kg) are consid-
ered for Cu and Al winding. Based on the above, 6 9 7 378⋅ ⋅ =  transformer design 
optimizations with Cu winding (Cu designs) and 378 transformer design optimiza-
tions with Al winding (Al designs) are realized. For each of them, either the Cu 
design or the Al design is the final optimum design, i.e., the one having the least 
manufacturing cost. In total,  final optimum designs (FODs) are 
collected and stored into the database or other knowledge base. The knowledge 
base is composed of sets of FODs, and each of them is composed of a collection 
of input/output pairs. The input pairs or attributes are the parameters affecting the 
selection of transformer winding material. Thirteen attributes are selected based 
on extensive research and transformer design experience, as shown in Table 7.5. 
The output pairs comprise the type of winding (Cu or Al) that corresponds to each 
FOD. 

26 9 7 2646⋅ ⋅ =

Table 7.5 Attributes affecting the selection of transformer winding material 

Symbol Definition 
I1 Copper unit cost ($/kg) 
I2 Aluminum unit cost ($/kg) 
I3 I1/I2 
I4 Magnetic material unit cost ($/kg) 
I5 I4/I1 
I6 I4/I2 
I7 Guaranteed no-load loss (W) 
I8 Guaranteed load loss (W) 
I9 I7/I8 
I10 Rated power (kVA) 
I11 Guaranteed impedance voltage (%) 
I12 I7/I10 
I13 I8/I10 
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Fig. 7.5 Decision tree for selection of winding material in distribution transformers 

Table 7.6 Rules of the decision tree of Fig. 7.5 

Node Rule description 

4 3 8If I 0.6886 and I 17240 Cu≤ ≤ ⇒  

5 3 8If I 0.6886 and I 17240 Cu≤ > ⇒

⇒

⇒

⇒

⇒

⇒

⇒

⇒

 

9 3 5 7If I 0.6886 and I 0.5255 and I 1121 Al> ≤ >  

10 3 5 7 4If I 0.6886 and I 0.5255 and I 1121and I 2.12 Al> ≤ ≤ ≤  

12 3 5 7 4If 0.6886 I 0.7860 and I 0.5255 and I 1121and I 2.12 Cu< ≤ ≤ ≤ > ⇒  

13 3 5 7 4If I 0.7860 and I 0.5255 and I 1121and I 2.12 Cu> ≤ ≤ >  

15 3 5If I 0.6886 and I 0.5356 Al> >  

17 3 5 7If I 0.6886 and 0.5255 I 0.5356 and I 860 Al> < ≤ >  

18 3 5 7 13If I 0.6886 and 0.5255 I 0.5356 and I 860 and I 10.3817 Al> < ≤ ≤ ≤  

19 3 5 7 13If I 0.6886 and 0.5255 I 0.5356 and I 860 and I 10.3817 Al> < ≤ ≤ >  
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Table 7.7 Classification success rate on the test set for the decision tree of Fig. 7.5 

Node Cu index Transformer 
designs 

Correctly classified 
transformer designs 

Classification success 
rate (%) 

4 0.9608 250 244 97.60 

5 0.5333 8 5 62.50 

9 0.1458 226 196 86.73 

10 0.2167 110 93 84.55 

12 0.9444 37 36 97.30 

13 0.5278 125 72 57.60 

15 0.2857 26 21 80.77 

17 0.0000 347 347 100.00 

18 0.2222 30 27 90.00 

19 0.0075 137 137 100.00 

 Total 1296 1178 90.90 

7.3.3 Decision Trees 

The learning set is composed of 1350 sets of FODs and the test set has 1296 inde-
pendent sets of FODs. Figure 7.5 illustrates the decision tree for the selection of 
transformer winding material, which is automatically constructed using the learn-
ing set of 1350 FODs with the 13 attributes of Table 7.5. The notation used for the 
decision tree nodes is explained in Fig. 4.6. Each terminal node of the decision 
tree of Fig. 7.5 produces one decision rule, on the basis of its Cu index, i.e., the ra-
tio of Cu designs over the FODs of that node. For example, from terminal node 17 
of the decision tree of Fig. 7.5 the following decision rule is derived: if 

 and and 3I 0.6886> 5I 0.5255> 5I 0.5356≤ and  then select aluminum 
winding, since the Cu index of node 17 is 0.0. Table 7.6 presents the ten decision 
rules of the ten terminal nodes of the decision tree of Fig. 7.5. 

7I 860>

It is also important to note that, among the 13 attributes, the decision tree 
method automatically selects the six most important ones (attributes , , , 

, , and ) that appear at the various test nodes of the decision tree of Fig. 
7.5. The selection of the above six attributes is reasonable and expected, since they 
are all related to the selection of the winding material (Cu or Al) in distribution 
transformers. Thus, taking for granted the values of the six above-mentioned at-
tributes, the decision tree of Fig. 7.5 estimates the appropriate winding material 
(Cu or Al) from which the distribution transformer has to be designed. 

3I 4I 5I

7I 8I 13I
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The decision tree of Fig. 7.5 achieves a total classification success rate of 

90.9% on the independent test set, i.e., the decision tree correctly classifies 1178 
of the 1296 FODs of the test set (Table 7.7). This high classification success rate 
makes the decision tree method suitable for the selection of winding material in 
distribution transformers. 

7.3.3.1 Example 7.1 

Using the appropriate input data for the transformer design example of Sect. 2.5 as 
well as the decision tree of Fig. 7.5, select the winding material of this trans-
former. Consider that the aluminum unit cost is 6.3 $/kg. 

Solution 

Six attributes ( , , , , , and ) appear at the various test nodes of the 
decision tree of Fig. 7.5, so we need the values of these six attributes in order to 
use the Fig. 7.5 to select the transformer winding material. 

3I 4I 5I 7I 8I 13I

The transformer windings are made of copper (Sect. 2.5). It can be seen from 
Table 2.9 that the copper unit cost is 1I 12.01$ / kg=  and the magnetic material 
unit cost is . The value of attribute  (defined in Table 7.5) is 
computed as follows: 

4I 6.01$ / kg= 3I

 1
3

2

I 12.01$ / kgI I 1.91
I 6.3 $ / kg

= = ⇒ =3 .  

The value of attribute , which is defined in Table 7.5, is: 5I

 4
5

1

I 6.01$ / kgI I 0.50
I 12.01$ / kg

= = ⇒ =5 .  

It can be seen from Table 2.8 that the guaranteed no-load loss is  
and the guaranteed load loss is 

7I 1100 W=

8I 8900 W= . The transformer rated power is 
 (Table 2.6). The value of attribute  (defined in Table 7.5) is: 10I 630 kVA= 13I

 8
13 13

10

I 8900 W WI I 1
I 630 kVA kVA

= = ⇒ = 4.13 . 

The values of the six attributes are shown in Table 7.8.  
We start from node 1 of the decision tree of Fig. 7.5. The transformer has 

, so the node 1 test 3I 1.91= 3I 0.6886≤  is not satisfied, so we go to node 3. 
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Table 7.8 Values of attributes for the transformer design example of Section 2.5 

Symbol Value Unit 

I3 1.91 - 

I4 6.01 $/kg 

I5 0.50 - 

I7 1100 W 

I8 8900 W 

I13 14.13 W/kVA 

 
The transformer has , so the node 3 test 5I 0.50= 5I 0.5255≤  is satisfied, so 

we go to node 6. 
The transformer has , so the node 6 test 7I 1100= 7I 1121≤  is satisfied, so we 

go to node 8. 
The transformer has , so the node 8 test 4I 6.0= 1 4I 2.12≤  is not satisfied, so 

we go to node 11. 
The transformer has , so the node 11 test 3I 1.91= 3I 0.7860≤  is not satisfied, 

so we go to node 13. 
Node 13 is a terminal node with Cu index of 0.5278, so 52.78% of transformers 

of this node are made of copper and the rest 47.22% are made of aluminum. Con-
sequently, using the decision tree of Fig. 7.5, we found that the transformer design 
example of Sect. 2.5 has to be designed with copper windings. 

7.3.3.2 Example 7.2 

Remove the attributes , , , , , and  from the attribute list of Table 
7.5 and compute the classification success rate of the new decision tree for wind-
ing material selection. 

3I 5I 6I 9I 12I 13I

Solution 

We remove the attributes , , , , , and  from the attribute list of Ta-
ble 7.5. Next, we update the knowledge base and split it into two independent sets: 
the learning set and the test set. We build the new decision tree for winding mate-
rial selection based on the learning set using an appropriate computer program. 
Finally, we find that the classification success rate of the new decision tree on the 
test set is only 84.26% (Amoiralis et al. 2007). The conclusion is that, although at-
tributes , , , , , and  depend on other attributes (as can be seen 
from Table 7.5), it is very important to consider them, since the classification suc-
cess rate on the test set would be 90.90%, as Table 7.7 shows. Otherwise, the deci-

3I 5I 6I 9I 12I 13I

3I 5I 6I 9I 12I 13I
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sion tree would not select the attributes , , , , , and , which implies 
a lower classification success rate (84.26%). 

3I 5I 6I 9I 12I 13I

7.3.4 Adaptive Trained Neural Networks 

Artificial neural networks, due to their highly nonlinear capabilities and universal 
approximation properties, are proposed to select the appropriate winding material 
that results in optimum distribution transformer design. This means that the con-
sidered problem is a problem of classification into two classes: Cu or Al. At the 
training stage, the proper artificial neural network architecture (e.g., number and 
type of neurons and layers) is selected. In addition, an adaptive training mecha-
nism allows the artificial neural network to learn from its mistakes and correct its 
output by adjusting the parameters (weights) of its neurons. The adaptive training 
process enhances the performance of the proposed method as additional training 
data become available. It is important to note that normalization of data is a cru-
cial stage for training the adaptive trained neural network (ATNN). In doing so, it 
not only facilitates the training process but also helps in shaping the activation 
function. It should be done so that the higher values do not suppress the influence 
of lower values, and the symmetry of the activation function is retained. 

Moreover, the knowledge base is divided into training, validation, and test sets. 
The selection of the size of these sets is important for the ATNN behavior. Since 
the goal is to find the neural network having the best performance on new data, the 
simplest approach to the comparison of different neural networks is to evaluate the 
error function using data that is independent of that used for training. Various neu-
ral networks are trained by minimization of an appropriate error function defined 
with respect to a training data set. This function defines the classification failure 
rate of the winding material selection problem. The performance of the neural 
networks is then compared by evaluating the error function using an independent 
validation set, and the network having the smallest error with respect to the valida-
tion set is selected. Since this procedure can itself lead to some over-fitting to the 
validation set, the performance of the selected network should be confirmed by 
measuring its performance on a third independent set of data called a test set (Fig. 
7.6). Consequently, a learning set is used that is always split into a training set and 
a validation set. After training, each of the different neural network architectures is 
tested on the basis of an independent test set. Finally, the neural network architec-
ture with the minimum classification failure rate (maximum classification success 
rate) on the test set is selected, which is the optimum ATNN for the winding mate-
rial selection problem. When new FODs occur, the neural network is retrained fol-
lowing the above-mentioned training mechanism. 
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Fig. 7.6 Adaptive training mechanism for transformer winding material selection 

7.3.4.1 Optimum Training and Transfer Function 

The best training and transfer function for the neural network is selected as fol-
lows: taking into consideration an initial investigation that showed that the 13-13-
1 architecture (13 input neurons, 13 neurons in the hidden layer, and one single 
neuron in the output layer) achieved the highest classification success rate on the 
test set, the training and transfer functions of MATLAB Neural Network Toolbox 
are combined in order to find the combination that gives the best result, i.e., the 
highest classification success rate on the test set. Figures 7.7 and 7.8 show the 
training and transfer function results, respectively, using 1350 FODs from which 
675 FODs composed the learning test and the remaining 675 FODs the test set. As 
shown in Figs. 7.7 and 7.8, the best three training functions are traincgb, traingdx, 
and trainbfg, and the best three transfer functions are tansig, satlins, and logsig, re-
spectively, since they achieve the highest classification success rates. Next, new 
experiments are conducted among all the possible combinations of these three best 
training and transfer functions. As shown in Fig. 7.9, the highest classification 
success rate is achieved by using the traincgb as training function and the satlins 
as transfer function. Traincgb is a network training function that updates weight 
and bias values according to the conjugate gradient backpropagation with Powell–
Beale restarts, and satlins is a symmetric saturating linear transfer function. Figure 
7.9 shows that this combination achieved 95.71% classification success rate on the 
test set, which is not only the best classification performance but also this classifi-
cation success rate is considered very high for the transformer winding material 
selection problem. It should be noted that the classification success rates of Fig. 
7.9 resulted from averaging ten different executions of the algorithm. 
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Fig. 7.7 Classification success rate on the test set using 16 different training functions of 
Table 4.10 
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Fig. 7.8 Classification success rate on the test set using 11 different transfer functions of 
Table 4.11 
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Fig. 7.9 Classification success rate on the test set of the combination of the best three 
training and transfer functions 

7.3.4.2 Optimum ATNN 

The primary goal is to find the optimum architecture of the ATNN, which has the 
highest classification success rate on test set, solving successfully the problem of 
winding material selection. In order to achieve this goal, extensive research on 
ATNN has been conducted. To be more precise, experiments were carried out by 
studying ATNN behavior for two different scenarios as input neurons: (a) all 13 
attributes of Table 7.5; and (b) only the six attributes ( , , , , , and ) 
that stem from decision tree methodology (Sect. 7.3.3). Both cases have one single 
neuron in the output layer that represents the winding material (Cu or Al) that cor-
responds to each FOD. Regarding the hidden layer(s), numerous possible topolo-
gies have been investigated. To be more precise, one and two hidden layers are 
explored by trying a wide range of candidate number of neurons. More specifi-
cally, in the cases of 13 attributes and six decision tree attributes with one hidden 
layer, 18 different numbers of neurons (2, 4, 6, 8, 10, 13, 15, 17, 19, 22, 24, 26, 
28, 30, 32, 34, 36, and 39 neurons) have been examined. In the case of two hidden 
layers and 13 attributes, 81 different combinations for the number of neurons of 
the two hidden layers (namely all possible combinations of the following numbers 
of neurons: 10, 13, 16, 19, 22, 26, 30, 34, and 39 neurons) have been investigated. 
In the case of two hidden layers and six decision tree attributes, 64 different com-
binations (namely all possible combinations of the following numbers of neurons: 
3, 6, 9,  12, 15,  18, 21, and 24 neurons) have  been  examined. It  should  be noted  

3I 4I 5I 7I 8I 13I
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13 attributes, 1 hidden layer, 70LS-30TS
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(b) 

Fig. 7.10 The best ten classification success rates on the test set using 13 attributes, one 
hidden layer, while the knowledge base is split as (a) 50LS-50TS (i.e., 50% learning set 
and 50% test set), and (b) 70LS-30TS (i.e., 70% learning set and 30% test set) 

 
that the classification success rate in each case on the learning and test set resulted 
in the average of five different executions of the algorithm. 

The impact on the classification success rate of the split of the knowledge base 
into learning set (training set and validation set) and test set has been investigated 
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through study of the following two different cases: (a) 50LS-50TS case, i.e., the 
learning set is composed of 50% of the FODs and the remaining 50% compose the 
test set (different from the FODs of the learning set); and (b) 70LS-30TS case, i.e., 
the learning set is composed of 70% of the FODs and the remaining 30% compose 
the test set. In addition, it is important to mention that a test case having 30% of 
the FODs as learning set and 70% of the FODs as test set has also been checked, 
however, the behavior of the ATNN was unstable and the classification success 
rate on the test set was approximately 80%, which is quite low in comparison with 
the other test cases. This observation is reasonable due to the fact that the ATNN 
does not have enough data in the learning set, implementing poor training of the 
ATNN. 

Figure 7.10 presents the best ten classification success rate results for 13 attrib-
utes, one hidden layer, and two different splits of the knowledge base (50LS-50TS 
and 70LS-30TS). As shown in Fig. 7.10, the highest classification success rate on 
test set (95.92%) is achieved using a fully connected three-layer feed-forward neu-
ral network with the following topology: 13-19-1 (i.e., 13 neurons in the input 
layer, 19 neurons in the hidden layer, and one single neuron in the output layer), 
for 50LS-50TS split of the knowledge base. Figure 7.10 shows that the 50LS-
50TS split of the knowledge base provides better classification results than the 
70LS-30TS split. 

Figure 7.11 shows the best ten classification success rate results for 13 attrib-
utes, two hidden layers, and the two different splits of the knowledge base. In Fig-
ures 7.11 and 7.13, the number of hidden neurons is denoted as x_y, where x is the 
number of neurons of the first hidden layer and y is the number of neurons of the 
second hidden layer. As shown in Fig. 7.11, the best ATNN topology is 13-13-26-
1 (i.e., 13 neurons in the input layer, 13 neurons in the first hidden layer, 26 neu-
rons in the second hidden layer, and one single neuron in the output layer) with 
95.73% classification success rate on test set, for 50LS-50TS split of the knowl-
edge base. 

Figures 7.12 and 7.13 show the best ten classification success rate results for 
the six decision tree attributes and the two different splits of the knowledge base, 
in the case of one and two hidden layers, respectively. In the case of one hidden 
layer, the best ATNN topology is 6-8-1 for 50LS-50TS split of the knowledge 
base and provides 94.28% classification success rate (CSR), as Fig. 7.12 shows. In 
the case of two hidden layers, the best ATNN topologies are 6-3-15-1 and 6-6-9-1 
for 50LS-50TS split of the knowledge base with 94.58% CSR, as Fig. 7.13 shows.  

Table 7.9 contains a summary of the results. Among the eight optimum ATNNs 
of Table 7.9, the global optimum ATNN for the winding material selection prob-
lem is the first one, since it has the highest CSR on the test set (95.92%). The 
global optimum ATNN is shown in Fig. 7.14 and its characteristics are given in 
Table 7.10. 
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13 attributes, 2 hidden layers, 70LS-30TS
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(b) 

Fig. 7.11 The best ten classification success rates on test set using 13 attributes, two hidden 
layers, while the knowledge base is split as (a) 50LS-50TS, and (b) 70LS-30TS 
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6 attributes, 1 hidden layer, 70LS-30TS
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(b) 

Fig. 7.12 The best ten classification success rates on the test set using six decision tree 
attributes, one hidden layer, while the knowledge base is split as (a) 50LS-50TS, and (b) 
70LS-30TS 
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6 attributes, 2 hidden layers, 70LS-30TS
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(b) 

Fig. 7.13 The best ten classification success rates on the test set using six decision tree 
attributes, two hidden layers, while the knowledge base is split as (a) 50LS-50TS, and (b) 
70LS-30TS 
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Table 7.9 ATNN classification success rate (CSR) results for the winding material 
selection problem 

Optimum ATNN 
Attributes 

Hidden 
layers 

Knowledge 
base split Topology CSR on test set (%) 

13 1 50LS-50TS 13-19-1 95.92 
13 1 70LS-30TS 13-22-1 92.28 
13 2 50LS-50TS 13-13-26-1 95.73 
13 2 70LS-30TS 13-26-26-1 94.48 
6 1 50LS-50TS 6-8-1 94.28 
6 1 70LS-30TS 6-13-1 92.16 
6 2 50LS-50TS 6-3-15-1 94.58 
6 2 70LS-30TS 6-12-21-1 92.59 

 

Table 7.10 Global optimum ATNN for winding material selection problem 

Parameter Value 

Training function traincgb 

Transfer function satlins 

Number of input neurons 13 

Number of hidden layers 1 

Number of hidden neurons 19 

Number of output neurons 1 

Knowledge base split 50LS-50TS 

Classification success rate on test set (%) 95.92 

i1

:

I1

I2

I12

I13

i2

i12

i13

h1

:
:

h2

h18

h19

o1: 1: Cu or
0: Al

 

Fig. 7.14 Global optimum ATNN for winding material selection problem 
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Table 7.11 Comparison of methods for solving the winding material selection problem 

Method Classification success rate on test set (%) 

Decision tree 90.90 

Adaptive trained neural network 95.92 

7.3.5 Synthesis 

Of the two methods examined, the best technique for solving the winding material 
selection problem is the ATNN, since it provides the highest classification success 
rate on the test set, as Table 7.11 shows. 

7.4 Transformer Design Optimization with Branch-and-Bound 

7.4.1 Introduction 

The objective of TDO is to design the transformer so as to optimize an objective 
function subject to constraints imposed by international standards and the trans-
former specification. The most commonly used objective functions are: (a) the 
minimization of transformer manufacturing cost; and (b) the minimization of 
transformer total owning cost. The transformer design requires knowledge of elec-
tromagnetism, magnetic circuit analysis, electric circuit analysis, loss mechanisms, 
and heat transfer (Mittle and Mittal 1996). 

The TDO problem, because of its importance and complexity, has attracted the 
interest of many researchers. There are two different methodologies for solution of 
the TDO problem: (a) the multiple design method; and (b) the mathematical pro-
gramming method. 

The multiple design method (Andersen 1991; Georgilakis et al. 2007b) is a 
heuristic technique that assigns many alternative values to the design variables so 
as to generate a large number of alternative designs, and finally to select the de-
sign that satisfies all the problem constraints with the minimum manufacturing 
cost; however, this technique is not able to find the global optimum. Chapter 2 
presented a conventional transformer design methodology based on a multiple de-
sign technique. 

The geometric programming method is the most representative mathematical 
programming method for solution of the TDO problem (Del Vecchio et al. 2002; 
Jabr 2005), however, it has two drawbacks: (a) it requires development of a 
mathematical model for each specific transformer type and configuration in ad-
vance; and (b) because of the large number of coefficients in polynomial approxi-
mations, the geometric programming method lacks flexibility and cannot easily be 
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combined with more general transformer performance verification or cost estima-
tion algorithms. 

This section presents another mathematical programming method, more spe-
cifically a mixed integer programming–finite element method (MIP-FEM) tech-
nique (Amoiralis 2008; Amoiralis et al. 2008, 2009) for solution of the TDO prob-
lem. 

7.4.2 MIP-FEM Methodology 

7.4.2.1 Method Overview 

The MIP-FEM technique solves the TDO problem using the following ten steps 
(Fig. 7.15): 

1. The objective function is selected. There are three different options for the ob-
jective function: 

a. Minimization of transformer active part cost using (2.2). 
b. Minimization of transformer manufacturing cost using (2.4). 
c. Minimization of transformer total owning cost using (2.5). 

2. Values are given to transformer design input data, e.g.: 

a. Values for description variables (rated power, voltages, frequency, and 
vector group). An example is shown in Table 2.6. 

b. Values for special variables. An example is shown in Table 2.7. 
c. Values for default variables. An example is shown in Table 2.8. 
d. Values for cost variables. An example is shown in Table 2.9. 
e. Values for various variables. An example is shown in Table 2.10. It 

should be noted that some of various variables shown in Table 2.10 
could also be computed during transformer design optimization, e.g., 
the height of the corrugated panel. 

3. The number of design variables, , is selected. There are two options for the 
number of design variables: 

n

a. Selection of the following four design variables ( 4n = ): 
i. Number of turns of low voltage winding, 1x . This is an integer 

type variable. 
ii. Width of core leg (mm), 2x . This is usually a variable of inte-

ger type. 
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iii. Height of core window (mm), 3x . This is practically a variable 
of integer type. 

iv. Magnetic induction (Gauss), 4x . This is usually an integer 
type variable. 

b. Selection of the following six design variables ( 6n = ): 
i. Number of turns of low voltage winding, 1x . 

ii. Width of core leg (mm), 2x . 

iii. Height of core window (mm), 3x . 

iv. Magnetic induction (Gauss), 4x . 

v. Current density of low voltage winding, 5x  (A/mm2). This is a 
variable of real type. 

vi. Current density of high voltage winding, 6x  (A/mm2). This is 
a variable of real type. 

4. Values for the lower bound jlb , the upper bound jub , and the initial value 0
jx  

are given for each one of the  design variables n jx . It should be noted that 

. 0 , 1, ...,j j jlb x ub j n≤ ≤ ∀ =

5. The TDO problem is formulated. The dimensioning of the transformer and the 
value of the objective function are computed using the approximate formulas of 
Chap. 2, e.g.: 

a. The calculations of core weight and no-load loss are based on Sect. 2.9. 
b. The computation of load loss is based on Sect. 2.11. 
c. The computation of the inductive part of the impedance voltage is based 

on Sect. 2.10. 
d. The calculation of transformer manufacturing cost and the computation 

of transformer total owning cost are based on Sect. 2.23. 

6. The TDO problem is a constrained mixed-integer nonlinear programming prob-
lem. The TDO problem is solved using the branch-and-bound (BB) method 
(Sect. 5.4), according to which all integer restrictions of the TDO problem are 
relaxed and the resulting nonlinear programming problem is solved using the 
sequential quadratic programming (SQP) method (Sect. 5.3). In brief, the TDO 
problem is solved using the BB-SQP method, which is an efficient mixed-
integer programming (MIP) method. 

7. If no solution has been found for the TDO problem, then go to step 2, else go to 
step 8. 
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Fig. 7.15 Flowchart of parallel MIP-FEM methodology 

8. Check if the solution found by BB-SQP is validated by FEM. This is done as 
follows: 

a. Calculate again the no-load loss using a permeability tensor finite ele-
ment model (Kefalas 2008; Kefalas et al. 2008), which is more accurate 
than the approximate no-load loss curve method of Sect. 2.9. 

b. Calculate again the inductive part of the impedance voltage using an ef-
ficient finite element model with detailed representation of winding ge-
ometry and cooling ducts (Sect. 6.4.2.4), which is more accurate than 
the approximate method of Sect. 2.10 (Tsili 2005; Tsili et al. 2006). 
Next, compute the impedance voltage (Sect. 6.4.2.5). 
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c. If the no-load loss, computed during step 8a satisfies the no-load loss 
specification and if the impedance voltage, computed during step 8b 
satisfies the impedance voltage specification, then the solution found by 
BB-SQP is validated by FEM. 

9. If the solution found by BB-SQP is validated by FEM, then go to step 10, else 
go to step 2. 

10.The solution found by BB-SQP and validated by FEM is the optimal solution 
to the TDO problem. 

7.4.2.2 Determination of Current Density 

The impact of cross-section area of conductors on the optimal transformer design 
is crucial (Georgilakis et al. 2007b). The cross-section area (mm2) of the low volt-
age (LV) conductor is derived from the current density (A/mm2) of the LV con-
ductor. Similarly, the cross-section area of the high voltage (HV) conductor is de-
rived from the current density of the HV conductor. 

Three approaches have been investigated with the aim of determining the val-
ues of LV and HV current density that produce the optimum transformer design: 

1. Method 1: constant value for LV and HV current densities. Using this ap-
proach, the transformer designer has to directly define one value for the LV 
winding current density and one value for the HV winding current density. In 
this case, four design variables are considered, as defined in Sect. 7.4.2.1. The 
main drawback of this approach is that the transformer designer requires suffi-
cient experience to correctly set the LV and HV current densities and direct the 
MIP-FEM method to the optimal solution. 

2. Method 2: set of discrete values for LV and HV current densities. Using this 
approach, LVc  values for the LV winding current density and HVc  values for 
the HV winding current density are defined. It means that four design variables 
are considered, as defined in Sect. 7.4.2.1. In this case, the MIP-FEM method is 
executed LV HVc c⋅  times, so LV HVc c⋅  optimum designs are computed, and the 
best of them is considered to be the final optimum design. Although this ap-
proach is time-consuming, it assures a global optimum design. 

3. Method 3: addition of LV and HV current densities to design variables. Using 
the third approach, the LV winding current density and the HV winding current 
density are added to the design vector, which means that the number of design 
variables is increased from four to six, as defined in Sect. 7.4.2.1. In particular, 
the correct definition of the current density value is under the rules (supervi-
sion) of the MIP-FEM optimization method. 
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7.4.3 Results and Discussion 

7.4.3.1 Impact of Current Density on Optimum Design 

The MIP-FEM method is used to investigate the impact of current density on op-
timum design. As objective function, the minimization of transformer manufactur-
ing cost, has been considered. 

As an example, a three-phase transformer with rated power 400 kVA, rated 
frequency 50 Hz, rated primary voltage 20 kV, rated secondary voltage 400 V, 
guaranteed no-load loss 750 W, and guaranteed load loss 4600 W, has been de-
signed. The loss tolerances are according to IEC 60076-1 (Table 1.6), i.e., the 
maximum total loss is 5885 W, the maximum no-load loss is 862.5 W, and the 
maximum load loss is 5290 W. Using the heuristic method of Chap. 2, the manu-
facturing cost of the optimum design was found to be $ 10987. 

The three different methods of Sect. 7.4.2.2 for determining the current density 
have been investigated. More specifically: 

1. Method 1: it was considered that the LV winding current density is 3 A/mm2 
and the HV winding current density is also 3 A/mm2. The MIP-FEM method 
finds that the manufacturing cost of the optimum design is $ 10889. The main 
parameters of this design are shown in the second column of Table 7.12. 

2. Method 2: it was considered that the LV winding current density (A/mm2) takes 
the four discrete values of the set { , while the HV winding 
current density (A/mm2) takes the five discrete values of the set 

. In this case, the MIP-FEM method is executed 
 times, it detects 20 optimum transformer designs and selects the 

most cost effective among them, the main parameters of which are shown in 
the third column of Table 7.12. It is concluded that the second method of de-
termining the current density in combination with MIP-FEM provides a solu-
tion with manufacturing cost of $ 10363 (Table 7.12), i.e., a solution that is 
5.68% cheaper than the optimum transformer found using the heuristic method 
of Chap. 2. 

3, 3.2, 3.4, 3.6}

{3, 3.15, 3.30, 3.45, 3.6}
4 5 20⋅ =

3. Method 3: the LV winding current density and the HV winding current density 
are added to the design vector. In this case, the MIP-FEM method found an op-
timum design with manufacturing cost of $ 10500. The main parameters of the 
optimum design can be seen in the fourth column of Table 7.12. 

Table 7.12 shows that Method 2 is the best for selecting the LV and the HV 
current density, since it helps find the optimum transformer with the minimum 
manufacturing cost, i.e., $ 10363. 
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Table 7.12 Impact of current density on optimum design 

 Current density method 

Parameter Method 1 Method 2 Method 3 

Number of low voltage turns 18 18 19 

Width of core leg (mm) 239 219 230 

Height of core window (mm) 248 237 261 

Magnetic induction (Gauss) 18000 18000 18000 

LV current density (A/mm2) 3 3.4 3.4 

HV current density (A/mm2) 3 3.6 3.3 

Designed no-load loss (W) 859 841 818 

Designed load loss (W) 4288 4945 4890 

Manufacturing cost ($) 10889 10363 10500 

Cost saving versus conventional method (%) 0.89 5.68 4.43 

7.4.3.2 Impact of Objective Function on Optimum Design 

In Sect. 7.4.3.1, the 400 kVA transformer design example was optimized having 
as an objective the minimization of manufacturing cost, and the parameters of the 
optimum design are shown in the second column of Table 7.13, where this design 
is denoted as Design 1. The same transformer design example has also been opti-
mized having as an objective the minimization of total owning cost, and the pa-
rameters of the optimum design are shown in the third column of Table 7.13, 
where this design is denoted as Design 2. The fourth column of Table 7.13 shows 
the difference between Design 2 and Design 1, where the difference is computed 
in relation to manufacturing cost, bid price, cost of losses, and total owning cost. 
As can be seen from Table 7.13: 

1. The manufacturing cost of Design 2 is 8.46% higher than that of Design 1. This 
is due to the fact that the objective of Design 1 is the minimization of manufac-
turing cost. 

2. The bid price of Design 2 is 8.46% higher than that of Design 1. 

3. The cost of losses of Design 2 is 9.54% lower than that of Design 1. 

4. The total owning cost of Design 2 is 1.39% lower than that of Design 1. This is 
due to the fact that the objective of Design 2 is the minimization of total own-
ing cost. 
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Table 7.13 Impact of objective function on optimum design 

 Objective function  

 Minimum 
manufacturing cost 

Minimum total 
owning cost  

Parameter Design 1 Design 2 Difference (%) 

Manufacturing cost ($) 10363 11240 8.46 

Sales margin (%) 35 35  

Bid price ($) 15943 17292 8.46 

Designed no-load loss (W) 841 719  

Designed load loss (W) 4945 4613  

A ($/W) 8.31 8.31  

B ($/W) 2.49 2.49  

Cost of losses ($) 19302 17461 -9.54 

Total owning cost ($) 35245 34754 -1.39 

 

Table 7.14 Comparison of MIP-FEM with the conventional TDO method of Chap. 2 

Rated power 
(kVA) 

Number of 
designs 

Average cost reduction of MIP-FEM method in 
comparison with the conventional TDO method (%) 

1600 14 1.09 

1000 24 0.29 

800 20 0.47 

630 48 2.28 

400 28 0.73 

250 16 1.83 

160 24 3.69 

100 14 1.47 

 Total: 188 Average: 1.60% 

 
 
It is concluded from the above that although Design 2 has higher manufactur-

ing cost, it has lower total owning cost, attributed to the lower cost of losses as 
well as the fact that the objective of Design 2 is the minimization of total owning 
cost. 
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Fig. 7.16 Average cost reduction of MIP-FEM method in comparison with the conventional 
TDO method of Chap. 2 

7.4.3.3 Generalization of Results 

The MIP-FEM method has been tested on a wide spectrum of real transformers of 
different voltage ratings and loss categories. In particular, 188 transformer designs 
were optimized using the MIP-FEM as well as the conventional TDO method of 
Chap. 2. The minimization of transformer manufacturing cost has been considered 
as objective function. It should be noted that constant values for LV and HV cur-
rent densities (i.e., Method 1 of Sect. 7.4.2.2) has been used for MIP-FEM because 
the conventional TDO method of Chap. 2 could not support the other two methods 
for determining current density. Figure 7.16 and Table 7.14 show the results. For 
example, Table 7.14 shows that among the 28 transformer designs with 400 kVA 
rated power, the average reduction in the manufacturing cost of the MIP-FEM 
method in comparison with the conventional TDO method is 0.73%. Moreover, 
Table 7.14 shows that among the 188 transformer designs, the average cost reduc-
tion of the MIP-FEM method in comparison with the conventional TDO method is 
1.60%. 
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7.5 Transformer Design Optimization with Genetic Algorithms 

7.5.1 Introduction 

Chapter 2 presented a conventional transformer design methodology based on a 
multiple design technique. Section 7.4 solved the TDO problem using a MIP-FEM 
methodology. This section solves the TDO problem using a recursive genetic al-
gorithm–finite element method (GA-FEM) technique (Georgilakis 2008, 2009). 

7.5.2 Recursive GA-FEM Methodology 

7.5.2.1 Introduction and Configuration of a Recursive Genetic Algorithm 

This section introduces an improved GA for solution of the TDO problem. This 
section presents the contributions, features, and optimal parameter settings of the 
improved GA. 

Since the GA is a stochastic optimization method, in general, it converges to 
different solution each time the GA is executed. That is why it is proposed to im-
plement a novel recursive GA approach, i.e., to run the GA N times and to intro-
duce an external elitism strategy that copies the best solution found at the end of 
each GA run to the initial population of the next GA run. This innovative external 
elitism strategy assures that after the completion of each GA run, a solution is 
provided that is better or at least the same as the solution of the previous GA run. 
As will be shown in Sect. 7.5.3.1, after 7 to 10 GA runs, the global optimum is 
reached for the TDO problem. 

An internal elitism strategy is also adopted, i.e., the best solution of every gen-
eration is copied to the next generation so that the possibility of its destruction 
through a genetic operator is eliminated. 

The initial population of candidate solutions is created randomly. However, in 
the initial population of the initial GA run, the worst solution (i.e., the one with the 
maximum manufacturing cost) is substituted by a solution computed using the 
MIP-FEM method of Sect. 7.4. Incorporation of the MIP-FEM solution into the 
initial population of the initial GA run in combination with the external and inter-
nal elitism strategies assure that the recursive GA-FEM method converges to a 
better or at least the same solution as the MIP-FEM method. 

In order to improve the GA search by assuring good exploration at the begin-
ning of evolution, and more and more exploitation capability while optimization 
goes on, different crossover and mutation rates were tested. After sufficient ex-
perimentation it was found that the best results were obtained with the following 
crossover and mutation probabilities: 
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Table 7.15 Determination of the number of bits for the GA chromosome 

Design variable Symbol Unit Possible values Type Bits 

Number of LV turns x1 - 8 ≤ x1 ≤ 1000 Integer 10 

Magnetic material type x2 - 1 ≤ x2 ≤ 12 Integer 4 

Magnetic induction x3 Gauss 10000 ≤ x3 ≤ 18500 Integer 15 

Width of core leg x4 Mm 80 ≤ x4 ≤ 500 Integer 9 

Core window height x5 mm 80 ≤ x5 ≤ 500 Integer 9 

LV current density x6 A/mm2 1.5 ≤ x6 ≤ 5.5 Real 7 

HV current density x7 A/mm2 1.5 ≤ x7 ≤ 5.5 Real 7 

 Number of bits of GA chromosome 61 
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where Pck is the crossover probability at generation k, Pmk is the mutation probabil-
ity at generation k, and Ng is the number of generations. 

The first column of Table 7.15 presents the seven design variables that have 
been used for solution of the TDO problem by the recursive GA-FEM. The fifth 
column of Table 7.15 shows that the first five design variables are of integer type, 
while the remaining two design variables are of real type. The fourth column of 
Table 7.15 shows the range of possible values that each design variable can take. 
This range of possible values has been determined from a large database of actual 
transformer designs with the following main characteristics: three-phase, oil-
immersed, wound core distribution transformers from 25 kVA up to 2000 kVA, 
with voltages up to 36 kV. Binary coding is used for chromosome representation. 
The last column of Table 7.15 presents the number of bits used for each design 
variable. As can be seen from the last row of Table 7.15, the GA chromosome has 
61 bits. 

After trial and error, it was found that a population size of 40 chromosomes and 
30 generations provide very good results for TDO. 

Among the four different selection schemes tested, i.e., roulette wheel, tourna-
ment, deterministic sampling, and stochastic remainder sampling (Goldberg 
1989), the tournament selection scheme produced the best results and convergence 
for TDO. 
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7.5.2.2 Finite Element Models 

For the TDO problem of wound core type transformers, two finite element (FE) 
models are used, the first to compute the transformer no-load loss and the second 
to evaluate the transformer impedance voltage. In particular, a permeability tensor 
FE model is adopted for computation of the no-load loss, since this model accu-
rately represents the core material and the geometry of wound cores (Kefalas 
2008; Kefalas et al. 2008). Moreover, an efficient FE model with detailed repre-
sentation of winding geometry and cooling ducts (Sect. 6.4.2.4) is adopted for im-
pedance voltage evaluation (Tsili 2005; Tsili et al. 2006). Both FE models are 
based on a particular magnetic scalar potential formulation (Kladas and Tegopou-
los 1992), which is advantageous in terms of computational speed in comparison 
with FEM based on magnetic vector potential, as there is only one unknown at 
each node of the FE mesh. Accuracy and computation speed are the main advan-
tages of the above two FE models, making them ideal for solution of the TDO 
problem. 

7.5.2.3 Method Overview 

The flowchart of the proposed optimization model for solution of the TDO prob-
lem, shown in Fig. 7.17, is composed of two submodels: 

1. MIP-FEM submodel. Initially, the MIP-FEM deterministic optimization 
method of Sect. 7.4 is used to solve the TDO problem. Let S0 be the solution 
provided by that method. 

2. Recursive GA-FEM submodel (N GA-FEM runs). After execution of the MIP-
FEM submodel, N runs of the proposed recursive GA-FEM submodel are exe-
cuted. Each run of the GA-FEM submodel requires two internal runs: 

– GA run. The recursive GA based optimization model, described in Sect. 
7.5.2.1, is executed to solve the TDO problem. The solution S0 provided by 
the MIP-FEM submodel is included in the initial population of the initial 
GA run. In all other GA runs, the best solution Si provided by the previous 
GA-FEM run is included at the initial population of the next GA run. This 
approach assures that the solution Si is better or at least the same as the so-
lution Si-1 (see Sect. 7.5.2.1). 

– FEM run. The two FE models of Sect. 7.5.2.2 are used for computation of 
the transformer no-load loss and impedance (unlike the analytical formulas 
used in the GA run) in order to provide more accurate results and better 
convergence to the optimal solution. 
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Fig. 7.17 Flowchart of the recursive GA-FEM method for solution of the TDO problem 
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7.5.3 Results and Discussion 

7.5.3.1 Application to 1600 kVA Transformer Design 

The recursive GA-FEM method has been used for solution of the TDO problem 
for a real 1600 kVA transformer design with the following main specifications: 
rated frequency 50 Hz, rated HV 20 kV, rated LV 0.4 kV, prescribed no-load loss 
1700 W, prescribed load loss 20000 W, prescribed impedance voltage 6%. The 
no-load loss, load loss, and impedance voltage tolerances are according to IEC 
60076-1 international standard, i.e., the maximum no-load loss is 1955 W, the 
maximum load loss is 23000 W, the maximum total loss is 23870 W, the mini-
mum impedance voltage is 5.4%, and the maximum impedance voltage is 6.6%. 
Minimization of manufacturing cost has been considered as objective function. 
Table 7.16 compares the results of the recursive GA-FEM method with the heuris-
tic (Chap. 2) and the MIP-FEM method (Sect. 7.4). As can be seen from Table 
7.16, the three techniques converged to three different solutions. In particular, the 
recursive GA-FEM method, after seven GA-FEM runs implemented in 3.42 min-
utes, provides the best result, since it converges to the global minimum manufac-
turing cost (MC) of $23271. 

Table 7.16 Comparison of GA-FEM with heuristic (Chap. 2) and MIP-FEM (Sect. 7.4) 
design methods for a 1600 kVA transformer design 

 Method 

Parameter Heuristic MIP-FEM GA-FEM 

Number of LV turns 10 10 11 

Magnetic material type 1 (i.e., HiB) 2 (i.e., M4) 1 (HiB) 

Magnetic induction (Gauss) 16012 16991 18000 

Width of core leg (mm) 290 322 325 

Core window height (mm) 338 322 354 

LV current density (A/mm2) 4.3 4.6 4.3 

HV current density (A/mm2) 4.0 3.8 4.6 

No-load loss (W) 1581 1952 1791 

Load loss (W) 19035 18767 21151 

Total loss (W) 20616 20719 22942 

Impedance voltage (%) 5.89 6.41 6.20 

Manufacturing cost ($) 24814 24446 23271 

Number of algorithm runs 1 1 7 

Total execution time (minutes) 0.45 0.79 3.42 
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Fig. 7.18 Comparative results for a 1600 kVA transformer design 

Table 7.17 Comparison of average manufacturing cost saving of GA-FEM versus heuristic 
(Chap. 2) and MIP-FEM (Sect. 7.4) design method 

Rated power 
(kVA) 

Number of 
designs 

Cost saving of GA-FEM 
versus heuristic (%) 

Cost saving of GA-FEM 
versus MIP-FEM (%) 

100 25 5.3 1.8 

160 25 4.9 2.6 

250 25 8.0 4.4 

400 25 6.5 3.0 

630 25 6.0 2.8 

800 25 5.9 2.0 

1000 25 3.7 3.2 

1600 25 6.3 4.9 

 Average 5.8 3.1 

 
Figure 7.18 compares the minimum manufacturing cost computed by the above 

three techniques for solution of the 1600 kVA TDO problem. Since the heuristic 
and the MIP-FEM are both deterministic optimization techniques, they always 
converge to the same minimum MC, i.e., $24814 for the heuristic and $24446 for 
the MIP-FEM. On the other hand, the recursive GA-FEM, because of its special 
design presented in Sect. 7.5.2.1, manages to progressively reduce the MC, as the 
number of GA-FEM algorithm runs is increased. In particular, after seven GA-
FEM runs, the global minimum MC is achieved, which is 4.8% cheaper than the 
MC computed by the MIP-FEM method and 6.2% cheaper than the MC computed 
by the heuristic method. As can be seen from Fig. 7.18, after the seventh GA-FEM 
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run, the MC is not decreased further, which means that seven GA-FEM runs are 
sufficient to obtain the global optimum solution to the TDO problem. 

7.5.3.2 Generalization of Results 

The recursive GA-FEM method has been tested on 200 real transformer designs, 
of eight power ratings and various loss categories and voltage ratings. As can be 
seen from Table 7.17, the recursive GA-FEM method finds the global optimum 
solution, which is, on average, (a) 5.8% cheaper than the solution provided by the 
heuristic technique, and (b) 3.1% cheaper than the solution found using the MIP-
FEM method. 
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8 Transformer Selection 

Abstract   This chapter deals with transformer selection by electric utilities and 
industrial transformer users. It reviews the classical total owning cost formula and 
it also introduces the external environmental cost due to transformer losses. Using 
the methodologies of this chapter, transformer users will save money by purchas-
ing the most cost-effective and energy-efficient transformers. 

8.1 Introduction 

Distribution transformers have a significant impact on the losses of a utility’s 
transmission and distribution system. Based on a study conducted in the USA, dis-
tribution transformers contributed: (a) about 40% of the losses for non-generating 
public utilities; and (b) over 16% of the losses for investor-owned utilities (Ken-
nedy 1998). European Copper Institute studies indicated that improving the energy 
efficiency of the existing European stock of transformers by 40% would result in 
about 22 TWh annual energy savings equivalent to an annual reduction in green-
house gas emissions of about 9 million tonnes of CO2 equivalent (Targosz et al. 
2005). 

Energy-efficient transformers have reduced total losses, i.e., reduced load and 
no-load losses. Energy-efficient transformers reduce energy consumption and con-
sequently reduce the generation of electrical energy and greenhouse gas emis-
sions. In deregulated electricity markets, as the price of electrical energy varies 
every hour, so does the cost of transformer losses. The seasonal load variations 
also increase the benefits associated with efficient transformers, particularly if the 
season of maximum load is coincident with the maximum energy prices. 

As system investment and energy costs continue to increase, electric utilities 
are more and more interested in installing energy-efficient transformers across 
their distribution networks. Transformer manufacturers have developed new 
manufacturing techniques and new types of core materials to provide cost-
effective and energy-efficient transformers to transformer users. 

Energy-efficient transformers cost more but use less energy than low efficiency 
transformers. The decision as to whether to purchase a low-cost, inefficient trans-
former or a more expensive, energy-efficient transformer, is primarily an eco-
nomic one. The common practice used by electric utilities for determining the 
cost-effectiveness of distribution transformers is based on the total owning cost 
(TOC) method, where TOC is equal to the sum of transformer-purchasing price 
plus the cost of transformer losses throughout the transformer lifetime. 
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Section 8.2 presents the TOC method for industrial and commercial users (Mer-

ritt and Chaitkin 2003; Georgilakis 2007). Section 8.3 presents the TOC method 
for electric utilities (Nickel and Braunstein 1981a, 1981b; ANSI/IEEE 1992; Ken-
nedy 1998). Section 8.4 introduces the external environmental cost into the TOC 
method (Amoiralis et al. 2007; Amoiralis 2008; Amoiralis et al. 2008; Georgilakis 
and Amoiralis 2009). 

8.2 Total Owning Cost for Industrial and Commercial Users 

8.2.1 Cost Evaluation Method 

If S is the transformer actual load (kVA) and Sn is the transformer rated power 
(kVA), then the per-unit load, L, of the transformer is: 

 
n

SL
S

= . (8.1) 

If LL is the transformer load loss (W) at rated power Sn, then the transformer 
load loss LLL (W) at per-unit load L is calculated from the formula: 

 . (8.2) 2
LLL LL L= ⋅

If NLL is the transformer no-load loss (W), then the transformer total loss TLL 
(W) at load L is: 

 L LTL NLL LL= + . (8.3) 

Combining (8.2) and (8.3), we find that the transformer total loss TLL at load L 
is given by the formula: 

 . (8.4) 2
LTL NLL LL L= + ⋅

The transformer operates HPY hours per year. If EP is the electricity price 
($/kWh) that the industrial/commercial user pays for electricity, then the annual 
cost ($/year) of transformer total loss CTL is: 

 . (8.5) 310TL LC TL EP HPY −= ⋅ ⋅ ⋅

Substituting (8.4) to (8.5), we obtain: 
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310

3

 , (8.6) 2( )TLC NLL LL L EP HPY −= + ⋅ ⋅ ⋅ ⋅

and finally: 

 , (8.7) TL NLL LLC C C= +

where CNLL is the annual cost ($/year) of transformer no-load loss and CLL is the 
annual cost ($/year) of transformer load loss, which are calculated from the fol-
lowing equations: 

 , (8.8) 310NLLC NLL EP HPY −= ⋅ ⋅ ⋅

 . (8.9) 2 10LLC LL L EP HPY −= ⋅ ⋅ ⋅ ⋅

The industrial/commercial user pays the cost of transformer total loss CTL 
($/year) for each one of the N years of the transformer lifetime. If d is the discount 
rate, then the present value PVTL of the cost ($) of transformer total loss through-
out the transformer lifetime is: 

 2 ...
(1 ) (1 ) (1 )

TL TL TL
TL N

C C CPV
d d d

= + + +
+ + +

⇒   

 , (8.10) TL TL mPV C PV= ⋅

where PVm is the present value multiplier, which is calculated as follows: 

 
1

1 1 1/(1 )
1 1/(1 )(1 )

N N

m i
i

dPV
dd=

− +
= =

− ++∑ ⇒   

 1
(1 ) 1

(1 )

N

m N
dPV

d d −

+ −
=

⋅ +
. (8.11) 

The present value PVNLL of the cost ($) of transformer no-load loss throughout 
the transformer lifetime is calculated as follows: 

 NLL NLL mPV C PV= ⋅ . (8.12) 

The present value PVLL of the cost ($) of transformer load loss throughout the 
transformer lifetime is: 

 LL LLPV C PV= ⋅ m . (8.13) 
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The following equation holds: 

 . (8.14) TL NLL LLPV PV PV= +

If the transformer is offered to the industrial/commercial user at a bid price BP 
($), then the total owning cost TOC ($) of the transformer is equal to the sum of its 
bid price BP and the present value PVTL of the cost ($) of transformer total loss 
throughout the transformer lifetime: 

 . (8.15) TLTOC BP PV= +

Substituting (8.14) into (8.15), we obtain: 

 NLL LLTOC BP PV PV= + + . (8.16) 

Substituting (8.12) and (8.13) into (8.16), we have: 

 NLL m LL mTOC BP C PV C PV= + ⋅ + ⋅ . (8.17) 

Substituting (8.8) and (8.9) into (8.17), we obtain: 

 . (8.18) 2( ) mTOC BP NLL LL L PV EP HPY −= + + ⋅ ⋅ ⋅ ⋅ ⋅ 310

=

An equivalent and simpler expression for TOC is the following: 

 , (8.19) TOC BP A NLL B LL= + ⋅ + ⋅

where BP is the transformer bid price ($) or purchasing price, NLL is the trans-
former no-load loss (W), LL is the transformer load loss (W), A is the no-load loss 
factor ($/W) and B is the load loss factor ($/W). 

The loss factors A and B of (8.19) are calculated as follows: 

 , (8.20) 310mA PV EP HPY −= ⋅ ⋅ ⋅

 . (8.21) 2B A L= ⋅

The purchasing decision has to be based on the minimization of TOC. This 
means that if we have to evaluate m alternative transformer offers 

, where BP{ , , }, 1, ...,i i i iO BP NLL LL i m= i, NLLi, and LLi is the bid price, the 
no-load loss, and the load loss, respectively, of the ith offer Oi, then for each one 
of the offers we calculate its total owning cost , 1, ...,iTOC i m= , using (8.19) and 
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the optimum transformer (to be purchased) is the one with the minimum total 
owning cost and not the transformer with the minimum purchasing price. 

The loss factors A and B have to be part of the transformer specification, i.e., 
the loss factors A and B have to be supplied to transformer manufacturers in order 
to prepare their bids. 

The transformer efficiency n is defined as follows: 

 cos
cos

L

L L

Sn
S TL

θ
θ
⋅

=
⋅ +

, (8.22) 

where cos Lθ  is the power factor, S is the transformer actual load and TLL is the 
transformer total loss at load L. 

The transformer total loss (W) is calculated from (8.4). The transformer annual 
energy loss (kWh/year) is calculated as follows: 

 . (8.23) 310LEL TL HPY −= ⋅ ⋅

The annual energy savings ES ($/year) by using transformer j instead of trans-
former i are given by the formula: 

 , (8.24) ( )i jES EL EL EP= − ⋅

where ELi is the annual energy loss of transformer i and EP is the electricity price. 
The simple payback SP (years) by using transformer j instead of transformer i 

is calculated as follows: 

 j iBP BP
SP

ES
−

= , (8.25) 

where BPi is the bid price for transformer i. 

Table 8.1 Data for two competing transformer offers 

Parameter Offer 1 Offer 2 

Rated power (kVA) 250 250 

No-load loss (W) 650 425 

Load loss (W) 4200 2750 

Loss category BA′ CC′ 

Bid price ($) 11750 14800 
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8.2.2 Example 8.1 

Table 8.1 shows two competing offers for three-phase, oil-immersed, distribution 
transformer of 250 kVA, 50 Hz. The electricity price is 0.12 $/kWh. The discount 
rate is 7%. The transformer operates 8760 hours per year. The transformer lifetime 
is 30 years. Compute the total owning cost of the two offers if the per-unit load is 
varied from 0.0 to 1.0 with step 0.1. 

Solution 
The loss category, shown in Table 8.1, is according to CENELEC HD 428.1 
S1/1992 (see Tables 1.2 and 1.3). 

The present value multiplier is computed using (8.11): 

 
30

1 30 1
(1 ) 1 (1 0.07) 1 13.2777

(1 ) 0.07 (1 0.07)

N

m mN
dPV PV

d d − −

+ − + −
= = ⇒ =

⋅ + ⋅ +
.  

We will present the computation of the total owning cost for the case of Offer 1 
and for per-unit load . 0.4L =

Equation 8.4 is used to compute transformer total loss TLL at load L: 

 .  2 2650 4200 0.4 1322 WL L LTL NLL LL L TL TL= + ⋅ ⇒ = + ⋅ ⇒ =

Equation 8.23 is used to compute the annual energy losses EL: 

 .  3 310 1322 8760 10 11581 kWh / yearLEL TL HPY EL− −= ⋅ ⋅ = ⋅ ⋅ ⇒ =

The annual cost of losses is calculated by combining (8.5) and (8.23) as fol-
lows: 

   310 0.12 11581TL L TLC TL EP HPY C EP EL−= ⋅ ⋅ ⋅ ⇒ = ⋅ = ⋅ ⇒

1389.7 $ / yearTLC = . 

Equation 8.10 is used to compute the present value PVTL of the cost of trans-
former total losses throughout the transformer lifetime: 

 .  1389.7 13.2777 $ 18452TL TL m TL TLPV C PV PV PV= ⋅ ⇒ = ⋅ ⇒ =

Equation 8.15 is used to compute the total owning cost of Offer 1 for per-unit 
load : 0.4L =

 .  11750 18452 $ 30202TLTOC BP PV TOC TOC= + ⇒ = + ⇒ =
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Table 8.2 Analysis of Offer 1 of Table 8.1 

Per-unit 
load 

Total 
losses 
(W) 

Annual energy 
losses 
(kWh/year) 

Annual cost 
of losses 
($/year) 

Present value of 
cost of losses ($) 

Total owning 
cost ($) 

1.0 4850 42486 5098 67694 79444 

0.9 4052 35496 4259 56556 68306 

0.8 3338 29241 3509 46590 58340 

0.7 2708 23722 2847 37797 49547 

0.6 2162 18939 2273 30176 41926 

0.5 1700 14892 1787 23728 35478 

0.4 1322 11581 1390 18452 30202 

0.3 1028 9005 1081 14348 26098 

0.2 818 7166 860 11417 23167 

0.1 692 6062 727 9659 21409 

0.0 650 5694 683 9072 20822 

 

Table 8.3 Analysis of Offer 2 of Table 8.1 

Per-unit 
load 

Total 
losses 
(W) 

Annual energy 
losses 
(kWh/year) 

Annual cost 
of losses 
($/year) 

Present value of 
cost of losses ($) 

Total owning 
cost ($) 

1.0 3175 27813 3338 44315 59115 

0.9 2653 23236 2788 37022 51822 

0.8 2185 19141 2297 30497 45297 

0.7 1773 15527 1863 24740 39540 

0.6 1415 12395 1487 19750 34550 

0.5 1113 9746 1169 15528 30328 

0.4 865 7577 909 12073 26873 

0.3 673 5891 707 9386 24186 

0.2 535 4687 562 7467 22267 

0.1 453 3964 476 6316 21116 

0.0 425 3723 447 5932 20732 
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Fig. 8.1 Total owning cost for the two offers of Table 8.1 as a function of per-unit load  

 
The total owning cost for the remaining values of per-unit load for Offer 1 is 

computed similarly and the results are shown in Table 8.2. The total owning cost 
of Offer 2 for the 11 different values of per-unit load is shown in Table 8.3. Figure 
8.1 plots the total owning cost for Offer 1 and Offer 2 as a function of per-unit 
load. Figure 8.1 shows that for all the different values of per-unit load, the total 
owning cost of Offer 2 is lower than the total owning cost of Offer 1, which im-
plies that the Offer 2 has to be selected by the industrial/commercial user, since it 
is the most energy-efficient transformer offer. 

Although Offer 2 has higher purchasing price than Offer 1, as Table 8.1 shows, 
Offer 2 is the best choice since it has lower total owning cost than Offer 1, i.e., the 
cost to purchase and operate the transformer of Offer 2 is lower. 

Equation 8.20 is used to compute the loss factor A: 

  3 310 13.2777 0.12 8760 10mA PV EP HPY A− −= ⋅ ⋅ ⋅ ⇒ = ⋅ ⋅ ⋅ ⇒

 . 13.9575 $ / WA=

Equation 8.21 is used to compute the loss factor B: 

 .  2 213.9575 0.4 2.2332 $ / WB A L B B= ⋅ ⇒ = ⋅ ⇒ =

Equation 8.19 can also be used to compute the total owning cost of Offer 1 for 
per-unit load : 0.4L =

  TOC BP A NLL B LL= + ⋅ + ⋅ ⇒

 . 11750 13.9575 650 2.2332 4200 $ 30202TOC TOC= + ⋅ + ⋅ ⇒ =
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8.2.3 Example 8.2 

An industrial user has defined in the transformer specification that 10 $ / WA = , 
, and the transformer selection will be based on the minimum TOC. 

The industrial user receives the two offers of Table 8.1. Compute the offer that the 
industrial user will select. 

2.5 $ / WB =

Solution 
Equation 8.19 is used to compute the total owning cost of Offer 1: 

  1 1 1 1TOC BP A NLL B LL= + ⋅ + ⋅ ⇒

 . 1 111750 10 650 2.5 4200 $ 28750TOC TOC= + ⋅ + ⋅ ⇒ =

The total owning cost of Offer 2 is: 

  2 2 2 2TOC BP A NLL B LL= + ⋅ + ⋅ ⇒

 . 2 214800 10 425 2.5 2750 $ 25925TOC TOC= + ⋅ + ⋅ ⇒ =

Since , the industrial user will select Offer 2, although its bid 
price is higher. 

2TOC TOC< 1

8.2.4 Example 8.3 

Table 8.4 shows nine competing offers for three-phase, oil-immersed, distribution 
transformer of 1000 kVA, 50 Hz, with loss categories according to CENELEC HD 
428.1 S1/1992. The electricity price is 0.12 $/kWh. The discount rate is 7%. The 
transformer operates 8760 hours per year. The transformer lifetime is 30 years. 
The power factor is 0.9 and the per-unit load is 0.5. 

1. Rank the offers according to the bid price. 

2. Rank the offers according to the total owning cost. 

3. Compute the savings due to the selection of the offer with the lowest total own-
ing cost instead of the offer with the lowest bid price. 

4. If the electricity price is varied from 0.08 to 0.16 $/kWh with step 0.01 $/kWh, 
compute the savings due to the selection of the offer with the lowest total own-
ing cost instead of the offer with the lowest bid price. 
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Table 8.4 Transformer offers 

Offer code Loss category No-load loss (W) Load loss (W) Bid price ($) 

O1 AA′ 1700 10500 28630 

O2 AB′ 1400 10500 29600 

O3 AC′ 1100 10500 32820 

O4 BA′ 1700 13000 27150 

O5 BB′ 1400 13000 27420 

O6 BC′ 1100 13000 30650 

O7 CA′ 1700 9500 30500 

O8 CB′ 1400 9500 31550 

O9 CC′ 1100 9500 35300 
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Fig. 8.2 Ranking of offers of Table 8.4 according to the bid price  

Solution 

1. Figure 8.2 ranks the offers of Table 8.4 from the lowest to the highest bid price. 

If the purchasing criterion is simply the lowest bid price, then Offer O4 is the 
best choice, as can be seen from Fig. 8.2. 

2. The present value multiplier is computed using (8.11): 

 
30

1 30 1
(1 ) 1 (1 0.07) 1 13.2777

(1 ) 0.07 (1 0.07)

N

m mN
dPV PV

d d − −

+ − + −
= = ⇒ =

⋅ + ⋅ +
.  

We will present the computation of the total owning cost for Offer O4. 
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Equation 8.4 is used to compute the transformer total loss TLL at per-unit load 

: 0.5L =

 .  2 21700 13000 0.5 4950 WL L LTL NLL LL L TL TL= + ⋅ ⇒ = + ⋅ ⇒ =

Equation 8.22 is combined with (8.1) to calculate the efficiency of the trans-
former of Offer O4: 

 coscos
cos cos

n LL

L L n L L

L SSn n
S TL L S TL

θθ
θ

⋅ ⋅⋅
= ⇒ =

⋅ + ⋅ ⋅ +θ
⇒   

 0.5 1000000 0.9 0.9891 98.91%
0.5 1000000 0.9 4950

n n⋅ ⋅
= ⇒ = ⇒

⋅ ⋅ +
n = .  

Equation 8.23 is used to compute the annual energy losses EL: 

 .  3 310 4950 8760 10 43362 kWh / yearLEL TL HPY EL− −= ⋅ ⋅ = ⋅ ⋅ ⇒ =

The annual cost of losses is calculated by combining (8.5) and (8.23) as fol-
lows: 

   310 0.12 43362TL L TLC TL EP HPY C EP EL−= ⋅ ⋅ ⋅ ⇒ = ⋅ = ⋅ ⇒

5203.4 $ / yearTLC = . 

Equation 8.10 is used to compute the present value PVTL of the cost of trans-
former total losses throughout the transformer lifetime: 

 .  5203.44 13.2777 $ 69090TL TL m TL TLPV C PV PV PV= ⋅ ⇒ = ⋅ ⇒ =

Equation 8.15 is used to compute the total owning cost of Offer O4: 

 .  27150 69090 $ 96240TLTOC BP PV TOC TOC= + ⇒ = + ⇒ =

The total owning cost for the remaining offers of Table 8.4 is computed simi-
larly and the results are shown in Table 8.5. Based on the TOC values of Table 
8.5, Fig. 8.3 ranks the offers from the lowest to the highest total owning cost. If 
the purchasing criterion is the lowest total owning cost, then Offer O9 is the best 
choice, as can be seen from Fig. 8.3. It is concluded that, although Offer O9 has 
the highest bid price (Fig. 8.2), Offer O9 is the best choice since it has the lowest 
total owning cost, i.e., the lowest cost to purchase and operate the transformer. 
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Table 8.5 Total owning cost for the offers of Table 8.4 

Offer BP 
($) 

TLL 
(W) n (%) EL 

(kWh/yr) 
CTL 
($/yr) 

PVTL 
($) 

TOC 
($) 

O1 28630 4325 99.05 37887 4546 60366 88996 

O2 29600 4025 99.11 35259 4231 56179 85779 

O3 32820 3725 99.18 32631 3916 51992 84812 

O4 27150 4950 98.91 43362 5203 69090 96240 

O5 27420 4650 98.98 40734 4888 64902 92322 

O6 30650 4350 99.04 38106 4573 60715 91365 

O7 30500 4075 99.10 35697 4284 56877 87377 

O8 31550 3775 99.17 33069 3968 52690 84240 

O9 35300 3475 99.23 30441 3653 48502 83802 
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Fig. 8.3 Ranking of offers of Table 8.4 according to the total owning cost  

3. Offer O9 has the lowest total owning cost (Fig. 8.3) and Offer O4 has the low-
est bid price (Fig. 8.2). If Offer O9 is selected instead of Offer O4, then there 
are several savings. 

The annual energy savings by using transformer with code 9 of Offer O9 in-
stead of transformer with code 4 of Offer O4 are computed using (8.24): 

   4 9( ) (43362 30441) 0.12ES EL EL EP ES= − ⋅ ⇒ = − ⋅ ⇒

1550.52 $ / yearES = . 
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Table 8.6 Savings due to selection of the offer corresponding to the minimum TOC instead 
of Offer O4 corresponding to the minimum bid price 

 Offer with minimum TOC Offer O4 
Selection of offer with 

minimum TOC instead of 
offer O4 

EP 
($/kWh) Offer EL 

(kWh/yr) 
TOC 
($) 

EL 
(kWh/yr) 

TOC 
($) 

ES 
($/yr) 

SP 
(years) 

S_TOC 
($) 

0.12 O9 30441 83802 43362 96240 1551 5.26 12437 

 

Table 8.7 Savings due to selection of the offer corresponding to the minimum TOC instead 
of Offer O4 corresponding to the minimum bid price 

 Offer with minimum TOC Offer O4 
Selection of offer with 

minimum TOC instead of 
offer O4 

EP 
($/kWh) Offer EL 

(kWh/yr) 
TOC 
($) 

EL 
(kWh/yr) 

TOC 
($) 

ES 
($/yr) 

SP 
(years) 

S_TOC 
($) 

0.08 O8 33069 66676 43362 73210 823 5.34 6533 

0.09 O8 33069 71067 43362 78967 926 4.75 7900 

0.10 O8 33069 75458 43362 84725 1029 4.27 9267 

0.11 O9 30441 79760 43362 90482 1421 5.73 10722 

0.12 O9 30441 83802 43362 96240 1551 5.26 12437 

0.13 O9 30441 87844 43362 101997 1680 4.85 14153 

0.14 O9 30441 91886 43362 107755 1809 4.51 15869 

0.15 O9 30441 95928 43362 113512 1938 4.21 17584 

0.16 O9 30441 99970 43362 119269 2067 3.94 19300 

 
 
The simple payback (years) by using transformer with code 9 instead of trans-

former with code 4 is calculated using (8.25): 

 9 4 35300 27150 5.26 years
1550.52

BP BPSP SP SP
ES
− −

= ⇒ = ⇒ = .  

The saving in total owning cost is: 

 4 9_ 96240 83802 _ $ 12437S TOC TOC TOC S TOC= − = − ⇒ = . 

The results are shown in Table 8.6. 
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4. The case for electricity price of 0.12 $/kWh has already been studied and the 
results presented in Table 8.6. The same calculations are done again for all the 
considered electricity prices and the final results are presented in Table 8.7. 
The results of Table 8.7 are plotted in Figs. 8.4, 8.5, and 8.6. 

It can be seen from Table 8.7 that if the electricity price is 0.08, or 0.09, or 0.10 
$/kWh, then the most cost-effective offer is Offer O8, since it has the lowest total 
owning cost, while for all the other considered electricity prices, Offer O9 is the 
most cost-effective offer. 
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Fig. 8.4 Total owning cost savings due to selection of the offer corresponding to the 
minimum TOC instead of the offer corresponding to the minimum bid price. These savings 
are plotted as a function of electricity price  
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Fig. 8.5 Annual energy savings due to selection of the offer corresponding to the minimum 
TOC instead of the offer corresponding to the minimum bid price  
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Fig. 8.6 Simple payback due to selection of the offer corresponding to the minimum TOC 
instead of the offer corresponding to the minimum bid price  

8.3 Total Owning Cost for Electric Utilities 

8.3.1 Cost Evaluation Method 

Among the various transformer offers, the most cost-effective transformer is the 
one that minimizes the total owning cost, TOC, which is computed as follows: 

 , (8.26) TOC BP A NLL B LL= + ⋅ + ⋅

where BP is the transformer bid price ($) or purchasing price, NLL is the trans-
former no-load loss (W), LL is the transformer load loss (W), A is the no-load loss 
factor ($/W) and B is the load loss factor ($/W).  

The total owning cost formula (8.26) can also be written as follows: 

 , (8.27) TOC BP CL= +

where CL is the cost of transformer losses throughout the transformer lifetime. 
Equation 8.27 shows that the total owning cost includes the cost to purchase the 
transformer (BP) and the cost of losses (CL) throughout the transformer lifetime. 
The cost of losses is in fact the cost to operate the transformer, which is why 
sometimes in the literature the cost of losses CL is also called the operating cost 
throughout the transformer lifetime. 

The cost of transformer losses CL is computed as follows: 

 , (8.28) CL CNLL CLL= +
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where: 

 , (8.29) CNLL A NLL= ⋅

 , (8.30) CLL B LL= ⋅

where CNLL is the cost of transformer no-load loss throughout the transformer 
lifetime and CLL is the cost of transformer load loss throughout the transformer 
lifetime. It can be seen that by combining (8.27)–(8.30), then (8.26) is derived. 

The A and B loss factors of (8.26) are computed according to ANSI/IEEE Stan-
dard C57.120-1991 (ANSI/IEEE 1992) as follows: 

 LIC LECNA
ET FCR IF

+
=

⋅ ⋅
, (8.31) 

 
2 2LIC PRF PUL LECL TLFB
ET FCR IF

⋅ ⋅ + ⋅
=

⋅ ⋅

2

, (8.32) 

where LIC is the levelized annual generation and transmission system investment 
cost ($/kW-yr), LECN is the levelized annual energy and operating cost of trans-
former no-load loss ($/kW-yr), ET is the efficiency of transmission, FCR is the 
fixed charge rate that represents the “cost of ownership”, IF is the increase factor 
(it represents the total money that the user must pay to acquire the transformer, in-
cluding the purchase price, overhead, fee, and tax), PRF is the peak responsibility 
factor that derives from the transformer load at the time of the power system peak 
load divided by the transformer peak load, PUL is the peak per-unit transformer 
load that derives from the average of the annual peaks throughout the transformer 
lifetime, LECL is the levelized annual energy and operating cost of load loss 
($/kW-yr), and TLF is the transformer loading factor. 

The basic concept for the derivation of the A and B loss factors is that each of 
these factors is the sum of the demand portion and the energy portion (ANSI/IEEE 
1992), i.e.: 

 D EA A A= + , (8.33) 

 D EB B B= + , (8.34) 

where AD and BD is the demand portion of the loss factors A and B, respectively, 
and AE and BE is the energy portion of the loss factors A and B, respectively. The 
demand portion ($/W) is the cost ($) of installing additional generation, transmis-
sion, and primary distribution capacity to supply 1 W of peak load to the distribu-
tion transformer (Kennedy 1998). The energy portion ($/W) is the present value 
($) of the energy that will be used by 1 W of transformer loss throughout the trans-
former lifetime (ANSI/IEEE 1992). 
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In line with (8.31), the AD and AE portions of the loss factor A are computed as 

follows: 

 D LICA
ET FCR IF

=
⋅ ⋅

, (8.35) 

 E LECNA
ET FCR IF

=
⋅ ⋅

. (8.36) 

In line with (8.32), the BD and BE portions of the loss factor B are computed as 
follows: 

 
2 2

D LIC PRF PULB
ET FCR IF
⋅ ⋅

=
⋅ ⋅

, (8.37) 

 
2

E LECL TLFB
ET FCR IF

⋅
=

⋅ ⋅
. (8.38) 

The levelized costs LECN and LECL are computed as follows: 

 
1

(1 )
(1 )

BL j

j
j

EIRLECN CRF HPY AF CYEC
d=

+
= ⋅ ⋅ ⋅ ⋅

+∑ , (8.39) 

 LECNLECL
AF

= , (8.40) 

where CRF is the capital recovery factor computed using (8.43), HPY indicates the 
hours of transformer operation per year (typically 8760 hours), AF represents the 
transformer availability factor (i.e., the proportion of time that the transformer is 
predicted to be energized, which may be less than unity due to failures), BL is the 
number of years of transformer lifetime, EIR (%) is the annual escalation rate of 
the energy cost (cost of electricity), d (%) refers to the discount rate (interest rate), 
and CYEC refers to the current year energy cost ($/kWh). It should be noted that 
throughout this chapter, the current year (or year zero) is defined as the year be-
fore the first year of transformer operation. 

Since: 

 
1

(1 ) 1 11
1(1 )

BLBL j

j
j

EIR EIR EIR
d EIR dd=

⎡ ⎤⎛ ⎞ ⎛ ⎞+ + +⎢ ⎥⎟⎜ ⎜= ⋅ −⎟⎜ ⎜ ⎟⎟⎢ ⎥⎟⎟⎜ ⎜⎝ ⎠ ⎝ ⎠− ++ ⎟⎟⎢ ⎥⎣ ⎦
∑ , (8.41) 

Equation 8.39 can be further simplified as follows: 
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 1 11
1

BLEIR EIRLECN CRF HPY AF CYEC
d EIR d

⎡ ⎤⎛ ⎞ ⎛ ⎞+ +⎢ ⎥⎟⎜ ⎜= ⋅ ⋅ ⋅ ⋅ ⋅ −⎟⎜ ⎜ ⎟⎟⎢ ⎥⎟⎟⎜ ⎜⎝ ⎠ ⎝ ⎠− + ⎟⎟⎢ ⎥⎣ ⎦
. (8.42) 

The capital recovery factor, CRF, is computed as follows: 

 (1 )
(1 ) 1

BL

BL
d dCRF

d
⋅ +

=
+ −

. (8.43) 

The peak per-unit load, PUL, is derived from the following equation (Nickel 
and Braunstein 1981a): 

 
2

2
(1 ) (1 )

(1 ) (1 ) (1 ) 1

BL BL

BL
g d dPUL IP

g d d

⋅⎡ ⎤ ⎡ ⎤+ − +⎢ ⎥ ⎢ ⎥= ⋅ ⋅⎢ ⎥ ⎢ ⎥+ − + + −⎣ ⎦⎣ ⎦
, (8.44) 

where IP (%) is the initial (year zero) transformer annual peak load as a percent-
age of transformer rated power and g (%) is the levelized annual compound peak 
load growth rate. IP and g are computed based on transformer load curve. 

The transformer loading factor, TLF, is calculated as follows (ANSI/IEEE 
1992): 

 TLF PUL LSF= ⋅ , (8.45) 

where LSF refers to the loss factor derived from the load factor LDF, i.e., the 
mean transformer loading throughout its lifetime, represented as an equivalent 
percentage of its nominal power, according to the following equation (Nickel and 
Braunstein 1981b): 

 . (8.46) 20.15 0.85LSF LDF LDF= ⋅ + ⋅

It is concluded from the above that for the computation of A and B loss factors, 
the following 14 parameters are involved: AF, HPY, BL, CYEC, EIR, FCR, d, IP, 
g, PRF, LDF, IF, ET, and LIC. More details for these 14 parameters can be found 
in the references (Nickel and Braunstein 1981a, 1981b; ANSI/IEEE 1992; Ken-
nedy 1998). 

8.3.2 Example 8.4 

One electric utility has the following data: , , 
, , , , , 

0.97AF = 8760 h / yrHPY =
30 yrBL = 0.084 $ / kWhCYEC = 0.027EIR = 0.10FCR = 0.07d =
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0.48IP = , , , , 0.025g = 0.443PRF = 0.678LDF = 1IF = , , and 
. Compute the A and B loss factors. 

0.95ET =

270 $ / kW - yrLIC =

Solution 
Equation 8.43 is used to compute the capital recovery factor: 

 
30

30
(1 ) 0.07 (1 0.07) 0.0805864

(1 ) 1 (1 0.07) 1

BL

BL
d dCRF CRF

d
⋅ + ⋅ +

= = ⇒ =
+ − + −

.  

Equation 8.42 is used to compute the levelized annual energy and operating 
cost of transformer no-load loss: 

 1 11
1

BLEIR EIRLECN CRF HPY AF CYEC
d EIR d

⎡ ⎤⎛ ⎞ ⎛ ⎞+ +⎢ ⎥⎟ ⎟⎜ ⎜= ⋅ ⋅ ⋅ ⋅ ⋅ −⎟ ⎟⎜ ⎜ ⇒⎢ ⎥⎟ ⎟⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠− +⎢ ⎥⎣ ⎦
  

 
301 0.027 1 0.0270.0805864 8760 0.97 0.084 1

0.07 0.027 1 0.07
LECN

⎡ ⎤⎛ ⎞ ⎛ ⎞+ +⎢ ⎥⎟ ⎟⎜ ⎜= ⋅ ⋅ ⋅ ⋅ ⋅ −⎟ ⎟⎜ ⎜ ⇒⎢ ⎥⎟ ⎟⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠− +⎢ ⎥⎣ ⎦
  

 .  972.4394 $ / kW yrLECN = −

Equation 8.40 is used to compute the levelized annual energy and operating 
cost of transformer load loss: 

 972.4394 1002.5149 $ / kW yr
0.97

LECNLECL LECL LECL
AF

= ⇒ = ⇒ = − . 

Equation 8.44 is used to calculate the peak per-unit transformer load: 

 
2

2
(1 ) (1 )

(1 ) (1 ) (1 ) 1

BL BL

BL
g d dPUL IP

g d d

⋅⎡ ⎤ ⎡ ⎤+ − +⎢ ⎥ ⎢ ⎥= ⋅ ⋅ ⇒⎢ ⎥ ⎢ ⎥+ − + + −⎣ ⎦⎣ ⎦
  

 
2 30 30

2 3
(1 0.025) (1 0.07) 0.070.48

(1 0.025) (1 0.07) (1 0.07) 1
PUL

⋅⎡ ⎤
0

⎡ ⎤+ − +⎢ ⎥ ⎢ ⎥= ⋅ ⋅ ⇒⎢ ⎥ ⎢ ⎥+ − + + −⎣ ⎦⎣ ⎦
  

 .  0.63594PUL =

Equation 8.46 is used to calculate loss factor: 

   20.15 0.85LSF LDF LDF= ⋅ + ⋅ ⇒
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 .  20.15 0.678 0.85 0.678 0.49243LSF LSF= ⋅ + ⋅ ⇒ =

Equation 8.45 is used to calculate transformer loading factor: 

 0.63594 0.49243 0.44626TLF PUL LSF TLF TLF= ⋅ ⇒ = ⋅ ⇒ = .  

Equation 8.31 is used to compute the A loss factor (no-load loss factor): 

 270 972.4394 13078.31 $ / kW
0.95 0.10 1

LIC LECNA A A
ET FCR IF

+ +
= ⇒ = ⇒ =

⋅ ⋅ ⋅ ⋅
⇒  

 .  13.08 $ / WA=

Equation 8.32 is used to compute the B loss factor (load loss factor): 

 
2 2 2LIC PRF PUL LECL TLFB
ET FCR IF

⋅ ⋅ + ⋅
= ⇒

⋅ ⋅
 

 
2 2 2270 0.443 0.63594 1002.5149 0.44626

0.95 0.10 1
B ⋅ ⋅ + ⋅
= ⇒

⋅ ⋅
 

 .  2327.1 $ / kW 2.33 $ / WB B= ⇒ =

8.3.3 Example 8.5 

The electric utility of Example 8.4 has defined in the transformer specification that 
, , and the transformer selection will be based on 

the minimum TOC. The electric utility receives the three offers of Table 8.8 for a 
1000 kVA transformer. 

13.08 $ / WA = 2.33 $ / WB =

1. Construct the total loss curves for the three offers of Table 8.8, if the per-unit 
load ranges from 0.1 to 1.0 with step 0.1. 

2. Construct the efficiency curves for the three offers of Table 8.8, if the power 
factor is 1.0 and the per-unit load ranges from 0.1 to 1.0 with step 0.1. 

3. Determine the offer that the electric utility will select. 
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Table 8.8 Transformer offers 

Offer code No-load loss (W) Load loss (W) Bid price ($) 

D1 1700 13000 27150 

D2 1400 10500 29600 

D3 1100 9500 35300 

Table 8.9 Transformer total loss and efficiency for the three offers of Table 8.8 

Transformer total loss (W) Transformer efficiency (%) 
Per-unit load 

Offer D1 Offer D2 Offer D3 Offer D1 Offer D2 Offer D3 

0.1 1830 1505 1195 98.20 98.52 98.82 

0.2 2220 1820 1480 98.90 99.10 99.27 

0.3 2870 2345 1955 99.05 99.22 99.35 

0.4 3780 3080 2620 99.06 99.24 99.35 

0.5 4950 4025 3475 99.02 99.20 99.31 

0.6 6380 5180 4520 98.95 99.14 99.25 

0.7 8070 6545 5755 98.86 99.07 99.18 

0.8 10020 8120 7180 98.76 99.00 99.11 

0.9 12230 9905 8795 98.66 98.91 99.03 

1.0 14700 11900 10600 98.55 98.82 98.95 

 

Solution 

1. We will show the calculation of the total loss and efficiency of Offer D1 for 
per-unit load . 0.4L =

Equation 8.4 is used to compute the transformer total loss, TLL, at per-unit load 
 for Offer D1: 0.4L =

 .  2 21700 13000 0.4 3780 WL L LTL NLL LL L TL TL= + ⋅ ⇒ = + ⋅ ⇒ =

Equation 8.22 is combined with (8.1) to calculate the efficiency of the trans-
former of Offer D1 at per-unit load 0.4L =  and for power factor equal to 1.0: 

 coscos
cos cos

n LL

L L n L L

L SSn n
S TL L S TL

θθ
θ θ

⋅ ⋅⋅
= ⇒ =

⋅ + ⋅ ⋅ +
⇒   
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Fig. 8.7 Total loss curves for the three offers of Table 8.8  
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Fig. 8.8 Transformer efficiency curves for the three offers of Table 8.8. The most energy-
efficient transformer is the one of Offer D3  

 
 

 0.4 1000000 1.0 0.9906 99.06%
0.4 1000000 1.0 3780

n n⋅ ⋅
= ⇒ = ⇒

⋅ ⋅ +
n = .  

Similarly we compute the total loss and the efficiency for the remaining values 
of per-unit load and for the three offers of Table 8.8, and the results are shown in 
Table 8.9. Based on Table 8.9, Fig. 8.7 presents the total loss curves for the three 
offers of Table 8.8. 
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Table 8.10 TOC for the three offers of Table 8.8 

Parameter Offer D1 Offer D2 Offer D3 

Bid price, BP ($) 27150 29600 35300 

Cost of no-load loss, CNLL ($) 22236 18312 14388 

Cost of load loss, CLL ($) 30290 24465 22135 

Cost of losses, CL ($) 52526 42777 36523 

Total owning cost, TOC ($) 79676 72377 71823 

BP / TOC (%) 34.1 40.9 49.1 

CL / TOC (%) 65.9 59.1 50.9 
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Fig. 8.9 Graphical representation of TOC results of Table 8.10. Each TOC bar is split into 
the three components of TOC, i.e., (1) the bid price, (2) the cost of no-load loss, and (3) the 
cost of load loss throughout the transformer lifetime  

 

2. Based on Table 8.9, Fig. 8.8 presents the efficiency curves for the three offers 
of Table 8.8. 

3. Equation 8.29 is used to compute the cost of transformer no-load loss through-
out the transformer lifetime for Offer D1: 

 .  1 1 1 113.08 1700 $ 22236CNLL A NLL CNLL CNLL= ⋅ ⇒ = ⋅ ⇒ =
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Equation 8.30 is used to compute the cost of transformer load loss throughout 

the transformer lifetime for Offer D1: 

 .  1 1 1 12.33 13000 $ 30290CLL B LL CLL CLL= ⋅ ⇒ = ⋅ ⇒ =

Equation 8.28 is used to compute the cost of transformer losses throughout the 
transformer lifetime for Offer D1: 

 .  1 1 1 1 122236 30290 $ 52526CL CNLL CLL CL CL= + ⇒ = + ⇒ =

The total owning cost of Offer D1 is computed using (8.27): 

  1 1 1 1 127150 52526 $ 79676TOC BP CL TOC TOC= + ⇒ = + ⇒ =

Since: 

 1

1

52526 0.659 65.9%
79676

CL
TOC

= = = , 

it means that the cost of losses throughout the transformer lifetime is 65.9% of the 
TOC for Offer D1 and the remaining 34.1% of the TOC is the bid price for Offer 
D1. 

The above calculations are repeated for Offers D2 and D3, and the results are 
shown in Table 8.10 and in graphical form in Fig. 8.9. The electric utility will se-
lect Offer D3 since it has the lowest TOC among the three offers, as can be seen 
from Table 8.10. 

8.4 Proposed TOC Incorporating Environmental Cost 

8.4.1 Introduction 

Nowadays the reduction of greenhouse gas emissions is becoming a topical issue 
due to the growing concern for global warming and climate change. The need to 
undertake effective measures to protect the environment could be partially solved 
by improvements in energy efficiency of electrical equipment. The European Un-
ion (EU) has developed the EU Emission Trading System for cutting greenhouse 
gas (GHG) emissions cost-effectively (European Commission 2005), i.e., similar 
to the cost of energy, GHG emissions are also assigned a price by the energy mar-
kets (Bode 2006; Delarue et al. 2007). The price of GHG emissions varies as a 
function of supply and demand. In GHG emissions markets, those companies that 
do not use all their GHG emission credits can sell them to those companies that 
surpass them. Thus, companies who buy GHG emission credits should add this 
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environmental cost to the cost of transformer ownership. However, a methodology 
to incorporate this environmental cost into the transformer total owning cost 
(TOC) has not yet been developed. 

This section proposes an innovative distribution transformer cost evaluation 
methodology (DTCEM) by introducing the environmental cost into the conven-
tional total owning cost formula of Sect. 8.3.1. This environmental cost is from the 
cost to buy GHG emission credits because of the GHG emissions associated with 
supplying transformer losses throughout the transformer lifetime. 

The proposed model is very important not only for energy management but 
also for electrical engineering for the following main reasons: 

1. It has been proven that optimal transformer capacity planning based on TOC 
minimization offers significant cost reduction compared with the conventional 
practice of planning the transformers with initial capacity to cover the power 
loading for the peak operation in the target year (Saied et al. 1982; Schneider 
and Hoad 1992; Chen et al. 2002; Hong and Wu 2004). Consequently, electri-
cal engineers in the planning departments of electric utilities can minimize the 
TOC of the proposed DTCEM for optimal transformer capacity planning. 

2. Engineers in the purchasing departments not only of electric utilities but also of 
industrial users routinely use the TOC method to select distribution transform-
ers (Kovacs 1980; Nickel and Braunstein 1981a, 1981b; Mamane 1984; Ras-
musson 1984; Kennedy 1998; Nochumson 2002; Merritt and Chaitkin 2003; 
Targosz et al. 2005; Georgilakis 2007). These engineers can use the proposed 
DTCEM to select distribution transformers, since by applying the proposed 
DTCEM they can determine the relative economic benefit of a high-
purchasing-cost, low-loss, low-GHG transformer versus one or more trans-
formers with lower purchasing cost and higher losses and higher GHG emis-
sions. 

3. Electric utilities can benefit from the proposed DTCEM in order to increase 
power system efficiency, reduce energy costs and reduce GHG emissions by 
selecting and installing the most energy-efficient transformers. 

4. The electricity regulatory framework has to consider the true cost of losses in 
the network so as to promote investments for energy-efficient transformers on 
the basis of the minimal TOC (Grenard and Strbac 2003; SEEDT 2008). The 
proposed DTCEM will be a valuable tool for engineers in regulatory authorities 
since it includes not only the cost of losses but also the environmental cost of 
losses. 

5. Electrical engineers in the design departments of transformer manufacturers use 
TOC as an objective function when optimizing transformer design (Scofield 
1982; Bins et al. 1986b; Baranowski and Hopkinson 1992). The usefulness of 
the TOC objective function is also very important when new transformer mate-
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rials are introduced (Bins et al. 1986a; Lupi 1987; Ise and Murakami 1999; 
McShane 2001; Baldwin et al. 2003). Transformer manufacturers can use the 
proposed DTCEM to optimize transformer design and provide the most eco-
nomical transformer to bid and manufacture. 

8.4.2 Cost Evaluation Method 

8.4.2.1 TOC Incorporating Environmental Cost 

The objective of Sect. 8.4 is to redefine the TOC method to properly incorporate 
all the aspects of transformer life cycle, evaluating not only the transformer losses 
but also the environmental cost that is associated with various types of greenhouse 
gas emissions resulting from the combustion of fossil fuels so as to compensate 
for transformer losses. It is proposed to introduce an appropriate environmental 
cost parameter EC into the TOC formula of (8.26), resulting in the following pro-
posed TOCE formula: 

 , (8.47) TOCE TOC EC= +

where TOCE is the total owning cost incorporating environmental cost, TOC is the 
total owning cost without environmental cost, and EC is the environmental cost of 
losses throughout the transformer lifetime that results from the combustion of fos-
sil fuels so as to compensate for transformer energy losses. The TOC is computed 
using (8.26). The environmental cost EC is calculated as follows: 

  , (8.48) EC ECNLL ECLL= +

where: 

 , (8.49) eECNLL A PNLL= ⋅∆

 , (8.50) eECLL B PLL= ⋅∆

where ECNLL is the environmental cost of no-load losses throughout the trans-
former lifetime, ECLL is the environmental cost of load losses throughout the 
transformer lifetime, Ae is the no-load loss environmental factor ($/W),  
is the no-load loss difference (W) between an evaluated transformer and a refer-
ence transformer, B

PNLL∆

e is the load loss environmental factor ($/W), and  is the 
rated load loss difference (W) between an evaluated transformer and a reference 
transformer. The importance of the reference transformer is highlighted in Sect. 
8.4.2.2.2. 

PLL∆
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Start

Calculation of A and B loss evaluation factors
(Section 8.3.1)

Calculation of current year greenhouse gas emission cost
factor C (Section 8.4.2.2.1)

Calculation of loss difference between an evaluated
transformer and a reference transformer (Section 8.4.2.2.3)

Calculation of environmental factors Ae and Be
(Section 8.4.2.2.4)

Calculation of the proposed Total Owning Cost
incorporating Environmental Cost (Section 8.4.2.1)

End  

Fig. 8.10 Flowchart of the proposed DTCEM  

 
By combining (8.26) with (8.47)–(8.50), the proposed TOCE formula is ob-

tained: 

 . (8.51) e eTOCE BP A NLL B LL A PNLL B PLL= + ⋅ + ⋅ + ⋅∆ + ⋅∆

In the context of environmental protection, European Union countries have set 
GHG emission limits and electric utilities that violate these limits have to pay 
GHG emission penalties or to buy GHG emission credits from other utilities 
(European Commission 2005; Bode 2006; Delarue et al. 2007). This means that 
each electric utility has to assess this cost and to take care so as not to pay GHG 
emission penalties. This can be done by assessing the GHG emissions of its in-
stalled electrical equipment and specifying accordingly its new equipment. More 
specifically, in case of distribution transformers, the electric utility has to compute 
the reference transformer (see Sect. 8.4.2.2.2) for each power rating. When evalu-
ating a transformer, it is important for the electric utility to compute the no-load 
loss difference between an evaluated transformer and the reference transformer, 
i.e., the term  using (8.54). The electric utility has to pay GHG emission 
penalties due to transformer no-load loss only if . Similarly, the elec-

PNLL∆
0PNLL∆ >
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)

tric utility has to pay GHG emission penalties due to transformer load loss only if 
. That is why the terms  and  are included in (8.51). 0PLL∆ > PNLL∆ PLL∆

The A and B factors are computed according to (8.31) and (8.32), respectively. 
The Ae and Be factors are computed according to (8.56) and (8.57), respectively. 
The values of  and  are computed using (8.54) and (8.55), respec-
tively. 

PNLL∆ PLL∆

Section 8.4 proposes that among all transformer offers, the most cost-effective 
and energy-efficient transformer is the one that minimizes the TOCE (8.51). The 
flowchart of the proposed DTCEM is shown in Fig. 8.10. 

8.4.2.2 Calculation of Environmental Factors Ae and Be

In order to calculate the environmental factors Ae and Be, the following steps 
should be followed: (1) calculation of the current year greenhouse gas (GHG) 
emission cost factor C; (2) computation of loss difference between an evaluated 
transformer and a reference transformer; and (3) calculation of environmental fac-
tors Ae and Be. 

8.4.2.2.1 Calculation of Current Year GHG Emission Cost Factor C 

The current year GHG emission cost factor C ($/MWh) is computed as follows: 

 , (8.52) 
1

N

cy i i
i

C C f e
=

= ⋅ ⋅∑

where Ccy is the current year GHG  emission cost value in , where  de-

notes the tonnes of equivalent CO
2CO$ / t

2COt

2 emissions, ei is the emission factor 
( ) for fuel type i, f

2COt / MWh i is the fraction (%) of end-use electricity coming 

from fuel i, and N is the number of fuels in the electricity mix. 
In particular, three greenhouse gases: (1) carbon dioxide (CO2), (2) methane 

(CH4), and (3) nitrous oxide (N2O) are considered (RETScreen 2002). According 
to the type of fuel (i.e., coal, diesel, natural gas, wind, nuclear, propane, solar, 
biomass, geothermal, etc.), GHG emissions are converted into equivalent CO2 
emissions (expressed in ) in terms of their global warming potential. In order 

to estimate the emission factor of each fuel type, the following equation is used 
(RETScreen 2002): 

2COt

 (
2 4 2CO , CH , N O ,

0.003621 310
(1 )i i i i

i i

e e e e
n

= + ⋅ + ⋅ ⋅
⋅ −λ

, (8.53) 
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where ei is the emission factor ( ) for fuel type i,  is the CO
2COt / MWh

2CO , ie 2 

emission factor (kg/GJ) for fuel i,  is the CH
4CH , ie 4 emission factor (kg/GJ) for 

fuel i,  is the N
2N O , ie 2O emission factor (kg/GJ) for fuel i, ni is the conversion ef-

ficiency (%) for fuel i, and  represents the fraction (%) of electricity lost in 
transmission and distribution for fuel i. The factor 0.0036 in (8.53) is used so as to 
convert kg/GJ into . It can be seen from (8.53) that CH

iλ

2COt / MWh 4 and N2O 

emissions are converted into equivalent CO2 emissions by multiplying their emis-
sion factors by 21 and 310, respectively, since CH4 is 21 times more powerful a 
greenhouse gas than CO2 and N2O is 310 times more powerful than CO2 (Hough-
ton et al. 1996). 

8.4.2.2.2 Reference Transformer 

The definition of the reference transformer, i.e., a transformer with reference no-
load loss NLLR (W) and reference rated load loss LLR (W) is important because 
the NLLR and LLR are required for the computation of  and  
((8.54) and (8.55), respectively) that are involved in the proposed TOCE formula 
(8.51). The selection of the reference transformer losses NLLR and LLR is based 
on the contribution of the transformer losses to the total greenhouse gas emissions 
of the power system of the considered electric utility and their responsibility for 
the violation of the maximum greenhouse gas emission values imposed by interna-
tional standards or protocols concerning each country. 

PNLL∆ PLL∆

8.4.2.2.3 Loss Difference Between the Evaluated and the Reference Transformer 

The electric utility defines in the specification the no-load loss of the reference 
transformer, NLLR (W), and the rated load loss of the reference transformer, LLR 
(W). On the other hand, the transformer manufacturer gives in the offer the no-
load loss of the evaluated transformer, NLL (W), and the rated load loss of the 
evaluated transformer, LL (W). 

The no-load loss difference between an evaluated transformer and a reference 
transformer,  (W), and the rated load loss difference between an evalu-
ated transformer and a reference transformer,  (W), are computed as fol-
lows: 

PNLL∆
PLL∆

 , (8.54) PNLL NLL NLLR∆ = −

 . (8.55) PLL LL LLR∆ = −
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It should be noted that if , i.e., if NLL>NLLR as (8.54) implies, 

i.e., if the no-load loss of the evaluated transformer is greater than the no-load loss 
of the reference transformer, then, since A

0PNLL∆ >

e is always positive as implied by (8.56), 
the quantity eA PNLL⋅∆  that is added to the TOCE formula (8.51) is positive and 
consequently it increases the value of TOCE, thus partially affecting negatively 
the decision to purchase from the considered transformer manufacturer. On the 
other hand, if , i.e. if the no-load loss of the evaluated transformer is 
smaller than the no-load loss of the reference transformer, then the quantity 

0PNLL∆ <

eA PNLL⋅∆  that is added to the TOCE formula (8.51) is negative and conse-
quently it decreases the value of TOCE, thus partially affecting positively the de-
cision to purchase from the considered transformer manufacturer. Similar conclu-
sions can be drawn if the quantity  takes positive or negative values. PLL∆

8.4.2.2.4 Computation of Environmental Factors Ae and Be

The no-load loss environmental factor Ae and the load loss environmental factor Be 
are computed as follows: 

 e
e

LECNA
ET FCR IF

=
⋅ ⋅

, (8.56) 

 
2

e
e

LECL TLFB
ET FCR IF

⋅
=

⋅ ⋅
, (8.57) 

where LECNe is the levelized annual environmental cost of no-load loss ($/kW-yr) 
and LECLe is the levelized annual environmental cost of load loss ($/kW-yr) that 
are computed as follows: 

 
1

(1 )
(1 )

jBL
e

e j
j

EIRLECN CRF HPY AF C
d=

+
= ⋅ ⋅ ⋅ ⋅

+∑ , (8.58) 

 e
e

LECNLECL
AF

= , (8.59) 

where EIRe is the annual escalation rate (%) of the current year GHG emission 
cost Ccy. 

Equation 8.58 can be further simplified as follows: 

 1 11
1

BL
e

e
e

EIR EIRLECN CRF HPY AF C
d EIR d

e
⎡ ⎤⎛ ⎞ ⎛ ⎞+ +⎟⎜ ⎢ ⎥⎟⎜⎟= ⋅ ⋅ ⋅ ⋅ ⋅ −⎜ ⎟⎜⎟ ⎢ ⎥⎟⎜ ⎟⎜⎟⎜ ⎝ ⎠− +⎝ ⎠ ⎢ ⎥⎣ ⎦

. (8.60) 
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Table 8.11 Electric utility electricity mix and GHG emission data 

Fuel type Coal Diesel Hydro Natural gas Wind 

Indicator of fuel type, i 1 2 3 4 5 

if  (%) 69.77 7.6 7.6 15 0.03 

in  (%) 35 30 100 45 100 

iλ  (%) 8 8 8 8 8 

2CO , ie  (kg/GJ) 94.6 74.1 0 56.1 0 

4CH , ie  (kg/GJ) 0.002 0.002 0 0.003 0 

2N O , ie  (kg/GJ) 0.003 0.002 0 0.001 0 

ie  ($/MWh) 1.0685 0.9752 0.0000 0.4911 0.0000 

8.4.3 Example 8.6 

The electric utility of Example 8.4 produces electricity using five fuels. Table 8.11 
presents the values for the parameters fi, ni, and  of the electricity mix for each 
fuel i. The emission factors per fuel and per GHG are shown in the rows six to 
eight of Table 8.11. The current year GHG emission cost value is . 

Compute the current year GHG emission cost factor C. 

iλ

2CO50 $ / tcyC =

Solution 
Equation 8.53 is used to compute the emission factor of coal (fuel type indicator 

): 1i =

 ( )
2 4 21 CO ,1 CH ,1 N O ,1

1 1

0.003621 310
(1 )

e e e e
n

= + ⋅ + ⋅ ⋅
⋅ −λ

⇒  

 ( )1
0.003694.6 0.002 21 0.003 310

0.35 (1 0.08)
e = + ⋅ + ⋅ ⋅

⋅ −
⇒  

 . 1 1.0685 $ / MWhe =

Similarly, the emission factors of the other four fuels are computed and the re-
sults are shown in the last row of Table 8.11. 

The current year GHG emission cost factor C is computed using (8.52): 
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5

1
cy i i

i

C C f e
=

= ⋅ ⋅ ⇒∑

   50 (0.6977 1.0685 0.076 0.9752 0 0.15 0.4911 0)C = ⋅ ⋅ + ⋅ + + ⋅ + ⇒

 .  44.66 $ / MWhC =

8.4.4 Example 8.7 

It is given that  for the electric utility of Example 8.4. Compute the 
environmental factors A

0.035eEIR =

e and Be. 

Solution 
In Example 8.4 we found that  and . In Exam-
ple 8.6 we found that . 

0.0805864CRF = 0.44626TLF =
44.66 $ / MWhC =

Equation 8.60 is used to compute the levelized annual environmental cost of 
no-load loss: 

 1 11
1

BL
e e

e
e

EIR EIRLECN CRF HPY AF C
d EIR d

⎡ ⎤⎛ ⎞ ⎛ ⎞+ +⎟⎜ ⎢ ⎥⎟⎜⎟= ⋅ ⋅ ⋅ ⋅ ⋅ −⎜ ⎟⎜⎟ ⇒⎢ ⎥⎟⎜ ⎟⎜⎟⎜ ⎝ ⎠− +⎝ ⎠ ⎢ ⎥⎣ ⎦
  

 
301 0.035 1 0.0350.0805864 8760 0.97 44.66 1

0.07 0.035 1 0.07eLECN
⎡ ⎤⎛ ⎞ ⎛ ⎞+ +⎢ ⎥⎟ ⎟⎜ ⎜= ⋅ ⋅ ⋅ ⋅ ⋅ −⎟ ⎟⎜ ⎜ ⇒⎢ ⎥⎟ ⎟⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠− +⎢ ⎥⎣ ⎦

  

 .  570887.3 $ / MW yr 570.89 $ / kW yre eLECN LECN= − ⇒ = −

Equation 8.59 is used to compute the levelized annual environmental cost of 
load loss: 

 

 570.89 588.54 $ / kW yr
0.97

e
e e e

LECNLECL LECL LECL
AF

= ⇒ = ⇒ = − .  

Equation 8.56 is used to compute the no-load loss environmental factor: 

 570.89 6009.4 $ / kW
0.95 0.10 1

e
e e e

LECNA A A
ET FCR IF

= ⇒ = ⇒ =
⋅ ⋅ ⋅ ⋅

⇒ ,  
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 .  6.01 $ / WeA =

Equation 8.57 is used to compute the load loss environmental factor: 

 
2 2588.54 0.44626 1233.8 $ / kW

0.95 0.10 1
e

e e e
LECL TLFB B B
ET FCR IF

⋅ ⋅
= ⇒ = ⇒ =

⋅ ⋅ ⋅ ⋅
⇒   

 .  1.23 $ / WeB =

8.4.5 Example 8.8 

The electric utility of Examples 8.4 to 8.7 has defined in the transformer specifica-
tion that 13.08 $ / WA = , 2.33 $ / WB = , 6.01 $ / WeA = , 1.23 $ / WeB = , and 
the transformer selection will be based on the minimum TOCE. It is given that the 
reference transformer has 1100 WNLLR =  and 10500 WLLR = . The electric 
utility receives the three offers of Table 8.8 for 1000 kVA transformer. Compute 
the offer that the electric utility will select. 

Solution 
In Example 8.5 we computed the TOC for each offer and the results were pre-
sented in Table 8.10. In order to compute the TOCE, it is required to calculate the 
EC as (8.47) shows. 

Equation 8.54 is used to compute the no-load loss difference between the 
evaluated transformer of offer D1 and the reference transformer: 

 .  1 1 1 11700 1100 600 WPNLL NLL NLLR PNLL PNLL∆ = − ⇒∆ = − ⇒∆ =

Equation 8.49 is used to compute the environmental cost due to transformer no-
load loss throughout the transformer lifetime for offer D1: 

 .  1 1 1 16.01 600 $ 3606eECNLL A PNLL ECNLL ECNLL= ⋅∆ ⇒ = ⋅ ⇒ =

Equation 8.55 is used to compute the load loss difference between the evalu-
ated transformer of offer D1 and the reference transformer: 

 .  1 1 1 113000 10500 2500 WPLL LL LLR PLL PLL∆ = − ⇒∆ = − ⇒∆ =

Equation 8.50 is used to compute the environmental cost due to transformer 
load loss throughout the transformer lifetime for offer D1: 
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 .  1 1 1 11.23 2500 $ 3075eECLL B PLL ECLL ECLL= ⋅∆ ⇒ = ⋅ ⇒ =

Equation 8.48 is used to compute the environmental cost due to transformer to-
tal losses throughout the transformer lifetime for offer D1: 

 .  1 1 1 1 13606 3075 $ 6681EC ECNLL ECLL EC EC= + ⇒ = + ⇒ =

The total owning cost incorporating environmental cost of offer D1 is com-
puted using (8.47): 

 , 1 1 1 1 179676 6681 $ 86357TOCE TOC EC TOCE TOCE= + ⇒ = + ⇒ =

where the value of TOC1 was retrieved from Table 8.10. 
Since: 

 1

1

6681 0.077 7.7%
86357

EC
TOCE

= = = , 

it means that the environmental cost of losses throughout the transformer lifetime 
is the 7.7% of the TOCE for Offer D1 and the remaining 92.3% of the TOCE is 
the TOC for Offer D1. 

The above calculations are repeated for Offers D2 and D3 and the results are 
shown in Table 8.12 and in graphical form in Fig. 8.11. The electric utility will se-
lect Offer D3 since it has the lowest TOCE among the three offers, as can be seen 
from Table 8.12 and Fig. 8.11. 

Table 8.12 TOCE for the three offers of Table 8.8 

Parameter Offer D1 Offer D2 Offer D3 

Bid price, BP ($) 27150 29600 35300 

Cost of no-load losses, CNLL ($) 22236 18312 14388 

Cost of load losses, CLL ($) 30290 24465 22135 

Cost of losses, CL ($) 52526 42777 36523 

Total owning cost, TOC ($) 79676 72377 71823 

Environmental cost of no-load losses, ECNLL ($) 3606 1803 0 

Environmental cost of load losses, ECLL ($) 3075 0 -1230 

Environmental cost of losses, EC ($) 6681 1803 -1230 

Total owning cost with EC, TOCE ($) 86357 74180 70593 

EC / TOCE (%) 7.7 2.4 -1.7 

TOC / TOCE (%) 92.3 97.6 101.7 
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Fig. 8.11 Graphical representation of TOCE results of Table 8.12  

8.4.6 Example 8.9 

Perform a sensitivity analysis by studying the impact of parameters d, CYEC, LIC, 
C, BL, and LDF on TOCE for the three offers of Table 8.8. As base case, consider 
that , , 0.07d = 0.084 $ / kWhCYEC = 270 $ / kW - yrLIC = , , 

, and 
30 yrBL =

44.66 $ / MWhC = 0.678LDF = . Vary each one of these six parameters 
from –20% to +20% of the base case value with a step of 5%. The parameters AF, 
HPY, EIR, FCR, IP, g, PRF, IF, and ET remain constant and take the values given 
in Example 8.4. The parameter EIRe remains constant and takes the value given in 
Example 8.7. The parameters NLLR and LLR remain constant and take the values 
given in Example 8.8. Draw the sensitivity analysis graph of TOCE assuming that 
offer D3 is the base case offer. 

Solution 
The requested sensitivity analysis is implemented as follows: 

1. Each time, only one parameter is varied. If, for example, the parameter d is var-
ied by –20% in relation to its base case value, then the value of d is 

, since the base case value of d is 0.07. (1 0.2) 0.07 0.056d d= − ⋅ ⇒ =

2. Repeating the calculations shown in Example 8.4, the values of the following 
parameters are computed: CRF, LECN, LECL, PUL, LSF, TLF, A, and B. 

3. Repeating the calculations shown in Example 8.7, the values of the following 
parameters are computed: LECNe, LECLe, Ae, and Be. 
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4. Repeating the calculations shown in Example 8.8, the value of TOCE is com-
puted for each one of the three offers of Table 8.8. 

The above four-step procedure is repeated 48 times, because there are six pa-
rameters that are varied (i.e., d, CYEC, LIC, C, BL, and LDF) and each parameter 
takes eight values (i.e., -20%, -15%, -10%, -5%, 5%, 10%, 15%, and 20% in rela-
tion to its base case value). It should be noted that the base case has been already 
studied in Example 8.8. 

The sensitivity analysis results are shown in Tables 8.13 to 8.18. Next, assum-
ing that offer D3 is the base case offer, Table 8.19 presents the sensitivity analysis 
results of TOCE. Figure 8.12 presents in graphical form the sensitivity analysis re-
sults of Table 8.19. Table 8.19 is computed based on the results of Tables 8.13 to 
8.18 as follows. For example, the TOCE variation (% of base case TOCE) for 

 of base case d is computed as follows: 20%d = −

 
3 3

3 20% 0%
320%

0%

100%
D D

D d d
Dd
d

TOCE TOCE
TOCE

TOCE
=− =

=−

=

⎡ ⎤−⎢ ⎥∆ = ⋅⎢ ⎥
⎢ ⎥⎣ ⎦

⇒  

 3 3

20% 20%

72277 70593 100% 2.39%
70593

D D

d d
TOCE TOCE

=− =−

⎡ ⎤−⎢ ⎥∆ = ⋅ ⇒∆ =
⎢ ⎥⎣ ⎦

, 

where 3

20%

D

d
TOCE

=−
 denotes the TOCE of Offer D3 for 20%d = −   and 

3

0%

D

d
TOCE

=
 denotes the TOCE of Offer D3 for the base case value of d. The val-

ues of 3

20%

D

d
TOCE

=−
 and 3

0%

D

d
TOCE

=
 are retrieved from Table 8.13. 

 
Based on Tables 8.13 to 8.19 and Fig. 8.12, the following conclusions are 

drawn: 

1. The Offer D3 is always the optimum offer, because it has the lowest TOCE. 

2. The parameters CYEC and LDF have large impact on TOCE, as can be seen 
from Table 8.19 and Fig. 8.12. 

3. The parameters d, LIC, C, and BL have a small impact on TOCE, as can be 
seen from Table 8.19 and Fig. 8.12. 

4. For the same offer, an increase of d results in a decrease of TOCE, as Table 
8.13 shows. 

5. For the same offer, an increase of CYEC results in an increase of TOCE, as Ta-
ble 8.14 shows. 
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0.07d =
Table 8.13 TOCE for the three offers of Table 8.8 as a function of d. The base case, 
corresponding to , has been studied in Example 8.8 

TOCE ($) d 
(% of base case) 

d 
Offer D1 Offer D2 Offer D3 

Optimum 

-20 0.056 89209 76253 72277 D3 

-15 0.0595 88507 75734 71851 D3 

-10 0.063 87780 75215 71435 D3 

-5 0.0665 87084 74699 71009 D3 

0 0.07 86357 74180 70593 D3 

5 0.0735 85655 73661 70167 D3 

10 0.077 84959 73145 69741 D3 

15 0.0805 84410 72748 69421 D3 

20 0.084 83844 72337 69090 D3 

 
 

Table 8.14 TOCE for the three offers of Table 8.8 as a function of CYEC. The base case, 
corresponding to CY , has been studied in Example 8.8 0.084 $ / kWhEC =

TOCE ($) CYEC 
(% of base case) 

CYEC 
($/kWh) Offer D1 Offer D2 Offer D3 

Optimum 

-20 0.0672 77412 66900 64348 D3 

-15 0.0714 79579 68664 65859 D3 

-10 0.0756 81876 70533 67465 D3 

-5 0.0798 84060 72311 68987 D3 

0 0.084 86357 74180 70593 D3 

5 0.0882 88524 75944 72104 D3 

10 0.0924 90821 77813 73710 D3 

15 0.0966 92988 79577 75221 D3 

20 0.1008 95302 81460 76838 D3 
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270 $ / kW - yrLIC =
Table 8.15 TOCE for the three offers of Table 8.8 as a function of LIC. The base case, 
corresponding to , has been studied in Example 8.8 

TOCE ($) LIC 
(% of base case) 

LIC 
($/kW-yr) Offer D1 Offer D2 Offer D3 

Optimum 

-20 216 84738 72857 69491 D3 

-15 229.5 85106 73158 69740 D3 

-10 243 85474 73459 69989 D3 

-5 256.5 85989 73879 70344 D3 

0 270 86357 74180 70593 D3 

5 283.5 86725 74481 70842 D3 

10 297 87093 74782 71091 D3 

15 310.5 87461 75083 71341 D3 

20 324 87846 75398 71600 D3 

 

Table 8.16 TOCE for the three offers of Table 8.8 as a function of C. The base case, 
corresponding to , has been studied in Example 8.8 44.66 $ / MWhC =

TOCE ($) C 
(% of base case) 

C 
($/MWh) Offer D1 Offer D2 Offer D3 

Optimum 

-20 35.728 85037 73820 70833 D3 

-15 37.961 85367 73910 70773 D3 

-10 40.194 85697 74000 70713 D3 

-5 42.427 86027 74090 70653 D3 

0 44.66 86357 74180 70593 D3 

5 46.893 86712 74270 70523 D3 

10 49.126 87042 74360 70463 D3 

15 51.359 87372 74450 70403 D3 

20 53.592 87702 74540 70343 D3 
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30 yrBL =
Table 8.17 TOCE for the three offers of Table 8.8 as a function of BL. The base case, 
corresponding to , has been studied in Example 8.8 

TOCE ($) BL 
(% of base case) 

BL 
(yr) Offer D1 Offer D2 Offer D3 

Optimum 

-20 24 81204 70414 67524 D3 

-15 25.5 82472 71344 68281 D3 

-10 27 83748 72260 69017 D3 

-5 28.5 84982 73162 69752 D3 

0 30 86357 74180 70593 D3 

5 31.5 87610 75079 71318 D3 

10 33 88838 75978 72053 D3 

15 34.5 90074 76863 72767 D3 

20 36 91415 77853 73586 D3 

 

Table 8.18 TOCE for the three offers of Table 8.8 as a function of LDF. The base case, 
corresponding to , has been studied in Example 8.8 0.678LDF =

TOCE ($) LDF 
(% of base case) 

LDF 
Offer D1 Offer D2 Offer D3 

Optimum 

-20 0.5424 76387 66935 64438 D3 

-15 0.5763 78692 68615 65868 D3 

-10 0.6102 81152 70400 67383 D3 

-5 0.6441 83637 72185 68888 D3 

0 0.678 86357 74180 70593 D3 

5 0.7119 89127 76175 72278 D3 

10 0.7458 92002 78275 74068 D3 

15 0.7797 95057 80480 75933 D3 

20 0.8136 98242 82790 77893 D3 
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Table 8.19 Sensitivity analysis: TOCE variation (% of base case TOCE) based on varying 
parameter values for Offer D3 of Table 8.8 

TOCE (% of base case TOCE) when varying parameter d to LDF Parameter 
variation (%) D CYEC LIC C BL LDF 

-20 2.39 -8.85 -1.56 0.34 -4.35 -8.72 

-15 1.78 -6.71 -1.21 0.25 -3.28 -6.69 

-10 1.19 -4.43 -0.86 0.17 -2.23 -4.55 

-5 0.59 -2.28 -0.35 0.08 -1.19 -2.42 

0 0.00 0.00 0.00 0.00 0.00 0.00 

5 -0.60 2.14 0.35 -0.10 1.03 2.39 

10 -1.21 4.42 0.71 -0.18 2.07 4.92 

15 -1.66 6.56 1.06 -0.27 3.08 7.56 

20 -2.13 8.85 1.43 -0.35 4.24 10.34 

Minimim -2.13 -8.85 -1.56 -0.35 -4.35 -8.72 

Maximum 2.39 8.85 1.43 0.34 4.24 10.34 
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Fig. 8.12 Sensitivity analysis graph of TOCE to changes in each parameter. The Offer D3 is 
considered as the base case offer 
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6. For the same offer, an increase of LIC results in an increase of TOCE, as Table 
8.15 shows. 

7. For Offers D1 and D2, an increase of C results in an increase of TOCE, as Ta-
ble 8.16 shows. On the contrary, for Offer D3, an increase of C results in a de-
crease of TOCE. 

8. For the same offer, an increase of BL results in an increase of TOCE, as Table 
8.17 shows. 

9. For the same offer, an increase of LDF results in an increase of TOCE, as Table 
8.18 shows. 

8.4.7 Example 8.10 

Compute the TOCE for the four different load types of Table 8.20 and for the 
three offers of Table 8.8. Figure 8.13 shows the daily loading profiles for the year 
zero for the load types of Table 8.20. It should be noted that the domestic type of 
load of Table 8.20 has been studied in Examples 8.4 to 8.9. 

Solution 
The requested computation of TOCE is implemented as follows: 

1. Repeating the calculations shown in Example 8.4, the values of the following 
parameters are computed: CRF, LECN, LECL, PUL, LSF, TLF, A, and B. 

2. Repeating the calculations shown in Example 8.7, the values of the following 
parameters are computed: LECNe, LECLe, Ae, and Be. 

3. Repeating the calculations shown in Example 8.8, the value of TOCE is com-
puted for each one of the three offers of Table 8.8. 

The TOCE results are shown in Table 8.21 and in Fig. 8.14. The following 
conclusions are drawn from Table 8.21: 

1. For the same load type, Offer D3 is always the best choice, because it has the 
lowest TOCE. 

2. Offer D3 is best suited to industrial loads, because it has the lowest TOCE ($ 
64783). 
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Table 8.20 Parameter values for different load types 

Load type 
Parameter 

Domestic Industrial Rural Tourist 

AF 0.97 0.97 0.97 0.97 

HPY (h/yr) 8760 8760 8760 8760 

BL (yr) 30 30 30 30 

CYEC ($/kWh) 0.084 0.084 0.084 0.126 

EIR 0.027 0.027 0.027 0.032 

FCR 0.10 0.10 0.10 0.10 

d 0.07 0.07 0.07 0.07 

IP 0.480 0.580 0.565 0.450 

g 0.025 0.018 0.019 0.027 

PRF 0.443 0.507 0.565 0.432 

LDF 0.678 0.461 0.709 0.735 

IF 1 1 1 1 

ET 0.95 0.95 0.95 0.95 

LIC ($/kW-yr) 270 270 270 305 

EIRe 0.035 0.035 0.035 0.035 

C ($/MWh) 44.66 44.66 44.66 48.00 

NLLR (W) 1100 1100 1100 1100 

LLR (W) 10500 10500 10500 10500 

 
 

Table 8.21 TOCE values ($) for different load types 

Load type 
Offer 

Domestic Industrial Rural Tourist 

D1 86357 76627 98072 117324 

D2 74180 67250 82895 98899 

D3 70593 64783 78108 91569 
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Fig. 8.13 Daily transformer loading profiles for the year zero corresponding to four load 
types, i.e., domestic, industrial, rural and tourist type of load. For the vertical axis, the load 
is expressed in per-unit (p.u.) of transformer rated power 

 
 

0

20000

40000

60000

80000

100000

120000

Domestic Industrial Rural Tourist

Load type

TO
C

E
 ($

)

D1 D2 D3

 

Fig. 8.14 TOCE as a function of load type and offer 
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